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APPLICATON OF POW ER SERIES FOR DYNAMICS OF THIN W ALLED BARS

Summary. A  solution o f  the problem o f vibration forced by a harmonically changing 
load has been presented in the paper. The expansion o f  the displacement function into 
power series has brought about the solution. Possibilities o f  making use o f  the solution in 
case o f  load being optionally changed in time have been also pointed out.

ZASTOSOW ANIE SZEREGÓW POTĘGOW YCH W  DYNAM ICE PRĘTÓW
CIENKOŚCIENNYCH

Streszczenie. W  pracy przedstawiono rozwiązanie zagadnienia drgań wymuszonych 
obciążeniem harmonicznie zmiennym. Rozwiązanie uzyskano przy zastosowaniu 
rozwinięcia funkcji przemieszczeń w  szeregi potęgowe. Przedstawiono również możliwość 
wykorzystania rozwiązania dla dowolnie zmieniającego się obciążenia w  czasie.

ANW ENDUNG VON POTENZREICHEN IN DER DYNAM IK DER 
DÜNNW ANDIGEN STÄBE

Zusam enfassung. In der Arbeit wurde die Lösung des Problems, der durch harmonische 
W echselhellastungen erzwungenen Schingungen vorgestellt. Die Lösung w urde erreicht bei 
Anwendung der Entwicklung der Function der Versetzungen in die Potenzreihen. Es wurde 
auch die Möglichkeit der Ausuntzung der Lösung für beliebig in der Zeit wechselde 
Belastung dargestellt.

1. INTROD UCTION

A great many papers have dealt with the problem o f thin-walled bars w ith open section. 
M ost papers refer to  some particular geometric features o f  bars [1,2,3,4,5], o r to  special cases 
o f loading [6,7,8,9], W here optional geometric features and optional state o f load are 
concerned the problem is being solved under application o f  numerical m ethods [10,11], On 
accepting the assumptions o f  the technical theory o f thin-walled bars [12] the problem under 
consideration resolves itself into solving o f  a system o f  three partial differential equations
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a ‘ r i yJ, dAr\ yA d2i\ d \  yAza 52<p d2̂  ,

y axr* g  Sx:2S /2 g  dt2 3 e 2 g  d i2 ^  Sxr2

g  3r dx g  dt dx dx g  dx dt g  dt dx

where: t](x, I), ¿¡(x,t), <p(x,t) are displacements of points o f the axis o f bending centres towards 
the axes^ and z as well as angular displacements o f a section.

In case o f  a bar with a constant section this is a system of differential equations with 
constant factors. The problem can be solved through applying the finite element method [10] 
or through expanding the displacement functions tj, £ and <p into a series according to 
eigenfunctions [13,14], Taking into account the fact, that the system under consideration is a 
linear and spring system it is also possible to solve the problem by means of the expansion of a 
function o f  the load state into the Fourier trigonometric series [15] having a form:

*=0

& Cm ) = Z  (2)

^ x , t )  = '^ m k( x ) e la‘l‘

2. HARMONICALLY FORCED VIBRATION

Let’s consider the case of vibration o f a bar characterized by a constant section as forced by 
the action o f  external forces changing in time in a harmonic way according to the frequency a>

qy(x ,t)  = qy{x)e"“ ,

q ,{x ,t)  = qz(x)eim, (3)

Assuming that free vibration a subject to damping in time the expressions o f  displacement 
functions will take the forms:

TlCM) -  TlMe*“ ,

i,(x,t) = i{x)e^‘, (4)
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q > M = * (* )« '-

When substituting the expressions (3) and (4) in the differential equations (1) and then 
arranging them we obtain:

«1rii,'W  + a2Ti"(x) + a 3T](x) + a4(p(x) + a5(p"(r) = q'J/(x ))

W v M + K K ' M + b&i*)+ 64<p(*)+*5<P" W  = (5)

c& IV{x) + c2<p'’(x) + c3cp(x) + c4ii(x )+ csri"(x) + c6̂ (x) + c7£"(x) = m{x),

where:

a2 =  -^-<a2 + P,
yA co2

a3 =
yAzaa 2 

a4 — , a5 — Pza
g g g

b2 = H>L(o2 + P, L 2A, = ------© , II £ P

8
K> II 1 £

g g g
■^Z.(02 +P-T1 ~GJ , ty 11 1 1 8̂ ev -  r - P t r -  yAy*— — <D , Cf  — rza, c6 —

g ’ g g g

In order to solve the system of differential equations (5) we apply the expansion o f the 
functions tj(x), g(x), <p(x) of the load state qy(x), qz(x), m(x) into a power series [16]:

ao w

Ti W = Z Ti/x /> ? , ( * ) = Z ? * * ' .
j=o j=0

$(*) = £ $ / ' ,  (6) ? ,(* ) = (7)
J=0 j=o

J=0 j=0

Substituting the expresions (6) and (7) in the differential equations (5) and equating the 
factors with powers of the variable x being the same to zero we obtain the following recurrence 
formulae for factors o f  power series (6)

ri;  = a2(j)r\j_2 +a3{ j) i\M  + a 4(y)cp;_4 +ai (j)q>J_1 +a6{ j)q u _4)y,

%, = b2( M j.2  +K(j)<P,-* + b s ( M j - i  + b6{j )q0-4), . (8)

<Pj = c2{j)<9 h l +c,(j)q>M  +ci {j)r\J_i +c5( j ) ^ l_1+c({j)£,j . i +c1(j)Z,,_1 + c ,[ j)m J_t , 

where:
a* s i  a  -  ( A _  °5 - '  '  1 - • '
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b:(j)=bt f ( A  b,u)=bfA (j) .  bt(j)=bf fl (A b,U)=^/U), be= ± f 2( j )V)
O, O, b. b. b.

c,=^-fAj)< C] = ̂ -fi{A c.C/O-^/iO). CjO') = —/,(>), c,= — fi{j), C;0) = — /.(/). c,=—fi(j)
c, c, c, C, e, e, e.

/ 0 ) = ^( 7 . _ 2 ) r / 20 ) :
0 - 4 ) !

Factors o f  the power series (7) are determined by aproximating the {unctions o f the load 
state by means o f the least squares method in relation to the Newton's or Lagrangian 
interpolating polynomial. The first four factors o f each o f the power series (6) are boundary 
values o f  corresponding displacement functions tj(x) ,  %(x) ,  <p(x) multiplied by a number one, 
two and six. The relationship between boundary values o f  the function and factors o f power 
series (6) is as follows:

= T|(o), 
n, = n'(o),

S „= $(o), <p„ = <p(o), 
cp, = cp'(o),

( 10)
T12 = ^ T 1 " ( 0 ) ,  4 , = ^ " ( 0 ) ,  c p 3 = | ( p " ( 0 ) ,

n , = W ' { 6 ) ,  ^ = k m(0), q,  = -^cp'"(o)
o o o

When applying the recurrence formulae it is possible to express all factors o f power series 
by series values of the function or by the first four factors o f power series (10). The expressions 
o f  displacement functions T](x), £(x) ,  <p(x) determined in this way as well as their derivatives 
written in a matrix form are as follows:

" n (* )  " S, S , 5 , s . S, •ss S, s . S, S,o s „ S * S , 7 ' Uo’
n 'O ) S , ' s r S ,’ s ; 5 ,' S t ' s ; S ,' S , ' s r s r s r s r n ,

S ," S > " s , " s r S5" s r s r S ," s r s r s r s r s r n ,

S ," ' S 2" S,'" s r s5- s r S , " ' S ," ' s r s r s r s r s r n ,

4(*) S „ S„ •S',, Slt Sr, S „ S „ Sjo s 21 S „ s „ S» s „ 4o

4'W S ,,' s r s „ - s r s r s r V s r s r s „ s r *̂ 3« 4,

4” M = S n ” S r s „ " s r s r s r s r V s r s r s r s r s „ " 4 ,

4’" ( x ) s r V s r s , r V ” s r
C "t
•S]» s r

Q (II 21 s r
Cl III 
21 s r S T " 4,

<p(x) s v S * S v S„ s>. S„ s „ s u s „ Su S „ 9„

9'(x) s r Sn' s r s r •V s r V s r s r s r s r s r s r 91

<P"(x) s n " s r S r , " s r V s r s r s r s r s r s r s r s r <P2
■ V " s r s „ - " s r ' s r " s r s r s r s r s „ - s r s r s r 9,

1 0 0 0 0 0 0 0 0 0 0 0 0 i 1

( 11)

Elements o f the square matrix S j-S io  o f the expression (11) are functions x  and the 
number / o f  j  terms o f  the power series and o f dynamic characteristics o f the bar. The square
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matrix o f the expression (11) is called a span matrix. This matrix has beeen developed with a 
view to its application for dynamics o f  thin-walled bars in the transfer matrix method [17],

3. FINAL REMARKS

On the basis o f  calculation algorithms programmed for the computer, as presented in the 
paper, numerical calculations have been carried out. It was a task o f the numerical calculations 
to test the developed algorothms and in particular to test the convergence of power series. 
From the testing calculations, that have been carried out, it appears that values o f  displacement 
amplitudes in the centre o f the bar span do not change with the number o f  terms o f power 
series being higher than 10. Increasing the number o f terms o f the series results only in slight 
elongation o f  duration o f calculations. The calculation algorithm presented in the paper has 
been developed with the aim o f being applicable for stereomechanical calculations o f frames o f 
special-purpose vehicles [18]. However, the algorithms may find applicationson much wider 
scale.
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