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BajieHTHH 0HHUJEHK0

Ka^eflpa "fleTajin Maimm" .HoHeuKoro noaHTexrareecKoro KHCTHTyTa, CCCP

MATEMATHMECKAfl MCflEJIB IIPOipCCA H3H0GA PABOW I10BEPXH0CTEK 

3yBLKB STOMŁK KOJJEC

P e a x w e .  P accM O T p eH ti B o n p o c H  arinpoKCHM apKH k 3 hoih6 h h h x  
n p o & i. ie T F a y U b e B  o  bo  jib  BeHTHHx s y d u a ih r x  K o j ie c ,  p e m e H a  o d p a T -  
H3H 3 a # a y a  T e o p ir a  3apeixneH M H  npH M eroiTeJibHO k  k o h t s k t y  H 3 -  
HonieHHbix n p o $ H J ie i i ,  p a 3 p a 6 o T a n a  M a T e M a w e e C K an M opp-ib  n 3 H a — 
awBaHMH n p o ^ a j ie i i  3 y o b e B  h  opera-cx h x  ^o n ro sey H O C T M  c  n o M o -
PBK) 3 HeKTpOHHO-BbRIHCUHTeJIbHHX MamMH,

M3H0C ay6beb 3ydyaTux KOJiec ripn Handojiee qacTo BCTpetiaHxqeM- 
ch peMMe rpaHtitiHoro TpeniiH 3aBHCHT, b ochobhom, ot 3HatjeHHfi
KOHTaKTHUx H anpjD seH w fi, K03(J4)MpMeHTa TpeH H H , re o M e T p m ie c K H x  

(paA HyCH KpMBHSHH np0(]j4Jieu) H KHHeMaTiWeCKHX (CKOpOCTb CKOJIbHte- 
yąejiBHbie CKOJiMceHun) napaMeTpoB KOHTaKTa, KOTopae, b  c b o i o  

o«epe,ąb, M3MeHHK)TCH no Mepe H3Hoca npo^miefi [ij . IIosTOMy doJiee 
HaflescnaH opeHKa k 3 h o c o c t o m k o c t m  sydqaTux nepenau B03M0XHa t o a b k o  

c yye t o m  KMHeTHKM H3H0ca padotmx noBepxHOCTeK 3ydBeB. BBHfly c j i o j k -  

h o c t h  3Toro npopecca npit pa3padoTKe MaTewarauecKOii wopem 6 m  
npwRHT pąn, ynpopeHuK. B  icatjecTBe odaeKTa M3HatnMBaHHH de lth  npHHHTti 
pHiMHflpMtjecKMe 3youaTue KOJieca c npHMbam 3ydbHMH, padoqxe npo$min 
KOTopbix onucbiBaiOTCfl HenpepHBHOii, MWHHt^yM flBasyiH flHi^epeHpupyeMoi* 
ipyHKpiieK. n PH 3 t o m  npeppojiaraeTCH, n t o :  3apenjiOTa{necH KOJieca 
BpaiąaiOTCH OTHOCMTejiBHO HenoflBMHHX reoMeTpnqecKHx oesii, no# Ha­
rpy s k o m  npoęmiH He Ae$opwnpyioTCH, b  30He #ByxnapHoro sapenneHM 
HarpyaKa Mespiy napaMM 3ydbeb  pacnpe^eJiaeTCH JiHHefiHO, Harpyawa 
no flUHHe 3yda pacnpe#ejiHeTCH paBHOMepHO.
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AjiropHTM MaTeMaTHtjecKOft MOflena npoqecca HSHOca padoifflx 
noBepxHOcrefí 3ydbeB BKJiKmaeT b  ceda c.nefly»mne o c h o b h h © daoKH:

- nofldop (JyHKiiHH, annpoKCHMnpyiomeñ npo$nnb 3yda (k&k ncxofl- 
Huñ, TaK h H3HomeHHii£i);

- HaxoKueHMe KoopflHHaT TomcH KOHTaKTa 3ydi>eB b (JyHKqKH yrjia 
noBopoTa Beflymero sydnaToro KOJieca;

- onpefleaeHHe reoMeTpHtiecKHx, KHHeMaTHnecKHx h Harpy30HHHx 
napaMeTpoB KOHTaKTa sydbes;

- BLWHGJieHHe HHTeHCHBHOCTH H3HaHMBaHHH npO(J¡HJIH B KOHT3KTHOÍÍ
TOUKe b 3aBHCHM0cra o t  HañfleHHUx napaMeTpoB KOHTaKTa;

- KoppeKTHpoBKa npo$wieíi syóbes b KOHTaKTHHX To«Kax c yqeTOM
yCTaHOBJieHHOÜ HHTeHCHBHOCTH H3HamHBaHHH.

B  CBH3H c doJibDMM oóteMOM Bbrwcjiemñ Mo^eroipoBaHHe npoijecca 
H3H0Ca 3ydbeB Hp0H3B0flHTCH Ha BJieKTpOHHO-BbPíMCJIHTeJIbHHX MamHHax 
(3BM). DepBHM e¡hkji pacneTOB BKJimaeT b ceda oqeHKy CTeneHH H3Me- 
HeHHa HcxoflHoro npo$nna, flanee rpiKJi noBTopaeTca flo flOCTraceHHa 
npefleabHoro (no ycjiOBHHM aKcruiya Tapan) 3HaneHna H3H0ca npo$Bjia. 
jHocTOBepHOCTb pa3pad0TaHH0it MOflejra npoBepaeTca 3KcnepnueHTanbH0 .

HccaeflyeMiie npo$njm 3ydbeB mokho npeflCTaBHTb b npaMoyronbHOfi 
CMCTeMe KOopflHHaT, ocb adcpncc KOTopoft npoxOflHT nepe3 ocb c h m - 
MeTpHH syda c Hen3HoraeHHbMH npo$HJiHMH, a ©cb opflHHaT nepe3 Hauajib- 
HyK) Toqicy 3B0JIbBeHTH Ha OCHOBHOa OKpyjKHOCTH (pHC.I). OTHOCHTeJIbHO 
peHipia BpameHHa KOJieca 3Ta CHCTeMa KOopflHHaT $HKCHpyeTCH c noMombio 
cjieflyKnpx cooTHomeHMñ:

x „  -  R g C o s S o ;  y B  -  R g s i n  f ó  ■ R s  =  c , S m z c o s ¿ g  ;

* ° ~ ñ

rfle R g - paflayc o c h o b h o ü  OKpyntHoct h  ;
m - MOflyab 3aqenjieHHa;
Z - uhcjio 3ydbeB;

- yroa HcxoflHoro KOHTypa (no CT C3B 308-76 c¿¡ =  2 0 °);
xc - K03$$HflneHT CMeme.HHa HcxoflHoro KOHTypa.
% c n o  ToyeK npo$HJia He flOJDKHO dHTb MeHbnie OTHomeHHH flJiHHH

padonero yqacTKa npo$HJia k mjípuHe repflOBCKOñ noaocra KOHTaKTa.
Ana annpoKCHMatptH npo$HJia 3yda co cpasHHTeabHO pasHOMepHHM 

H3H0C0M MOKHO HCn0JIb30BaTb npMdaH&eHHe ^yHKI^IH MHOrOHJieHQM no Me- 
TOfly HaHMeHMiHx KBaflpaTOB. B cayxjae ace HepasHOMapnoro HSHOea npo§a- 
jih fleJiecoodpaaHo npraíeHHTb annpoKCHMHpyKtiíHe cruiañH-^yHKflUH. lipa 
3 t o m  noKasaTeJib CTeneHH mwiHHOMa hjih cnnaftaa floascea dHTb ae Menee
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P uc.I .  Cnocoó npeÄ C TaB JieH H H  npoijsuiH 3 y t ía  b  npaMoyrojibHoft
CHCTeMe KoopuHHaT: I-h c x o ä h h ö, 2-H3HomeHHHÊi npcxjKjm.
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Tpex, MSKCHMajibHoe 3HatjeHne 9Toro noKasaiem MOżseT ö h t b onpe^ejie- 
HO H3 yCJiOBUH, HTOÓbl pa3H0CTb MeSfly fteñCTBHTeJIbHbMH KOOpflKHaTâMH 
npoqjHJiH h KoopßHHaTäMH annpoKCHMHpyroaieñ ero (JiyHKpnn He npeBHmajia 
norpemHOCTH H3MepeHHH ^eñcTBiiTejibHHX KoopąsiHaT.

Ilocjie ycTaHOBJieHHH BHfla annpoKCHMHpywmeJi <£yHKpHn (</ - f  (* ) )  
KOopflHHaTbi npon3 BOJibHOK TOHKH npo$HJia b npHMoyroJibHOñ K nojispHoa  
CHCTeMax KOopflHHaT, noaoweHne KacareiibHoft k npo$njito b jiaHHOM TOHKe, 
a Taiose 3HaqeHHe p ajy iyca  KpnBH3HH npo<¡MJW b o to îî  TOHKe onpe^eJiaeT- 
CH H3 cjieflyraoiitx cooTHomeHuñ:

CxeMa onpe^eJieHMfl KOopfiHHaT to^ikh KOHTâKTa npeßCTaBJiena Ha 
puc.2. isa npo$HJis I h 2, onHcaHHbie annpoKCHMnpyiœnMMH ^yHKiflMMH 
y, = f, (Xi) h y 2 - f2 (ÿz ) , BpainatoTCH BOKpyr HenoßBiracHHx ąeHTpoB 
ûj H C^, 3&(JjHKCnpOBâHHbDC B HeriOßBHffiHOii CHCTÖMe KOOpßHHaT XOj Y . 
üojiOîKeHHe Beflyiąero 3 Bena -  npoiJííJiH I - 3a#aeTCH b o to íí  cncTeMe 
y r.ioM % , OTCHHTbiBâeMOM o t  nojiOKHTeJibHoro HanpaBJieHMH OCH OjX
b HanpaBJieHHH yrjiOBOîi CKopocTH cl>1 . fyut 3a,ąaHHoro yrjia f, Koop-

*MeTOflHKa onpe,ąe^eHHH KOopflHHaT to^kh KOHTaicTa .ąjiH npo$HJieîi orra-
caHHbK b no;iHpHux CHCTeMax KOopflHHaT npHBefleHa b padoTe [2[ .

(4)

(5)

( 6 )

ryje: R a  -  pa^nyc OKpyscHocm Bepnnm:
R m î n  - MHHHMajíbHo B03M0SHâH rpaHKya HSHOca npoçHJia:

d u o - MeatoceBoe paccTOAHHe;
ci to -  y ro ji 3 apenJieHHH;

R a c , Rßc -  pa^HyCbl OKpySCHOCTH BepmHH H OCHOBHOÍ? OKpySCHOCTH
conpHxeHHoro sydtiaToro mueca.

flHHaTU TOUKM KOHTaxTa K onpefleJMiOTCH b cjieflyBmeM nopnflKe
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Bic.2. CxeMa onpejieneHUH KOopuMHaT to^kh KOHTaKTa npo$miefł,



B. ÓHEtmeHKO

Ha npoqMJie I BHfleJiHeTCH HeKOTopaa tovíkb Aj ( ; ¿/r hjih
R 1 ; if2 ), pafluyc-BeKTop KOTopofS R 1 cocTaBJiHeT c ocbio OjX yroji:

+ ( 8 )
Hepe3 aTy Towcy npoboahtch KacaTenbHaH 4 _ t f , noJionceHHe KOTopoR 
cmpefleJiaeTCfí yrnaMH p 1 h t 1 (cM.pnc.I). C HenoflBtiKHOft ocbio OjX 
3Ta KacaTejibHan cocTaBJineT yroji:

6 1 =  %  + ( 3 1 - 8 , ) , ( 9 )
Ü3 peHTpa Og b TO^Ky Aj npoBPflHTCH pâ i-ryc

R2 = /(c?tü - f i1 eos ) 2+(R, sin 9, ) 2 t ■ ( 10 )
KOTopbift cocTaBJifleT c ocbio OjX yroji

V2 = aretej (ñ 1 sin  %/( a ^  - /?1 eosfy)). ( II  )
PaflMyc R¿ noBopatiHBaeTCH BOKpyr qeHTpa Og flo coBwemeHHH c npcufiH-
JieM 2 b Teme A^, nepe3 KOTopyro Taime npoBOflHTCH KacaTejibHaH 
tz-t2 , noJiosceH H e KOTopoñ o n p e f le Jw e T C H  cooTBeTC TByionpiM íi y rn aM H  

p z h S z . 3aTeM pafluyc-BeKTop R¿ B03BpaiqaeTCH b nexoflHoe nojioxe- 
Hue BMecTe c KacaTeJibHOfí t 2~ t¿  , KOTopan b stom nojioseHHH (oÓ03Ha- 
weHHaH Kax t¿  -  ) coctbbht c ocbio OjX yron:

6 z = o r - ( % + 8 i )  t (I2 )
y roji A Me*fly KacaTejibHtMH t 1~ t1 ^  t ' f  t 2 6y#eT paBeH:

¿  = $ , - $ 2 '  (13)
OHat;eHÜH KOOpflHHaT TOHKH Aj, npH KOTOpbK 3T0T yrOJI 6yfleT paBeH
Hyjiio h onpeAeJinioT KOop^HHara tomkh KOHTaKTa K .

TaKMM oópa30M, 3aflana onpeflejieHKH KOopftMHaT tohkh KOHTaK­
Ta CBOflHTCH k pemeHHfo TpaHcqeHfleHTHoro ypaBHeHHH Bsma:

(Pi * ~ ) -  (j$2 ^z)  ^
pemaeMoro MeTO^aMH Ha 3BM . lio HaftfleHHOwy KopHio ypaBHe­
HHH (  * 1  m u  )  BUMHCHHK5TCH KOOpflHHaTH TOHKH K  B HenOflBH&HOft 
k b noBopoTHHx CHCTeMax KoopflHHaT, a Taime nojiosteroie npofHHH 2, 
o npeflejiaeM oro yrjiow:

9 ¿ (í5 )
KoHTaKTHHe h anpH'íehhh biwkchhk3tch no §opMyjie Teppa no HafS- 

AeHHbM 3HaneHHHM pa^HycoB kphbhshh b Tonxe KOHTaKTa. Ckopocth 
^BH»eHHH TonKH KOHTaKTa no npopmiHM 3y6beB  Beflymero Vny1 vi B e-  
AOmoto VKy2 KOJiec onpefteJiHiOTCH no ^opMyjiaM [ z ]  :
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(16)

(17)

r f l e :  ß, h  -  p a ^ w y c u  k p h b h 3 h h  rrpo$H Jiefi b  T otnce  vsx KOHTSKTa;

fK ■= P K  -  paccTOHHHe o t TomtH KOHTaKTa flo MrHOBeHHoro

O cT ajibH bie  n a p s M e T p u  3aije iiJieH H H  b b w h c jih d t c h  n o  oßmenpHHHTOM 

$opM yjiaM  T eo p n H  3 a ą e iu ie H H H .

HHTeHCHBHOCTb H3HâHUlB6lHHiï MOKHO O npefleJIH T b H a  OCHOBe s a -  

BHCHMOCTeñ, noJiyneH H H x T e o p e r a n e c K H  h jih  3 K c n ep n w eH T a jib H 0  ( H a r rp n -

noM om bD K O T o p o ro  HHTeHCHBHOCTb H 3H âm nBaHHH BBOflHTCH b  n p o rp aM M y  

p a c n e T a ,  .ąojiaceH 6 h t b  tskhm, qToöu s a  o ą h h  ę h k h  p a  c n e  T a  h 3 h o c  n p o -  

$ h j w  H a  nopąąoK n p e B u m a ji n o rp em H O C T b  annpoK C H w auH H  npo$HJin.
IIpHM eHeHHe n p e fla o sc eH H o ß  MeTOflHKH MO,ąeJiHpoBaHHfl H 3 H 0 ca  p a 6 o -  

h h x  n p o ^ H J ie ił  3 y 6 b e B  no3BOJiH T oi^eHHTb flO JiroB enH O C T b n p o e K ra p y e M o fl  

3 y ó n a T 0 ñ  n e p e f l a tm  h  nyT eM  cp aB H eH H a B u ó p a T b  H a n ó o j ie e  onT H uajibH H ñ 

B a p n a H T . KpoM e T o r o ,  p a 3 p a 6 o T a H H a n  M O ^eJib H 3 H o ca  3 y 6 b e B  MOiseT 

ó h iT b  B K Jim eH a  b  CHCTeMH aB TO M aTH 3H poB aH H oro npoeK TH poB aH H H  p e f ly K -  

T o p o B  npHBOflOB ManraH.
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MODEL MATHEMATICAL OF WEAR PROCESS OF CONTACTS SURFACES OF 
TOOTHED WHEELS' TEETH

Summary

There regarded the questions of approximation of the wear 
profiles of gear wheels' teeth, it is decided the inverse prob­
lem of the engagement theory with respect to weared profiles' 
contacts, there worked out the mathematical model of the process 
of profiles teeth' wear and the estimation of their longevity 
with the help of the electronic computers.

MODEL MATiMATYCZHY PROCESU ZUŻYCIA POWIERZCHNI ROBOCZYCH 
ZÇBÔW KÓŁ ZÇ3ATYCH

Str eszc zenie

*7 pracy rozważono problemy aproksymacji zużytych profili 
zębów ewolwentowych kół zębatych, rozwiązane odwrotne zadanie 
teorii zazębieniazastosowano do zaaania kontaktu zużywających 
się profili, opracowano model matematyczny zużycia profili 
zębów i oceny ich trwałości za pomocą elektronicznych maszyn 
cyfrowych.
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