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A PA RA LLEL R E D U N D A N T  M A N IPU L A T O R  
BA SED  O N  T H E  A SSU R  G R O U P  (3.4)

Sum m ary. Subject of the present paper is a parallel planar m anipulator w ith four degree 
of freedom s. Its basic mechanism is an open kinematic norm al chain, an A ssur group  of 
class 3 and order 4. The m anipulator consists of tw o mobile rigid bodies, com bined by a 
revolute joint, each of these bodies is, via tw o legs, connected w ith  the fixed ground. 
The legs activate the motion of the tw o bodies, to one of w hich the m anipulator's hand 
is fixed. Each of the legs is equipped w ith rotary joints on both ends, their distances are 
controlled either by linear actuators (driven P-joints) or rotary actuators (driven R-joints). 
A n algebraic equation of degree 18 is derived w hich allows to determ ine all the possible 
positions of the hand  corresponding  to a given set of leg-lengths, the inpu ts of the 
m anipulator. A set of system- and inpu t param eters is found to w hich correspond 18 
real positions of the m anipulator.

K eywords: Direct Kinematics, Parallel m anipulator, Position analysis, A ssur groups.

In tro d u c tio n

Parallel m anipulators in general avoid some of the d isadvantages of the m ore com m on 
serial m anipulators; their greater structural rigidity  and the lesser sum m ingup of the 
backlashes m ake them  m ore appropriate if accurate positioning and great load capacity 
is dem anded; their draw back, how ever, is a considerably reduced  w orkspace. As the 
position of the hand  of a planar m anipulator is determ ined by three param eters, any of 
its m otions is theoretically controllable already w ith three installed actuators. W ith the 
prescribed m otion of the hand, how ever, the configurations of the w hole m anipulator 
on its w ay to an end position is, in any position of the hand, clearly determ ined; moreover 
the necessary pow er inpu t in each position, and therew ith the entire expend itu re of 
w ork is invariably fixed. W ith a redundancy  on degrees of freedom , i.e., a su rp lus on 
m ovability  of the m anipulator over the necessary fundam ental degrees of freedom  it 
becom es possib le to choose different sequences of m anipula tor-configurations for a 
prescribed m otion of the end effector, and the redundan t degrees of freedom  can be 
used to economize the expenditure of w ork for a special task, hi other w ords, a redundant 
m anipulator is m ore versatile for the com pletion of any dem anded task. The m anipulator 
w e are going to analyse is a planar parallel (non-serial) m anipulator w ith one redundan t 
degree of freedom  (Fig.l). As parallel m anipulators are m echanism s w ith  a num ber 
closed loops, their forw ard (direct) kinematic becomes m ore difficult com pared w ith  the
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direct kinem atics of the serial m anipulators w ith  their open chain structure. M ain object 
the p resen t paper is to establish the relationship betw een the four in p u t variables L a , 
respective <pa (a  = 1 + 4) and the three ou tpu t variables x ,y  and <p (Fig.l). The actuator 
lengths La or the tu rn ing  angles <p„ can be changed only w ithin certain lim its and this 
lim its m ark  off the w orkspace of the end-effector. Both types of m anipulator show n in 
Fig.l can to be treated mathem atically in just the way; in the case of rotary actuators the 
four inpu t variables <p„ have to be exchanched by: La = (ka2 + ha2 -  2kaha cos0„),/2.

F ig .l. R edundant M anipulators based on the A ssur group 3.4 
w ith  linear actuators or w ith rotary actuators

The A ssur group (3.4)

The basic m echanism  of bo th  types of the m anipula tor show n in F ig .l is the A ssur 
group of class 3 and order 4 according to the classification of the A ssur-groups proposed 
by I.I. A rtobolevski [1], According to the definition given in [2], an A ssur group  is " the 
sm allest kinem atic chain, w hich w hen  added  to, or substracted from , a m echanism  
results in m echanism  that has the sam e mobility as the o r ig in a l  ". We are searching for 
the possible positions of the end-effector of the m anipulator for a given set of inpu t 
param eters La . The problem  evidentially is identical w ith  the position analysis of the 
A ssur-group  (3.4) (Fig.2): W ith the system  para-m eters of the A ssur group  the angles 
i//,t/r,,and i¡/2 can be determ ined and, therew ith  the cor-responding positions of the 
end-effector {x,y,<p) are given too. W ith the three angles i/z.i/z^and y/2, together w ith  the 
system  param eters aa,ba,ca ( a  = 1,2) and L,, the positions of the end po in ts  (of the 
linear actuators) B, C and D can easily be calculated and the three conditions B0B = L2, 
C,C = L3 and D0D = L4 then can be w ritten in the form:
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F ig .  2 .T h e  A s s u r  g r o u p  (3 .4 )  w i t h  i t s  s y s t e m  p a r a m e t e r s  a n d  p o s i t i o n  a n g l e s

G , =  (X ,  +  L , c o s  i / a  +  a ,  c o s  i / a ,  - X 2) 2 + (Y , +  L , s i n i / a  +  a , s i n i / a ,  - Y 2)2 - L 2 = 0 ,

G2 =  (X, +  L , c o s  t/A  + fo j c o s  i / a ,  -  c , s i n  i / a ,  +  a2 c o s  i / a 2 -  X3 )2 +
(Y, +  L, s i n  i/s +  b, s i n  i/s, +  c ,  c o s  i//, +  a2 c o s i/a2 -  Y ,)2 - L 32 =  0 ,

G3 =  (X, +  L j c o s  i/a + b, c o s  i/a, -  c , s i n  i/a, +  b2 c o s  i/a2 -  c 2 s i n  i/a2 -  X4 )2 +
(Y, +  L , s i n  i/a +  &, s i n  i/a, + c ,  c o s i/a, +fo2 sini/A 2 + c2 c o s i/a2 -  Y4 )2 -  L 42 =  0  . (1)

These conditions lead, w ith the identity cos2(..) + sin2(..) = 1 to three equations w hich are 
linear in the sines and the cosines of the angels i// /V/ i and Wi- From these equations we 
have to elim inate tw o of the angles to obtain one equation in only one variable. D oning 
this w e proceed in the following way. As the equation G, = 0 only contains i/a and i/a, 
we first elim inate from the equations G2 = 0 and G3 = 0 the angle y/2. W riting them  in 
the form

G2 = B„ cos i/a2 + Bn  sin i/a2 + B13 = 0 ,

G3 = B2, cos i/a2 + B22 sin i/a2 + B23 = 0, (2)
w h ere  th e  coefficients Ga|9 are  linear functions in th e  sines an d  th e  cosines of the  ang les 
i/a an d  i/a,, w e can  solve these eq u a tio n s for cosi/a2 an d  sini/A2:

cosi/a2 = - d e td e t ®13 B, 2
/ d e t

"Bn B,2'
_b23 B22 ,B21 B22.

sin i/a2 : d e t
B 1I b » ' /  d e t

B11 B,2
_B2, B 2 3 . _B21 B22_

(3)
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Via the identity  cos2y/2 + sin2y/2 s i  w e obtain therew ith  an  equation  G = 0 w hich is 
cubic in the sines and the cosines of the angles y/ and y q . The elim ination of yq from 
the tw o equations G, = 0 and  G = 0 can then be perform ed by Sylvesters resu ltan t 
m ethod [3]. To find the Sylvester m atrix we have to transform  the equations G, = 0 and 
G = 0 into algebraic equations. For that reason we in troduce new  variables X and Y 
w hich are connected w ith the angles y/ and yq by

and

X = tan (y //2 ), Y = tan (yq /2 ), 

siny/ = 2X /(1  + X2), cosy/ = ( l - X 2) / ( l  + X2), 

sinyq = 2Y /(1  + Y2)/ cosy/! = ( 1 - Y2) / ( l  + Y2),

(4)

(5)

and obtain one tw o algebraic equations, one of order two and the other of o rder six in 
both  new  variables, for w hich w e write:

and

gj = ktY 2 + k2Y  + fc3 = 0,

' = K,Y6 + K2Y 5 + K jY4 + K4Y3 + K5Y 2 + K J  + K7 = 0, (6)
w ith coefficients ki and X, depending on X and the system param eters. These equations 
have com m on solutions only if their Sylvester matrix M  is singular :

'0 0 0 0 0 K k2 k3
0 0 0 0 K k2 k3 0
0 0 0 K K K 0 0
0 0 K k2 k3 0 0 0
0 *, k2 k2 0 0 0 0

K k2 k3 0 0 0 0 0
0 K, k 2 K K, K„ K7

K2 *4 K5 k 6 k 7 0

(7)

det(M ) = 0. (8)
By developing the determ inant (8) we finally obtain an algebraic equation of o rder 18 in 
the variable X (with coefficient aa depending only the system param eters)

X 18 + a X '7 + a2X u + a,X15 +  a,7X + a]8 = 0, (9)

w hich can be solved num erically. This way w e get 18 values for X, real or conjugated 
com plex, and w ith  y/ = 2arctan(X) the 18 angles y/ are found. To get the values for Y 
w hich correspond to the roots X of (9) one can proceed as follows. W ith the m atrix y : 
yT = {Y7,Y6,Y5,Y4,Y 3,Y2,Y,1| the hom ogeneous Sylvester m atrix  eq u a tio n  w rites: 
JA.y = 0. D ropping the first row  from the m atrix M  w e obtain a 7 x 8 m atrix  N  , and 
w ith  the 8 colum n matrices na {a = 1 + 8) of this m atrix we can w rite instead of N .y  = 0:
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«,y7 + n2y  + n X  + n X  + n X  + n X  + n,Y = -n», (10)

from  w hich follows: Y(X) = -  , (1 1 )
det [ n ^ n ^ n s n ^ ]

and therew ith  also i/q = 2arctan(Y). Finally, w ith  the equations (3) the angle y/2, which 
correspond to a pair of angles (// and I//, is unequivocally determ ined.

C onclusions

The position  analysis of the A ssur g roup  (3.4) show s that there are 18 positions of the 
group w hich corresponds to a given set of system param eters. In an other context, the 
redundan t m anipulators based on the A ssur group (3.4) m ight take 18 different positions 
for a given set of input variables La (a  = 1 + 4), and we shall show  in the next section, 
thajt these positions all can be real. Positions in w hich the m anipulator becom es shaky 
(and therew ith  uncontrollable) m ust be avoided. Shakiness becomes m anifest geom et­
rically if the points £2,, £22 and K lie on  a straight line (Fig. 2), and  analytically if two 
roots of equation (9) coincide.
If the "actuator" betw een D and Dc is taken away, the system  will be m ovable; point 
K then  describes a coupler curve w hich is a tricircular sextic (order = 6 , circularity 
c ,= 3 )  and  po in t C describes a circle f ,  i.e., a m onocircular quadric  (order n2=2, 
circularity c2 = 1). According to Cayley's theorem the order of the curve 8, which describes 
point D then is given by [4]:

n = 2ttj(n2 -  c2) + 2n2(nj -  c,) -  2c,c2 = 2 x 6(2 -1 )  + 2 x 2(6 -  3) -  2 x 3 x 1 = 18.

This is in full agreem ent w ith our result. M oreover it has been show n by W. W underlich
[5] that the circularity of this "higher coupler curve" 8 is: c — 9. This can also be confirmed 
by our finding that sets of system param eters can be found for w hich all the positions of 
the A ssur groups are real.
The A ssur g roup  consists of tw o com pound four bar linkages A 0ABB0 and C„CDD0, 
connected by the rotary  joint K (Fig. 2). If the kinem atic pair K of the A ssur group is 
disconnected, each of its parts  describes a tricircular sextic k2 and k2. These curves 
intersect k 2c \k 2 each other in 6 x 6  = 36 points and, according to their tricircularity, 
2(3 x 3) = 18 of them  coincide w ith  the circle points I and /  at infinity, so that at m ost 18 
intersection po in ts of jqand  k2 can be found by varying the system  param eters. In the 
following section w e give an example of a system param eter set for which all 18 positions 
tu rn  out to be real and therefore that the "higher coupler curve" 8 of D intersects the 
circle C: 8 n  £ in  18 real points. But this proves already that the circularity of 8 m ust be 
9, because then  of the 18 x 2 = 36 intersection points 9 x 2 = 18 points coincide w ith  I 
and /  and 18 real point exist.

N um erical Example

To find a system  param eter set of the A ssur group  (3.4) for w hich all the roots of 
equation  (9), and  therew ith the positions of the A ssur group are all real, is a difficult
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problem . The equivalent problem  is to find two four-bar linkages A0ABB0 and  C0CDD0 
w hose coupler curves ic, and k 2 intersect in 18 real points. O n a sem igraphical w ay we 
finally found such a system param eter set w ith  the following data:

X, = 700 X2 = 2096 X3 = 458 X4=1925 «, = 1039 a2=1000
Y, = 750 Y2 =1300 Y, = 458 Y4 = 955 fe, = 778 b2 = 500
L, =1110 L2 =1230 L3 =1200 L4 =1100 c,=  778 c2=866

Following up the procedure described above in details we obtain for this set the position
angels and y /° 2 listed in Tab.l. Fig. 3 show s the coupler curves v, and k 2 and
their 18 real intersection points. Fig. 4 shows the 18 positions of the A ssur group (3.4).

Y° Y° ¥°i

- 9 . 7 . 4 4 5  
- 5 8 . 1 9 8  
- 5 5 . 7 7 3  
- 4 9 . 8 6 3  
- 2 2 . 8 2 9  
- 7 . 4 1 4 8  
- 3 . 1 5 8 1  

2 1 . 0 0 5  
2 4 . 2 0 5  
3 3 . 7 8 6  
3 4 . 8 8 8  
4 5 . 1 8 0  
5 9 . 7 2 1  
9 5 . 2 2 0  
1 0 9 . 9 8
1 3 0 . 9 4  
1 3 5 . 6 5
1 3 9 . 9 5

4 0 . 6 7 0
1 5 . 5 2 7
1 4 . 5 0 7
1 1 6 . 1 5  

- 2 . 9 9 6 1
1 5 2 . 0 0
1 5 3 . 8 6
1 3 3 . 1 6  

- 9 5 . 8 3 6
9 3 . 8 0 3  

- 1 1 0 . 6 4  
6 8 . 8 7 6  

- 1 0 3 . 1 0  
- 7 0 . 7 3 0  
- 5 4 . 8 5 7  

1 3 . 2 1 3  
- 2 1 . 1 7 1  

3 . 5 3 4 8

4 . 4 1 6 3
- 1 0 9 . 8 6

1 3 6 . 0 0  
- 7 3 . 7 1 4  
- 1 4 8 . 9 7

2 2 . 8 3 9
- 8 6 . 5 0 7
- 1 5 . 0 7 2

1 4 4 . 1 7
- 1 4 7 . 7 6

1 2 7 . 0 1  
- 8 9 . 2 4 6  
- 1 1 0 . 2 7

1 6 2 . 6 8
1 7 5 . 5 4  

- 1 1 6 . 1 0  
- 5 5 . 1 5 4  
- 1 3 1 . 6 0

Tab. l.T he position angles \j/°,y/° and t//2 Fig. 3. The two coupler curves jc, and ;c2 

Fig. 4,The 18 positions of the A ssur group (3.4)
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