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DISPLACEMENT AND FORCE ANALYSIS OF THE SPHERICAL PLATFORM MECHANISM 

3 ( S P S ) - S  WITH COMPLIANCIES OF LINEAR ACTUATORS TAKEN INTO ACCOUNT

Summary. The d i s p l a c e m e n t  e q u a t i o n s  o f  t h e  3 ( S P S ) - S  s p h e r i c a l  p l a t f o r m  

m echan ism  ( w i t h  t h r e e  l i n e a r  a c t u a t o r s  and  t h r e e  d e g r e e s  o f  f r e e d o m )  a r e  

d e r i v e d  b y  u s i n g  t h e  s o l u t i o n s  o f  t h e  v e c t o r  t e t r a h e d r o n  e q u a t i o n s  i n  t h e  

fo rm  o f  t h r e e  u n i t  v e c t o r s  f o r m u la  [6 ] ,  The c o m p l i a n c i e s  o f  t h e  a c t u a t o r  

s y s t e m  a r e  t a k e n  i n t o  c o n s i d e r a t i o n ,  l e a d i n g  t o  a n  a l g o r i t h m  f o r  d e t e r ­

m in in g  t h e  m ech an ism  c o m p l i a n t  c h a r a c t e r i s t i c s .  Some n u m e r i c a l  e x a m p le s  a r e  

s o l v e d .

1. I n t r o d u c t i o n

S o l a r  p a n e l s ,  t e l e s c o p e s ,  r a d a r  an d  s a t e l l i t e  a n t e n n a s ,  m i r r o r s  f o r  

l a s e r  beams a n d  m a n i p u l a t o r  e n d - e f f e c t o r s  a r e  some o f  t h e  m ost  o u t s t a n d i n g  

a p p l i c a t i o n  o f  t h e  s p h e r i c a l  p l a t f o r m  mechanism  d r i v e n  by  t h r e e  l i n e a r  

a c t u a t o r s  w i t h  m u l t i - l o o p  k i n e m a t i c  c h a i n  o f  t h e  3 ( S P S ) - S  s t r u c t u r e

( S - s p h e r i c a l  o r  u n i v e r s a l  j o i n t ,  P - p r i s m a t l c  j o i n t ) .  When a  p r e c i s e  

o r i e n t a t i o n  c o n t r o l ,  h i g h  s t i f f n e s s  a n d  f a v o u r a b l e  l o a d  c a p a c i t y  t o

m echanism  w e i g h t  r a t i o s  a r e  t h e  m a jo r  r e q u i r e m e n t  w i t h  r e s p e c t  t o

m a n o e u v e r a b i l i t y ,  p l a t f o r m - t y p e  m ech an ism s  w i t h  p a r a l l e l  s t r u c t u r e  o f  

a c t u a t o r  s y s te m  c a n  p r o v i d e  h i g h e r  p e r f o r m a n c e s  t h a n  s e r i a l  o n es .

I n  s p i t e  o f  t h e i r  v e r y  a t t r a c t i v e  p e r f o r m a n c e s ,  few  s p h e r i c a l  p l a t f o r m  

m echanism  f o r  a n  o r i e n t a t i o n  o f  r i g i d  body  h a v e  • b e e n  p r o p o s e d .  In

p a r t i c u l a r ,  a  f u l l y - p a r a l l e l  t h r e e  d e g r e e - o f - f r e e d o m  s p h e r i c a l  w r i s t  w i t h  

c o a x i a l  a c t u a t o r s  h a s  b e e n  c o n s i d e r e d  i n  [ 2 ,3 ]  f rom  t h e  v i e w p o i n t  o f  t h e  

o p t i m i z a t i o n  o f  some k i n e m a t i c  p e r f o r m a n c e .

An i m p o r t a n t  p r o b le m  f o r  t r a j e c t o r y  p l a n n i n g  o f  p a r a l l e l  m a n i p u l a t o r s  i s  

r e p r e s e n t e d  b y  d i r e c t  p o s i t i o n  a n a l y s i s  (DPA), one o f  t h e  s u b j e c t s  o f  t h i s  

p a p e r .  The DPA c o n s i s t s  o f  f i n d i n g  t h e  o r i e n t a t i o n  o f  t h e  p l a t f o r m  when t h e  

s e t  o f  a c t u a t o r  d i s p l a c e m e n t s  i s  g i v e n .  The DPA o f  s p h e r i c a l  p l a t f o r m  c a n
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b e  r e d u c e d  t o  t h e  s u c c e s s i v e  s o l u t i o n  o f  two s e c o n d  o r d e r  t r i g o n o m e t r i c  

e q u a t i o n s ,  h e n c e  o b t a i n i n g  f o u r  o r  e i g h t  c o n f i g u r a t i o n s  a t  most  [ 5 , 8 ] .

When t h e  a c t u a t o r s  o f  t h e  p a r a l l e l  m a n i p u l a t o r  a r e  a l l  l o c k e d ,  t h e n  i t  

r e d u c e s  t o  a  s t a t i c a l l y  d e te r m in e d  s t r u c t u r e ,  and  t h e  s o l u t i o n  o f  t h e  DPA 

i s  e q u i v a l e n t  t o  f i n d i n g  a l l  p o s s i b l e  c l o s u r e s  o f  t h e  s t r u c t u r e  i t s e l f .

The c o m p l i a n t  c h a r a c t e r i s t i c s  o f  a  r o b o t  m a n i p u l a t o r  t o  a  l a r g e  e x t e n t  

d e t e r m i n e  t h e  l i m i t s  o f  i t s  p e r fo r m a n c e .  E f f e c t s  o f  s e r i a l  m a n i p u l a t o r  

c o m p l i a n c e  a r e  t h e  s u b j e c t  o f  many i n v e s t i g a t i o n s .  T h e re  a r e ,  how ever ,  

r e l a t i v e l y  l i m i t e d  p r e v i o u s  i n v e s t i g a t i o n s  i n t o  t h e  c o m p l ia n c e  o f  p a r a l l e l  

m a n i p u l a t o r  and  i t s  m a t r i x  r e p r e s e n t a t i o n  [4 ] .

I n  t h i s  i n v e s t i g a t i o n  a  p a y l o a d / m a n i p u l a t o r  s y s te m  i s  m o d e l le d  a s  

k i n e m a t i c a l l y  c o n s t r a i n e d  r i g i d  body,  s u p p o r t e d  by  a n  e l a s t i c  s y s te m  and  i s  

r e p r e s e n t e d  by  a  sy m m etr ic  3 x 3  c o m p l ia n c e  m a t r i c e s .

2 .  D i r e c t  p o s i t i o n  a n a l y s i s  by  u s i n g  v e c t o r  m ethod

The p l a t f o r m  ( s e e  F ig .  1) i s  c o n n e c te d  t o  t h e  b a s e  t h r o u g h  one s p h e r i c a l  

j o i n t  c e n t e r e d  a t  p o i n t  Q, and t h r e e  l e g s  b e tw e e n  t h r e e  b a s e  p o i n t s  A^ and 

p l a t f o r m  p o i n t s  B ( i  = 1, 2, 3 ) ,  w h e re  s p h e r i c a l  j o i n t s  a r e  c e n t e r e d .  The 

r o t a t i o n a l  f r e e d o m  o f  e a c h  l e g  a b o u t  t h e  l i n e  t h r o u g h  i t s  two t e r m i n a l  

j o i n t s  d o e s  n o t  a f f e c t  t h e  p l a t f o r m  o r i e n t a t i o n ;  how ever ,  i t  c a n  be 

e l i m i n a t e d  by  s u b s t i t u t i n g  a  u n i v e r s a l  j o i n t  a t  t h e  b a s e .

F i g . 1. The 3(SPSu ) - S  s p h e r i c a l  p l a t f o r m  m echanism  w i t h  t h r e e  l i n e a r  a c t u a ­

t o r s .  N o t a t i o n :  S - s p h e r i c a l  j o i n t s  c e n t e r e d  a t  p o i n t s  Q and  B^, S ^ - u n i v e r -  

s a l  j o i n t s  a t  A ^ ( i = l , 2 , 3 ) ,  P - p r i s m a t i c  j o i n t s  on  e a c h  l e g  A^B^
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The g e o m e t ry  o f  t h e  s p h e r i c a l  p l a t f o r m  mechanism i s  g iv e n .  In  p a r t i c u ­

l a r ,  t h e  p o s i t i o n  o f  p o i n t s  A^ a r e  g i v e n  i n  a n  a r b i t r a r y  r e f e r e n c e  s y s te m  

f i x e d  t o  t h e  b a s e ;  t h e  p o s i t i o n  o f  p o i n t s  B.  a r e  g i v e n  i n  an  a r b i t r a r y  r e ­

f e r e n c e  s y s te m  f i x e d  t o  t h e  p l a t f o r m ;  t h e  l e n g t h s  d^  o f  l e g s  a r e

known. W i th o u t  l o s s  o f  g e n e r a l i t y ,  r e f e r e n c e  s y s te m s  a r e  c h o sen  w i t h  o r i ­

g i n s  c o i n c i d e n t  w i t h  p o i n t  Q, x ^ - a x i s  d i r e c t e d  f rom  p o i n t  Q t o  p o i n t  A ,

x  - a x i s  t o  p o i n t  B , y  - a x i s  i s  i n  t h e  p l a n e  OA, a n d  y - a x i s  i s  i n  t h e  p l  b 1 2  p
p l a n e  OB^B^.

L e t  be  g i v e n :  ( i = l , 2 , 3 )  -  t h e  p o s i t i o n  v e c t o r  o f  p o i n t  A.  d e s c r i b e d

i n  t h e  b a s e  r e f e r e n c e  sy s te m ;  b^ ( i = 1 , 2 , 3 )  -  t h e  p o s i t i o n  v e c t o r  o f  p o i n t  

B^ i n  t h e  p l a t f o r m  r e f e r e n c e  sy s te m ;  d^ = A^B^ -  t h e  d i s t a n c e  b e tw e e n  two 

r e s p e c t i v e  p o i n t s  o f  t h e  b a s e  and t h e  p l a t f o r m  ( t h e  a c t u a t o r ^ l e g  l e n g t h ) .  

The d o t  p r o d u c t s  o f  t h e  c o r r e s p o n d i n g  u n i t  v e c t o r s  c a n  be d e s c r i b e d  a s

f o l l o w s :  _
0 o , 2  2  2  ,a .  • a  = ( a .  + a -  a .  , ) / 2 a . a .  ,1 J+ l l  l+ l i , i + l  l i+ l

a °  • b °  = ( a 2  + bZ -  dZ ) / Z a . b .  ( 1 )l l i i i l i

where:

b °  • b °  = (b2  + b2 . -  b2 , . ) / Z b . b .  , l  i + l  1  1 + 1  1 , 1 + 1  l  l + l

a .  . = a . . -  a ,  , b .  . , = b . . -  b .
1 , 1 + 1  i + l  l  i , i + l  i + l  i

a °  = a . / a .  , b °  = b . / b . , i  = 1, 2, 3i l l  i l l

I f  t h e  l e g  A^B3  i s  m o m e n ta r i ly  removed f rom  t h e  p l a t f o r m  mechanism, t h e n

t h e  p o i n t  B^ c a n  b e  t r e a t e d  a s  t h e  c o u p l e r  p o i n t  o f  a  s p h e r i c a l  4 - b a r

m echanism  (A^B^B^A^). The p o s i t i o n  o f  t h i s  mechanism c a n  be d e s c r i b e d  by  an  

a d d i t i o n a l  i n d e p e n d e n t  v a r i a b l e :

v = a°  • b °  (2)
I t  c a n  be  u s e d  t o  d e s c r i b e  t h e  u n i t  v e c t o r s  b °  o f  p o i n t s  B . ( i = 1 , 2 , 3 )  i n  

t h e  b a s e  r e f e r e n c e  s y s te m  a c c o r d i n g  t o  t h e  g e n e r a l  f o r m u la  f o r  t h r e e  u n i t  

v e c t o r s  [6 ] :

b l = { [ ( 3 1  ' b l )  '  V(a ? ' a 2 ) ] a l  + [V ~ (a l  • a 2 ) ( a l  ' b l ) ] a 2  +

±  Vd ^  [ a °  x  a ° ) j / [ l  -  [ a °  • a ° ) 2] (3 )

w here  = 1  -  ( a °  • b ° ) 2  -  ( a °  • a ° ) 2  -  y2  + 2 ( a °  • b ° H a °  ' a2^v

*1 ■ {[(*2 ' - 2) - - f t  ■ - I ) ] 4  * [ f t  • -I) - - f t  ■ ‘S ) f t  *

t  v i j  f t  x -  v2) (1)

w here  D2 = 1  -  ( a °  • b ° ) 2  -  (b°  • b ° ) 2  -  v2  + 2 ( a °  • b ° ) ( b °  • b ° ) v
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-S - {[(-i • -S) - (■>? • -1}{»I • »s)]*”! - [[»S • -S) -

- [-t - -s) (>■? • -s)]-s  * ^  (b? - - ; )} /[■  - K - bf ]  <si

w here  £>2 = 1 -  (b °  • b^ ) 2  ” b̂2 ’ b 3 ^  ~ ^b l  b3 ^2+

+ 2(b° • b ° ) ( b *  • b ° ) ( b °  • b ° )

The c l o s u r e  e q u a t i o n  f o r  t h e  lo o p  w i t h  l e g  c a n  be w r i t t e n  i n  t h e  fo rm

F ( v )  = a °  • b °  -  ( . J  + ¿2  -  d2 ) / 2 a 3 b3 = 0 (6 )

where b° i s  d e s c r i b e d  a s  a  n o n l i n e a r  f u n c t i o n  o f  v a r i a b l e  v by u s i n g  

f o r m u l a s  ( 3 j —( 5 ) .  The r o o t s  o f  e q u a t i o n  (6 ) c a n  be  fo u n d  i n  t h e  r a n g e  

[ - 1 ; + 1 ] ,  b y  u s i n g  a n u m e r i c a l  method, f o r  exam ple  N e w to n 's  m ethod.

3 .  The Jacobian of the 3(SPS)-S manipulator
The i n p u t  v a r i a b l e s  d . ( t ) ,  ( i = l , 2 , 3 ) ,  and  t h e  o u t p u t  v a r i a b l e s ,  f o r

*  i
ex am p le  a . p . y  -  E u l e r  a n g l e s ,  a r e  r e l a t e d  by  t h e  f o l l o w i n g  e q u a t i o n s :

Z1 = a i + bi *2 al bi (a l " b i )_ d?i = ° ’ (i= 1 -2 - 3 )* (7)

w h ere  b °  -  t h e  u n i t  v e c t o r s  o f  p o i n t s  B.  ( i  = : , 2 , 3 )  d e s c r i b e d  i n  t h e

b a s e  r e f e r e n c e  s y s te m  by u s i n g  f o r m u la s  ( 3 ) —(5)  o r  by  u s i n g  t h e  r o t a t i o n

m a t r i x  a s  f o l l o w s

b °  = R b° (8 )
i jp

w here  b .  -  t h e  u n i t  v e c t o r s  o f  p o i n t s  B.  ( i = 1 , 2 , 3 )  d e s c r i b e d  i n  t h ei p  l
p l a t f o r m  r e f e r e n c e  sy s te m ,  R -  t h e  r o t a t i o n  m a t r i x  e x p r e s s e d  by  E u l e r  

a n g l e s .  One o f  t h e  24 E u l e r  a n g l e  s e t  c o n v e n t i o n s  ( d e n o t e d  i n  [1 ]  by 

Rr  , , ) i s  c h o s e n  ( a s  g i v e n  be low ):

R =

cfi sfSsy spcy

sasfS -sacf isy+cacy -sacficy-cccsy

-casfi cacpsy+sacy ca.cfScy-sa.sy

(9 )

D i f f e r e n t i a t i o n  o f  e q u a t i o n  ( ? )  w i t h  r e s p e c t  t o  t im e  y i e l d s

g = U -o  -  W*d = 0  ( 1 0 )
<*> -  ,

T • dg
w here:  g = [ g j  g? g 3 ) = 0 , g =

* • • J  • • • • *J*
w = [a  fS y  ] -  o u t p u t  v a r i a b l e s  d = [ d j  d ^  d3 ) -  i n p u t  v a r i a b l e s

r  3 g  S g  d g  1

uw =  [ * T  W  W  J ’ (J = 1’2 ' 3) (11a)
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[ ag , dg^  i

L ad! ad2 ad3 J ( i  = 1 , 2 , 3 )

The d i a g o n a l  m a t r i x  (1 1 )  c an  be w r i t t e n  i n  t h e  form

W = -2
dj 0 0

0 d2 o 
0  0  d .

( l i b )

( 1 2 )

(13)

(14)

(15)

I n t r o d u c i n g  t h e  d i a g o n a l  m a t r i x  W (1 2 )  and  t h e  m a t r i x  D (1 1 a )  i n t o  e q u a t i o n
(J

(9 )  we c a n  w r i t e  

,T

D i f f e r e n t i a t i o n  o f  ( 8 ) w i t h  r e s p e c t  t o  t im e  g i v e s

b° = R b °1 i p

s u b s t i t u t i n g  (8 ) t o  (1 3 )  one c an  o b t a i n  

b° = R RT b°

I t  i s  known ( f o r  e x am p le  from  [ 1 ] )  t h a t

0 - u  u> z  y ycP + a

- Ne 0 1
*e , w here :  u  = P e a  + y s p s a

1 o p s a  -  y s p c a

[a  p  y 3 = J  * (d .  d .  d ] * (16)
(*) 1 C. J

w h e re  t h e  J a c o b i a n  m a t r i x  o f  t h e  p l a t f o r m  a n g u l a r  v e l o c i t y  i s  g i v e n  by:

(17)

F o r  a n y  p o s i t i o n  o f  t h e  mechanism t h e  J a c o b i a n  m a t r i x  J  (1 7 )  can  be  c a l c u -
U Tl a t e d .  W ith  e q u a t i o n s  (15)  and  (16)  t h e  a n g u l a r  v e l o c i t y  u = [o>̂  wy u)^]

c a n  be  f o u n d  f o r  a n y  g i v e n  s e t  o f  r e l a t i v e  v e l o c i t i e s  o f  t h e  l i n e a r
T

J - 1  = U_1WU 0)

a c t u a t o r s  d = [d^ d 2  d^J T h i s  r e s u l t  c a n  be  u s e d  f o r  t h e  d e t e r m i n a t i o n  o f  

a c t u a t o r  f o r c e s  i f  t h e  p l a t f o r m  i s  l o a d e d  o n l y  by  a  t o r q u e .

The p o s i t i o n  v e c t o r  o f  p o i n t  P g i v e n  i n  t h e  p l a t f o r m  r e f e r e n c e  sy s te m
7

p = [p p  p  ]p * p  y p  zp
c a n  be  t r a n s f o r m e d  i n t o  t h e  b a s e  r e f e r e n c e  s y s te m  u s i n g  t h e  f o r m u la

Pb = R Pp (18)

w here  p & = [ p ^  pyfc p ^ ] 1 .

The J a c o b i a n  m a t r i x  o f  t h e  l i n e a r  v e l o c i t y  o f  p o i n t  P c a n  be o b t a i n e d  by 

d i f f e r e n t i a t i o n  o f  (1 8 )  w i t h  r e s p e c t  t o  t im e .  A c c o r d in g  t o  f o r m u la  (14 )  one 

c a n  o b t a i n

Pb  =  [px b  py b  Pz b ]
dp • T
a?  = R R pb (19a)
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and [px b  py b  p z b ] = J P [ d l  d2 d 3 ] (19b)

The J a c o b i a n  m a t r i x  J  c a n  be  im m e d ia t e ly  u s e d  t o  d e t e r m i n e  t h e  a c t u a t o r  
P j

f o r c e s  a c t i n g  on t h e  p l a t f o r m  f  = [ f j  f 2  f 3 I i f  t h e  e x t e r n a l  l o a d  c an  be

re d u c e d  t o  F -  t h e  v e c t o r  o f  f o r c e  a c t i n g  on t h e  p l a t f o r m  a t  t h e  p o i n t  P.

The f o r c e s  F and  f  a r e  r e l a t e d  by t h e  e q u a t i o n

F = J  f  (19c)
P

The e q u a t i o n s  (16)  and  (1 9 )  f o l l o w  im m e d ia t e l y  f ro m  t h e  p r i n c i p l e  o f  

v i r t u a l  d i s p l a c e m e n t .

4 .  G l o b a l  s t i f f n e s s  m a t r i x  o f  t h e  3 ( S P S ) - S  m a n i p u l a t o r

S t i f f n e s s  m a t r i x  t r a n s f o r m s  a  d i f f e r e n t i a l  d i s p l a c e m e n t  o f  t h e  p l a t f o r m  

i n t o  a n  i n c r e m e n t a l  c h an g e  i n  f o r c e .  The word " g l o b a l "  i s  i n t r o d u c e d  to  

d e n o t e  t h a t  t h e  mapping o f  s t i f f n e s s  c h a n g e s  and  t h a t  i t  i s  a  f u n c t i o n  o f  

t h e  m a n i p u l a t o r  c o n f i g u r a t i o n  [4 ] .

An e x t e r n a l  f o r c e  F i s  a p p l i e d  t o  t h e  p l a t f o r m  a t  p o i n t  P. An a p p l i e d  f o r c e  

F p r o d u c e s  s m a l l  c h an g e s  i n  t h e  p l a t f o r m  o r i e n t a t i o n .  The e x t e r n a l  f o r c e  i s  

i n  s t a t i c  e q u i l i b r i u m  w i t h  t h e  a c t u a t o r  f o r c e s  a n d  t h e  m a n i p u l a t o r  r e m a in s  

i n  s t a t i c  e q u i l i b r i u m .  C o n s i d e r  now t h a t  e a c h  a c t u a t o r  h a s  a  s t i f f n e s s  k  

( i  = 1 , 2 , 3 )  a n d  form  a  d i a g o n a l  m a t r i x  [k^] a n d  t h a t  S f  ̂  = k^Sd^,  w here  Sd^ 

i s  a  s m a l l  c h an g e  i n  t h e  l e g  l e n g t h .  R e p e a t i n g  f o r  a l l  l e g s  an d  s u b s t i t u ­

t i n g  i n t o  (18)  y i e l d s :

F = i f 1  [ k . J S d  (20 )
P 1 Ikj 0 0

w h ere  Sd = [Sd^ Sd S d ^ ] ^  and  [k^]  = 0 ^ 0

0  0  k ^ j

The v a l u e s  o f  k .  a r e  d e t e r m i n e d  e x p e r i m e n t a l l y .  The work done  by  a l l  g i v e n  

l e g  f o r c e s  i s  e q u a l  t o  t h e  work d o n e  by  t h e  e x t e r n a l  f o r c e  a c t i n g  on t h e  

p l a t f o r m .  E q u a t i n g  t h i s  two e x p r e s s i o n s  f o r  work ,  d i v i d i n g  b o t h  s i d e s  by  f ^  

a n d  r e p e a t i n g  f o r  a l l  l e g s  y i e l d s  t h e  m a t r i x  e x p r e s s i o n

Sd = J) Sp (21)
P

Tw here  Sp = [Sp Sp Sp 1 -  t h e  s m a l l  d i s p l a c e m e n t  o f  t h e  p o i n t  P w here  t h ex  y  z
e x t e r n a l  f o r c e  i s  a p p l i e d .  E q u a t i o n  (2 1 )  i s  t h e  r e v e r s e  k i n e m a t i c  s o l u t i o n .

S u b s t i t u t i n g  (2 1 )  i n t o  (2 0 )  g i v e s  t h e  c o r r e l a t i o n  fo rm  r e p r e s e n t a t i o n  o f

t h e  m app ing  o f  s t i f f n e s s  f o r  t h e  m a n i p u l a t o r

F = J _ 1  [ k . )  J  Sp (22 )
P I P

The s t i f f n e s s  m a t r i x  o f  t h e  m a n i p u l a t o r

S = [ k . ]  J  (23 )
P i  P
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c o n t a i n s  n i n e  i n d e p e n d e n t  p a r a m e t e r s .

The j o i n t  r e a c t i o n  f o r c e s  a r e  d e p e n d e n t  on e x t e r n a l  f o r c e s  a c t i n g  on t h e  

p l a t f o r m  a n d  t h e  mechanism p o s i t i o n  w h ich  i s  d e p e n d e n t  on t h e  e x t e r n a l  

l o a d .  Thus  t h e  e q u i l i b r i u m  p o s i t i o n  h a s  b e e n  d e t e r m i n e d  u s i n g  t h e  method o f  

s u c c e s s i v e  a p p r o x im a t i o n ,  m aking u s e  o f  t h e  r e s u l t s  o f  t h e  d i s p l a c e m e n t  

a n a l y s i s .

H a v in g  m e a s u r e d  t h e  c o m p l ian c e  c h a r a c t e r i s t i c s  o f  t h e  l i n e a r  a c t u a t o r s  

( o r  l e g s ) ,  i t  i s  p o s s i b l e  t o  d e t e r m i n e  t h e  e q u i l i b r i u m  p o s i t i o n  o f  t h e  

p l a t f o r m  u n d e r  s t a t i c  l o a d ,  t a k i n g  i n t o  a c c o u n t  s m a l l  a c t u a t o r  

d i s p l a c e m e n t s  c a u s e d  by  t h e  c o m p l i a n c e s  o f  t h e i r  h y d r a u l i c  d r i v e  sy s te m .

5 .  N u m e r ic a l  e x am p le

The n u m e r i c a l  d a t a  f o r  t h i s  e x am p le  was d e t e r m i n e d  on t h e  b a s i s  o f

m ea su re m e n t  r e s u l t s  o f  t h e  ro a d  b u i l d i n g  m ach in e  (Baukema SHM4-120A). The
Tg e o m e t r i c a l  p a r a m e t e r s  a r e  g i v e n  b e lo w  ( i n  m e t r e s ) :  a^  = [ 2 .4 7 0  0 0 ] ;

a 2  = [ 2 . 2 5 0  1 .0 2 0  0 ) T; a 3  = [ - 2 .7 2 0  0 .1 3 0  - 0 . 4 6 0 ] 7

The d i s t a n c e s  b e tw e e n  t h e  c o r r e s p o n d i n g  p l a t f o r m  p o i n t s  a r e  a l s o  g iv e n :  

b j  = 2 . 4 0 0  b 2  = 2 .4 0 0  b 3  = 2 .6 3 5

b 1 2  =  1 .0 3 0  b2 3  = 0 .2 4 0  b 1 3  = 1 .0 7 0

The i n p u t  v a r i a b l e s  a s  t h e  a c t u a t o r  l e n g t h s  a r e  t a k e n  f ro m  t h e  p e r m i s s i b l e  

r a n g e s :  d j  e  ( 0 .5 3 0 ;  1 .7 8 0 ) ,  d 2  e  ( 0 .5 3 0 ;  1 .7 8 0 ) ,  d 3  € ( 0 .8 1 0 ;  2 .0 6 0 )

As a  s t a r t i n g  p o i n t  t h e  f o l lo w in g  v a l u e s  a r e  t a k e n :  

d j  = 0 . 7 8 0 ,  d 2  = 0 .5 7 0 ,  d 3  = 1 .3 2 0

T a k in g  t h e  v a l u e s  o f  v  from  t h e  r a n g e  [ - 1 , 1 ]  and  u s i n g  a  n u m e r i c a l  m ethod 

a l l  r e a l  r o o t s  o f  e q u a t i o n  (6 ) a r e  fo u n d .  F o r  t h e  s t a r t i n g  p o i n t

f o u r  r e a l  r o o t s  e x i s t ,  d e te r m in e d  a s  f o l lo w s :  

v :  = 0 .9 8 0 0 4 ,  v 2  = 0 .8 3 9 0 4 ,  v3  = 0 .9 1 4 6 3 ,  V  = 0 .9 6 7 0 7

The r e s u l t s  o f  c a l c u l a t i o n s  o b t a i n e d  f o r  v3  a c c o r d i n g  t o  t h e  f o r m u la s  (2  +

5 )  c o r r e s p o n d  t o  t h e  a c t u a l  c o n f i g u r a t i o n  o f  t h e  m a c h in e  m a n i p u l a t o r .  The 

r e s p e c t i v e  p o s i t i o n  v e c t o r s  b^ ,  b 2  a n d  b3  a r e  c a l c u l a t e d .  The n u m e r i c a l  

r e s u l t s  a r e  p r e s e n t e d  below.

b j  = [ 2 .2 7 8  0 . 2 9 0  -0 .  6 9 8 ] 7 ; b2  = [2 .0 0 0  1 .2 5 0  - 0 . 4 5 4 ] 7

b 3  = [ 2 . 2 0 0  1 .3 4 5  - 0 . 5 4 1 ] 7

The f o l l o w i n g  e x t e r n a l  f o r c e  F = [ - 5 0 0  -5 0 0  -5 0 0 0 ]  N was a p p l i e d  t o  t h e

p l a t f o r m  a t  p o i n t  P d e s c r i b e d  by t h e  v e c t o r  p ^  = [ 1 .8  1 . 9  - 0 . 5 ]  m.

The s t i f f n e s s  c o e f f i c i e n t s  f o r  t h e  a c t u a t o r s  a r e  f o l l o w i n g :

k x = - 7 .  7 2 9 2 * 106 ; k£ = -2 .  3 0 0 8 3 -1 0 8 ; k 3  = - 1 . 0 1 6 5 - 1 0 7 N/m
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By u s i n g  t h e  p r e s e n t e d  p r o c e d u r e  t h e  a c t u a t o r  f o r c e s  c o r r e s p o n d i n g  t o  t h e  

p l a t f o r m  e q u i l i b r i u m  p o s i t i o n  a r e  c a l c u l a t e d :  f  = F5378 -1 1 5 8 4  4170] N

The s t i f f n e s s  m a t r i x  c a l c u l a t e d  i n  t h e  g i v e n  p o s i t i o n  o f  t h e  m echanism  i s  

a s  f o l l o w s :

S =

- 8 .6 1 4 - 1 0  

1 .8 6 1 -1 0 7 

- 6 . 4 0 1 - 1 0 7

6 1 .8 6 1 * 1 0 '  

- 4 .0 4 1 - 1 0 7 

1 .2 6 3 * 107

- 6 .4 0 1 * 1 0  

1. 263*10* 

- 1 . 1 3 7 * 107

N/m

6 . C o n c lu s io n

The v e c t o r  m ethod  o f  d i s p l a c e m e n t  and f o r c e  a n a l y s i s  p r e s e n t e d  i n  t h e  

p a p e r  i s  v e r y  e f f i c i e n t  and  i t  c an  be im p le m e n ted  on  IBM PC. The r e s u l t a n t  

e q u a t i o n s  a r e  e x p r e s s e d  i n  r e c u r s i v e  n o t a t i o n ,  c o n v e n i e n t  f o r  p rogram m ing .
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