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1. WPROWADZENIE

1.1. Cel pracy

Praca ma charakter teoretyczny 1 dotyczy dyfuzyjnego tranaportu gazoéw
1 par przez aeabrany state, ktorych wkaanoscl dyfuzyjne se funkcje poto-
zenia wewnatrz aeabrany 1 zaienlaje sie w sposéb ciegty regularnie - mem-
brany heterogeniczne regularne (MHR).

Trzy zasadnicze cele przyswlecaje niniejszej precy:

- efektywne rozwigzanie zagadnienia nleuetalonago transportu aeey w MHR.
Uzyskane rozwigzanie umozliwiaja wyprowadzenie foraut analitycznych o-
daiu aetod eksperyaentalnego badania tego transportu. Te z kolei pozwa-
laja na stworzenie systeau analizy, koapleaentarnego z systeaea op6z-
nien czasowych. Faktem o istotny» znaczeniu jest stwierdzenie, ktére z
owych oéalu foraut zachowuje whasnos¢ liniowosci dla wybranych struktur
dyfuzyjnych aeabrany,

- rozwiagzanie tzw. zagadnienia pierwotnego dyfuzji, czyli przewidywania
whasnosci dyfuzyjnych ukdadu na podetawle znanej struktury dyfuzyjnej
aeabrany,

- stworzenie aozllwosci wykrywania struktury dyfuzyjnsj aeabrany na pod-
stawie poalaréw wkasnosci dyfuzyjnych ukdadu w stanie nieustalonya,czy-
i rozwiazanie jednego z tzw. zagadnien odwrotnych.

1.2. Rozwazania wstepne

Zagadnienia rozpatrywane w tej precy dotycze generalnie dyfuzyjnego
transportu aaay (dyfuzji) aatych czastek gazéw lub par (pénétrant) w/lub
przez cieto state, zwykle poliaer (o$rodek dyfuzji, aeabrana).

W celu scharakteryzowania powyzszego systeau dyfuzyjnego przyjeto trzy
wspétczynniki [1-4] t rozpuszczslInosci (podziatu) lub sorpcjl (S), dyfuzji
©p) oraz przenlkalnoscl (przepuszczalnosci) (P).

Pierwszy z nich charakteryzuje podziat penetranta aiedzy osrodek dyfu-
zji a faze zewnetrzne w réwnowadze, co aozna zapisa¢, wychodzec z réwno-
Sci potencjatow chealcznych penetranta, w obu fazach

fIR - A X) d -1+

Z" - - _
)Znaczenle uzytych symboli - patrz Wykaz Skrotoéw.
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i co implikuje relacje [4]

S - (a/a») « exp G. .2)
réwn

gdzie bp.0 oznacza réznice potencjatédw chemicznych standardowych penetran-
ta w obu fazach.
W przypadku gdy wybrano ldentyczne stany standardowe w osrodku dyfuzji

1 fazie zewnetrznej (tj. , gdy Ajj,0 = 0), wspédczynnik podziatu réwna sie
jednosci. Wykorzystujac relacje a » f.c, rownanie (1.2) zspieuje sie
czesto w postaci

S » (c/aR) - @a.3)

réwn.

gdzie: S » I/f.
Dla gazowych penetrantéw pod umiarkowanymi cisnieniami mozna przyjec

aR - P/PO0 1 wtedy roéwnanie (1.3) przyjmuje postac

Sp “ (°/1,)ré«n.* 1>4)

gdzis: Sp - §/P0-

Termodynamiczny wspédczynnik dyfuzji DT mozna wprowadzié¢ opierajac
sie na zasadzie termodynamiki nieréwnowagowej. Upra8zczajec znacznie ped-
ny wywoéd Baranowskiego [4] mozne nspisac:

1 ro (* Sinfi Bc n Sina 8¢ n «Ba I\
3 “ -DT(@ + Sine0 Sx * “DT elnc 3x " -°T S ®x* (1-5)

gdzie DT - D*d =z pracy [4], tj. wspétczynnikowi dyfuzji w uktadach 1-
dsslnych, dis ktérych czynnik tsrmodynamiczny redukuje eie. Roéwnanie (1.5)
mozna ostatecznie przedetawi¢ w formie

gdzie P = Oj.F, jest wspoétczynnikiem przenlkalnoscl.
Zdefiniowana powyzej grupa wepotczynnikéw charakteryzuje rézne (w tym
tylko dwie niezalezne) whasnosci uktadow dyfuzyjnych, a wiec:

a) Wspodczynnik rozpuszczalnosci (S) jest parametrem roéwnowagowym (analo-
gicznym do statej rownowagi reakcji chemicznej)1 miarg wielkosci sorp-
cjl osrodka dyfuzji.

b) Wepdtczynnik (termodynamiczny) dyfuzji (DT jest parametrem kinetycz-
nym (analogicznym do atatej szybkosci reakcji chemicznej)i miarg szyb-
kosci poruszania sie czgstsk penetranta w osrodku dyfuzji.

- 11 -

c) Wspétczynnik przenlkalnosol (p) jest iloczynem dwéch powyzsaych, lecz
czesto jest bardzo uzyteczny, gdyz jeet miara szybkosci z jaka czastki
penetranta przechodzg przez membrane (folig). W wielu przypadkach za-
atoaortania membran, wkasnie P jest poszukiwsnym wspétczynnikiem a nie
S i1 DT indywidualnie.

Trzeba podkresli¢, ze nieco inaczej definiuje sie ten wspédczynnik w
biofizyce bton [5]. 3ak juz wspomniano, termodynamika nleréwnowegowa ofe-
ruje pedny, fenomenologiczny opis procesu dyfuzji. Na potrzsby jednak taj
pracy (procee lzotermiczny, dwuaktadnlkowy, jednowymiarowy)wystarczy przy-
pomnieé, ze najprostszg formg réwnan fenomenologicznych, opisujacych dy-
fuzja, jest tzw. | prawo Ficka

gdzie D jest rzeczywistym wspétczynnikiem dyfuzji [4].
Poréwnanie (1.7) oraz (1.5) daje relacje

0 m dt °T@ ¢ 1 t H ** <Feo>

Zaatosowanla lokalnego réwnania bilaneu do réwnan (1.6) i (1.7) daje od-
powiednio:

o (& . .
=S < Anfp 23] @ o)
oraz
'f
g . 2 [o s& @ 10
Gt t>X 1U

Rozréznia sie generalnie trzy kategorie uktedow dyfuzyjnych:

e) uktad fickowski idealny: DI S* conat, co implikuje réwnosci: P =m
- conetana oraz D s DT. W tym przypadku réwnania (1.9) 1 (1.10) ag
identyczne,

b) uktad flckoweki: D i S sg tu funkcjemi etgzenla (lub aktywnosci). W
tych przypadkech réwnanie (1.10) Jest wygodniejeze w uzyciu niz réwna-
nie (1.9),

c) uktad anomalny lub niefickowakl: DT i S eg réwniez funkcjami innych
zmiennych (oprécz stetenis), np. wspoédrzednych (hsterogenlczne os$rodki
dyfuzji) lub czesu (polimer relaksujacy), lub wszystkich trzech jedno-
czesnie. W tym przypadku nalezy atosowa¢ roéwnanie (1.9), uzycie réwna-
nie (l.io) moze prowedzl¢ do nleprewidtowych rezultatéow [fi].
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Przedalotea rozwazan niniejszej pracy se niektéro uktady zawarta w
punkcie c), takie aianowlcle, ktérych wkaenosci zalezy w apoadb clegty od
potozenia. W ty« przypadku réwnania (1.9) przyjauje postac

i opisuje dyfuzyjny tranaport atany w takich ukdtadach, jaki

- folie z kopolimeréw szczepionych,

- laalnaty ciegto,

- Tolie eeaikryetallczne : pewne funkcje rozdziatu kryatelitow wzdiuz
oei X,

- aeabrany porowate z rozdziatea poréw wzdduz oai x,

- aeabrany poliaerowe plastyfikowane, z ktéorych ubyta czeséplastyfikato-
ra, powodujac nieréwnoaierny rozdziat ilosci pozostatej wzdhuz oei x,

- aeabrany powierzchniowe utlenione,

- aeabrany biologiczne itp. uktady o clegtya (regularnya) rozktadzie wka-
snosci dyfuzyjnych, pod warunkiea, ze uzyte stezenia (cisnienia) gazoéw
i par nie as zbyt duze.

1.3. 0 aozliwosclach rozwigzywania zagadnien granicznychw MHR

Réwnania (I.11) jest réwnaniaa rézniczkowya czeatkowya (RRC), Ilnio-
wya, parabolicznya Il rzedu o wspdédczynnikach funkcyjnych(zaiannych). Roz-
wiezywanie roéwnan tego typu (z reguty bardzo uciezliwa) jeet ogdélnie aoz-
liwe za poaoce trzech grup aetod [7]:

1) analitycznych,
2) analitycznych przyblizonych,
3) nuaerycznych.

Powyzezego podziatu nie nalezy traktowa¢ zbyt doetownie. We wspétczes-
nych aetodach obliczeniowych naktadaje sie bowiea czesto cechy charakte-
rystyczne aetod, ktore naleze do réznych grup [8]. Nalezy réwniez podkre-
Ssli¢, ze efektywnos¢ wiekszosci aetod, uzywenych obecnie do obliczen jaet
zblizona (niezaleznie od grijpy, do ktérej naleze), tj. pozwalaj« one uzy-
ska¢ rozwiezania z dowolne dokdadnosci* [7, 9j -

Przyktadea zastosowania jednej z aetod plerwezaj grupy, tj. rozdziele-
nia zaiennych, aoze by¢ praca Barrera [10]. W odnlealeniu do nieco pro-
etazego roéwnania, tj.

o “ 3 [D0) €] a.m
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oraz liniowej funkcji D(x) m DO (I + ax) uzyakat on rozwiezanle

e -0 ¢ (2 -ct)rnIrf-S1™) - E» VV <VV)2e
n 02

cC = C

* YE«r )° * Vo(W)«P(-00«2 t). (1.13)

gdzie <*n (wartosci wkasne) otrzyauje eie jako n-ty dodatni piarwiaotek
réwaanla

3 (zus) v, 2U leal) . ;. avoc(i ¢ al) . YO(2fa) - O (1.14)

0Q 1 YQ a* funkcje«i Beeaela tirorgo rzedu,
drugiego rodzaju* W m 2lken(i ¢ ax) i WQ -
relacje

odpowiednio pierwszego i
netoaiaet dana jest

0 000 - 3ty - (1.15)
Réwnanie (1.14) aoze by¢ rozwiezana tylko aotodaai przybllzonyal (najle-
piej nuaerycznie), co powoduje, ze uzyskane rozwiezanle aa podobny, tJ.
przyblizony charaktor.

Na aarginoolo tych rozwazan warto Jednak zanotowa¢, zs uzyaklwanie roz-
wiezan doktadnych jest rzadkosci«, nawet w klaale réwnan o etadtych wapot-
czynnika¢h. Typowe forae rozwlezan zagadnien grenicznych jset posta¢ sze-
regu nleekonozonego [2, 11], ktorego suay nie znaay.

Rozwiezanle efoktywne (etuzece do konkretnych obliczen) jeet z ko-
niecznosci przyblizone (z dowolne jednak doktadnosole) przaz akonozone ee-
ae kolejnyoh n wyrazéw azeregu.

W grupie aetod analitycznych przyblizonych najwlekaze role odgrywaje
aetody perturbacyjne [12. 13] (pewne znaczenie praktyczne aeje tez aetody
wariacyjne [7, 12]).

Nieco doktadniej zoatanie oadéwlona aetoda regularnej perturbacji, z u-
wagl na konieczno$¢ wprowadzenia korekt aateaatycznych do wczes$niejszych
préb jej zastosowania przez Innych autoréw [12]. |ldaa aetody regularnej
perturbacji w odniesieniu de réwnania (1.1l) jest naetepujece. Postuluje
ele, ze funkcjei s(x) oraz P(x) aozna przedstawi¢ w poataci:

8(x) - 8c[l ¢ « HX)] .,

PCO - PO ¢ « RRYJ,

(1.16)
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gdzie:
SQ, PQ - «tat«, H(X), f() - znana funkcja, zas « « 1 jaat paraaa-
traa perturbacyjny».

Nlaoh warunki graniczna opiauj« proeaa eorpeji eyaetrycznej [12], tzn. 1

a(x,0) » 0,
@.17)
a(o,t) » a(l,t) m a0.

Poniewal H(x) i F(x) nia zalat; od czaeu, aoZeay rozwigzania réownania
(1.11) napiaa¢ w foraie réwnania o zaiennych rozdzialonyeh [12]

-ft.t

3n * fn () -* 1.18)
n»0

a(x,t) - »0 ¢

latotf powyZezego zagadnianla Jaat znalazlanla Bn, f* 1AR.
Zaktadajac, Za *,,(*) oraz &n aoZna rozwlne¢ w azaragl potegowa wzgle-
daa e

£,() - F () +«F(x) ¢e2f2 )
(1.19)

podatawlaay réwnania (1.16) - (1-19) do réwnania (1.11), otrzyauj«c uktad
réwnadé rézniczkowych zwyczajnych poataeii

d .20)

0(e2) . > h&) F5. OO

7 N x) * B,; fn(x)
o

IJ[hG) ¢ FCOT ~ FC) ¢ [h(0 ¢ "(*>]£* TO(«)-0

. w1y - O (1.21

- 15 -

Rownania (1.20) oraz (1.21) wraz z warunkaal ( .17) pozwalaj« wyliczyé
kolajna wartosci Bn> ffl i Xn w réwnaniu (1.18) i tak: z réwnania (1.20)
oraz warunkéw (1.17) otrzyaujeay [2, 1]

S . DQgR (2n+1)2
1x.0 N ¥_' 2n%1 *in (2 -»)ylx ZXB
n-o @ -22)
tzn« s
Bn - tR@n*ir
.0 @n+l1 )3 -
nm,In ——1--- x- .23)
" D,R@2n+1)2
Rozwiniecie funkcji f(*) ™ azarag wg funkcji wkaanych (ktéra
tworz« uktad zupatny) oraz réwnania (1.21), uvaoZllwlaj« obliczania warta-
Sci n tzn.

oy 1 2n <F(x)ain2 I2n+I»l x> + < [ H(X) + F(x)]00.2 (Crubh3t x>"

—<[h &) ¢ F(x)]«in2 = x> (1.22)

gdzie:

<. ,) dx

Réwnania (1.21) zaplaana w poataci

d (o) g° ,
2—" & 9 FXX) - TX), (1.25)
dx Do n

gdzie

T - =C» nx) v in tHU) ¢ Jib &>+ FU)] & t*M

¢ e e FOOL o TR0,
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daj* aetod« "wariacji etatych" rozwigzanie

D TOAB (2nM)$ X dx ., @RIt .
jt(zn+1)/

(1.26)

ziik nref T(x)«n (267 - x dx €& =77 x.

Tak wiec rozwigzania perturbacyjna réwnania (1.11) z doktadnosci« do Ofe2)
ma poata¢ (i.18), z uwzgledniania* (1.23) oraz (1.24) 1 (1-26). Prooedura
okreslania wielkosci A* orez Tfjj(x) atwarza mozliwos¢ rekurencji, po-
zwalajgcaj uzyekiwa¢ kolejne A* oraz fjj(x), czyli rozwigzania doktad-
niej aza niz o(«2).

Inn« azerok« klaa« aetod o podobnej do zreferowanej powyzej idei - a«
aetody znane pod nazwe WKB(Wentzal, Kraaera 1 Brlllouln). Sedna 2z aetod
WKB Jeet podetew« niniejezego opracowania i jako taka jeet oméwiona ezoze-
goétowo w pracy [i]-

Metody nuaeryczne oferuj« caty azareg aoZliwosel rozwl«zanla réwnania
(1-11) [14. 19],

Metoda aleaentu ekonczonego [16] wydeje al« by¢ najallniejaz« z aetod
nuaerycznego rozwi«zywanla réwnan rézniczkowych cz«atkowych (RRC) [17]. W
przypedku jednak liniowych RRC, proatych geoaetrii osrodka dyfuzji i eta-
4ych warunkéw granlcznydh, metoda réznic skonczonych (Rs) fiaj jeet cieg-
le aetod« azeroko etoeowan« [2, 19, 20]. letota aetody RS (zwanej tez ae-
tod« eiatak [21]j, w przypadku jednowyalarowego réwnania dyfuzji, polaga,
ne zbudowaniu dwuwymiarowg] elatkl (x,t), w weztach ktérej nalezy obli-
czy¢ wartosci aktywnosci (stezen), aprokayauj«c ich pochodne osestkowe
przez odpowiednie réznice ekonczona. Procedura ta =zaalania problem roz-
wi«zanla RRC na problaa rozwl«zanla uktadu liniowych réwnanh algebraicz-
nych. Metoda ta, mimo za proata w awaj naturze, jek wiekezo$¢ aetod przy-
blizonych, naatr«cze ezaaaai znaczne ktopoty w zeetoeowanlu. Gébwnym pro-
bleaea bywa atwiardzanle, czy otrzyaane w wyzdach alatkl wartosci nuae-
ryczne ejj (lh, Jk) e« wyetarozaj«co dobrya przyblizanie« wartosci do-
ktadnych. Z praktycznego punktu widzenia, bardzo wazn« cech« aetody jaat
azybkos¢ zbiaznosal otrzymanych rezultatéw do rozwi«zanla dokdtadnego przy
zageazczaniu alatkl. Zbyt wolna zbiezno$¢ bowiem, moze przekresli¢ uzy-
tecznos¢ tej aetody ze wzgledu nat znaczny czee obliczen komputerowych,
wymagan« pamie¢ a wreezcle btedy zaokreglen.

Szczeg6ty rozwl«zan zaetoeewanych w tej pracy przedetewlono wpoz. [ly]

i [v1-

Lij

Lif]

[itng

[iv]
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2. SPIS OPUBLIKOWANYCH PRAC AUTORA WCHODZACYCH’W ZAKRES
NINIEJSZEJ ROZPRAWY

An application of MKB approxiaatlonto tranalent diffusion in inho-
aogeneoue aeabranea. Part 1 Generel aolutiona by Zbigniew 3. Grzyw-
na and Harry L. Felach Polish Journalof Chemietry 1-3, 1984.

An application of WKB approxiaatlon to tranalentdiffusion in in-
hoaogeneoue aembranaa. Part 2 Sorption by Zbigniew 3. Grzywna and
Harry L. Frlach Polish 3ournal of Chaalatry 1-3, 1984.

An application of WKB approximation to tranalent dlffueion in Inho-
aogeneoue aeabranea. Part 3 Peraeatlon by Zbigniew 3. Grzywna and
Harry L. Frlech Pollach Jornel of Chealetry 1-3, 1984.

Transient Diffusion Kineticsin Media ExlbltIng Axial Variation of
DIffueion Propertlee. Part 1 Sorption Kinetice by Zbigniew 3. Grzyw-
na and John H. Petropouloa 3.C.S. Faraday Trans 2 (Journal of Che-

alcal Phyeice) 79, 571-584, 1983.

Trensisnt Diffusion Kinstlcsin Medis Exlbiting Axial Variatlone of
DIffueion Propertlee. Pert 2 Peraeatlon Kinetice by  Zbigniew3.
Grzywne and 3ohn H. Petropouloa 3.C.S. Faraday Trane. 2 (Journal of
Cheaical Phyeice) 79, 585-597, 1983.

Uwegel Odwotania do powyzazych prac aaj« »lejace w tekscie po-
przez liczby rzyaekie w nawiasach kwadratowych w odréznieniu od po-
zostatej literatury oznaczonej-llezbaal arabskial w takich samych
nawiaaach.



3. OMOWIENIE STANU BADAM DYFUZ31 GAZOW I PAR W MHR
NA PODSTAWIE OPUBLIKOWANEGO WCZESNIE3 MATERIALU

3.1. Metoda WKB lako aateaatyczna podstawa uzyskanych wynikoéw LI]

Konkretna sytuacja fizyczne narzucaj« zwykle zaréwno fora« Jak i epo-
s6b rozwigzania opisujacych ja réwnan rézniczkowych. Niewkasciwe dobranie
foray rozwigzania prowadzi najczesciej do nieefektywnych nuaerycznle 1
akoaplikowanych obliczen. W przypadku zagadnien granicznych, opartych na
rownaniu (1.11), letota powyzszego probleau eprowadza sie do wkasciwego
dobrania foray rozwigzania odpowiednio w obszarze kroétkich i ddugich cza-
ebw. Rozwigzania te, z regulty w postaci ezeregdbw nieskohczonych, uznaje
ele za wkasciwie dobrane, jezeli wykazuj« doetatecznie szybk« zbieznos¢
w odpowiednich dle siebie obezarach zastosowan.

Ilustracj* powyzszego niech bedzie rozwiezanle probleau syaetrycznej
eorpeji fickowsklej idealnej, dane odpowiednio w obezarze kroétkich 1 ddu-
gich czaedéw, relacja«! [2]:

(.0" erfc ten+p Irg ¢ "p (-Dn .rfc ggﬂiihiﬁx ('3.1)
£0 2 VorT £0

(-1)" . @axlhfix [ o(2n+0)*Jt2t 1 (3.2)
et e 1. ¢ 2  2F7T co* I *pL 71 ]

n»0

Préby zastosowania powyzszych réwnan '"na odwrot'™, tzn. réwn. 3.1 w obsza-
rze diugich ezaadbw, a réwn. 3.2 w obszarze krotkich czaedéw, powoduj« ko-
niecznos¢ suaowania znacznej liczby (od kllkudzlaeieclu wzwyz) wyrezéw od-
powiednich ezeregéw, podczas gdy stoeowane whkasciwie daj« rozwi«zania bar-
dzo szybkozbiazne (jeden, najwyzej dwa wyrazy).

Zupeinie podobnie przedatawia ale prdébie« z zastoeowanie« aetody WKB
do réwnania (1.11). WkasSciwie dobrane wereje, z wielu Mozliwych do zasto-
eowanla, pozwsllta na wzglednie zwerta przedstawienie rozwiezan w obu ob-
szarach.

W pracy zastoeowano oryginalng (tj. rozez”~fzong na obszar dtugich cza-
eéw) werej« oplaanaj przez Kaakego aetody WKB [1]. Wyzej wyaleniona «eto-
da apednia dwa praktycznie wazne warunki:
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- daje prostg mozliwos¢ rekurencji,
- pozwala uzyaka¢ rozwigzania bez koniecznosci poetulowanla Jawnych po-
staci funkcji wystepujtcych w réwnsniu (1.11).

Jedyny«, nietrudny« do spednienia zatozenie«, w przypadku zestosowania Me-
tody WKB, Jeet warunek, by wyatepuj«ce w rownaniu (I.11) funkcje (wepot-
czynnlkl réwnania) bydy "wolno zalanna™ [ij. Sene tego zatozenia zosta-
nie wyjasniony w rozdziata 5.

3.2. Proébie« pierwotny dyfuzji w MHR Ffil. Uli

Wed#ug Frilscha [22] proébie« pierwotny dyfuzji powstsjs wtedy, gdy zna-
ay poatacle funkcji S(x) i P(xX) (a wiec 1 0T(x)) i pytany o rozwigzania
réwnania (1.11), apednlajgce odpowiednia warunki graniczna.

Mozna to zilustrowa¢ acheaatycznle w forata>

[znane] [poszuklwana]

S(xX), P(X)

(3.3)

Konkluduj«c zauwazyay, za sforautowanla Frlscha jaat dos¢ precyzyjne, wy-
starczy bowle« zna¢ c(x,t), by wyliczy¢ tfazyetkie pozostate wielkosci
scheaatu (3.3).

3.3. Probie« odwrotny dyfuzji w MHR Tiy. vl

Najkrétaze przedstawienie Istoty problsau odwrotnego dyfuzji w aeabra-
nach polegatoby na zalanie zwrotu strzatki ze scheaatu (3.3), tzn.t

[znane]

]

c

S(x), P(X) (3.4)

o = w
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Scheaat (3.4) aéwi z»to» o sytuacji, ktady wrlaay, te réwnania (1.11)
opiauja dany uktad dyfuzyjny oraz zalerzyll$By doswiadczalnie takie wiel-
kosci , jak> rozktad stezenia lub opéznienie czaeowe czy Het czynnika pe-
pyteay eie,
przez to uzy-

netrujacego, pochtonietego przez aeabrane w danya czaale i

jakie inforaacje o wepdétczynnikech réwnania (1.11) aozne

ekec? ,

Pytanie to Jeet bardzo wazne 1 aktualne w badaniach dyfuzyjnych, jako
ze aowi o etrukturze osrodka dyfuzji w ukdadach, w ktérych Juz nieznaczna
whaanosci

zalany tej etruktury wplywaje w istotny sposdéb ne wiekszosé

eorpcyjno-dyfuzyjnych.

4. METODY 1 SYSTEMY BADANIA DYFUZYJNEGO TRANSPORTU MASY W MEMBRANACH

Odpowiedz na pytania - co to jeet aetoda badania dyfuzji - aa podsts-
wowe znaczenie w tej pracy. Bez zegteblenla
raczej przez aetodologie nauk, aozna by te odpowiedz eforautoweé nastepu-
Jeco: Jest to kazdy opla analityczny, wynlkajecy z rozwlezania danego za-
uktedu dyfuzyjnego [23,

nie uwzglednia

sie w zawitosci, analizowana

gadnienia brzegowego, wlezecy aierzone wielkosci
24]. Uscislejec nieco powyzeze zdanie, nelezy doda¢, ze
eie opledw ldentycznych, alao ze wynikaj« 2z rbéznych zagadnien
nych (np. obezer kroétkich czaeéw eorpcjl nleeyaetrycznej 1 przenikania).
Oeet sprawe oczywlete, ze w przypadku proeeeu flckowekiego idealnego (D <
- conat) wartosci wepodczynnikéow dyfyzji, otrzymane ktorekolwiek z wielu
powyzezych aetod, ae identyczne. W przypadku Jednek kazdego innego proce-
zbudowenle

granicz-

,Su, otrzyaane wartosci ae rézna i to wkesnle wykorzystano do
efektywnego eyeteau analizy uktadéw dyfuzyjnych [IV, Vv].
Sprawe o podstawowya znaczeniu przy tworzeniu takiego eyeteau jeet wy-
bor punktu odnieeleala, z ktérya poréwnujeay otrzyaane roéznyal aetodaal
wartosci pewnych wielkosol fizycznych. W
[2, 25] oraz referowenya w tej pracy wybrano, jako punkt odnieeienie aten
etecjonerny przenikania aaay przez aeabrene. Sten etecjonerny oferuje bo-
+atwy do
zwykle

eyeteaach, op6znien czeeowych

wiea wezyetko, czego oczekuje eie od punktu odnieeieniet jeet
zreelizowanla, powtarzalny 1! etaty (patrz 4.2). Definiuje eie go
relacje [2]

gdzie jeet etacjonarnya atrualenlea dyfuzyjnya.

4.1. Syetea op6znien czeeowych

odsytajec zaintereeowanago
Ogreniczyay eie do

Przedetawiay tu tylko gtbéwne idee systsau,
czytelnika po azczegoty do prec zrédiowych [23, 25].
skspsryaentu przenikania reprezentowanego przez krzywe Q*(1,t) z rye. 1

[m ].



Fig. 1
k
W przypadku proceeu flckowskiego ldaalnago, opé6zniania czasowe La(l)
dana jaat relacja [26] :
L* (1) ' sB “.2)

Oezell teraz obllczyay D# z réwnania (4.1) (co wyznacza alf z ekeperyaen-
tu aorpejl rownowagowej) 1 wetawlay do réwnania (4,2)

4.3

Jaat roézna od danego relacj«
tzn.

to tak wyznaczona opézniania ezaaowe L*(l)
(4.2) o pawn« wartos¢, ktér« nazwleny L_(I),

LO(D) - 13(1) + L=(I). 4.4

Wielkos¢ Lg(l) aoze by¢ nazwana -niertlckoweke nadwyzka* opéznienia czaao-
wago.

W podobny apoadéb otrzyauje elf "nleflckowakla nadwyzki' pozoatatych o-
péznlen ozaaowych 1 Ich koabinacjl algebraicznych [25]. Ré6zne wkaenoscl
"nlefickowakich nadwyzek'™ opéznien czaeowyeh zwiazana z roézny«l typaai
proceadéw niafickowakich pozwalaj« na ldantyflkacj« tych prooeadéw 1 pewn«

Ich charakteryatyk« [25].

Lp. Forauta analityczna aetody
K t1i/2
-H.. 4701°1M (172
1C12
8 °o2x  t
[In 1% Si] rta
INt12. 3(ljt)]- In a2
2Co (T )
21Co  DjiC
XQ(1,1) - ALt - In
& q!
tv 2
aq
r . -1 21C 0-*2
In LQ.\*(O,t) - Q (O,t)j min—m. - _7Z t
mE . iSI.LL.a
L ao; J >7 I s
gdzie:
Q*. M* - «asa penetranta w_ folii
w proceele eorpojl,
M,,- Q- - CO.I.
3*(1,t) - dyfuzyjny etrualen «aey w punkcie
Q*(1,t) - aaaa penetranta
brany po ozaaia t,
Qa(0,t) - aaaa penetranta na jednoetk« powierzchni,

Indekay:

- Q*(0,t) - Q*(i.D).

brany po czaale t

a - atacjonarny, -~
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- réwnowagowy -

na jednoetk« powierzchni

na Jednoetk« powierzchni wyptywaj«ca z

Tabela 1

Uwagi

Kréotkie czaey.
Sorpcja nieayaetryczna

Krotkie czaay.
Sorpcja eyaetryczna

Otugla ezaay.
Sorpcja nlaayaatryozna

Dtugie ezaay.-
Serpeje eyaetryczna

Przenikania.
Krétkie czaay

Przenikania.
Otugle ezaay

Sorpcja w przeptywie.
Krétkie czaey

Przenikanie.
Dtugie ezaay

Sorpcja w przeptywie.
Dtugie czaay

po czaale t

x -1,

iee-

wnlkaj«ca do aaa-
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4_2. 3vete« «etod nleetaclonarnych [li. 11l1. 1V. V]

W «k#ad eyeteau wchodzi osie« aetod badania dyfuzji Ol - 08 [li, I1II] ,
co przedstawia tabela 1. latota analizy danego ukdtadu dyfuzyjnego, w ra-
sach oaawlanego eyeteau, polega aa pordwnaniu wartosci D+ obliczonych ze
wspotczynnikéw kierunkowych oraz przeeunle¢ li# otrzyaanych ww. «etodaal
z wartosclaai "ldeelnyal™ tych paraaetréw. Wartosci "idealne”™ wuzyakuje
«i? odpowiednio z relacji (17-20) [li] oraz (1-5) [lii] przez wetawlenie
w alejece Dt wertosol D#, tj. wartosci wepoétczynnlka dyfuzji obliczonego
ze wzoru (4.1) na podetawie ekeperyaentu. Wielkos¢ D# poeleda etatus zu-
pednie wyjatkowy w zbiorze Dif co podkreslone Jeet przyaiotniklea 'eks-
peryaentalny™, aiao te pozoetate wartosci tet przeclet oznacza ale
eksperymentalnie. Wartos¢ 0N Jeet etala i Srednia, w réozny« Jednak sen-
ale, zaleznie od typu prooeeu dyfuzji, tzn.!l

() w proceeie dyfuzji, w ktéory« D m d(c)

Cq

D »w— 1| DCc)d(c) (4.5)
° Jo

(2) w proceeie dyfuzji, w ktory« 0 m 0(x)

1

DO m IS J* dx/P(X)j (4.6)

(3) w proceeie dyfuzji, w ktory« D = D(t)

0 m 11« D(t) - D(«0 “.7

5. UWAGI KONCOWE

Obiektea rozwezan w pracy byty aeabrany heterogeniczne regularne, tj.
aeabrany hoaogenlczne w aikro- a heterogenlozne w aakroakali, o regular-
ny* clegtya rozktadzie heterogenlcznosci (aytuacja dokdtadnie odwrotn« tj.
heterogenlcznos¢ w aikro- a hoaogenicznos¢ w aakroekali «aj« alejece w
przypadku typowych aeabran heterogenicznych [10]). Wydaje ale, ze plerwezy
problea poatawlony w taj pracy, tj. atworzenle podatew teoretycznych ay-
ateau «atod nieetacjonarnych badanie dyfuzji w ww. aeabranach, zoetat w
pedni rozwiagzany. Konieczno$¢ etworzenie takiego ayataau, wepotdzlateje-
cego z eyeteaea opdznien czawowyoh, byta Juz eygnallzowana od pewnego
czaeu [25, 27]. Na uwage zastuguje fakt dokonania letotnych korekt we wka-
Sciwya aateaatycznya traktowaniu rozwigzywanych zagadnien 1 to zeréowno w
przypedku aetody WKB [i], Jak 1 regulernej perturbecji réwnania (1.21) -
- (1.26).

Poréwnanie przydatnosci aetod WKB oraz regularnej perturbeojl wypada,
w ty« przypadku, zdecydowanie na korzys¢ tej pierwszej. Ograniczenie eto-
eowania «etody WKB warunkie« "wolnej zaiennoscl” wystepujacych w réwnaniu
(1.11) funkcji Jeet podyktowene koniecznosci« epednlenia relacji typu [ij

Pv(x) _ P\X)

2 4 P(x)Z 5hT- (4-8)
Nie powoduje to zbyt duzych probleaéw nawet w przypadkach, gdy atoeunek
wartosci aakayaalnej do ainiaalnej funkcji P(x) w przedziale zaiennoscl
wynosi kilkenescle i wiecej. (Nalezy zauwazy¢, za warunek “wolnej zalen-
nosci” funkcji Jest zgodny z flzykalnya «odele« MHR)

Natoaiaat w przypadku aatody regularnej perturbacji warunek e « 1 po-
waznie ogrenicza praktyczny uzytecznos¢ rozwlezan. Zgodnie z cele« pracy
atwlerdzono liniowo$s¢ w opieach analitycznych obszaru- dtugich czaséow i
brak takiej liniowosei dla rozwigzan uzywanych w obazarza kroétkich cza-
s6w. Fakt braku IlIniowosol w opisach analltycznyoh ellainuje Je co praw-
da z grupy aetod 01 - 08 [li, I11], nieanlej Jednek aozna ten fakt wyko-
rzyeta¢ w inny epoedbb w reaach oaawlanego ayeteau, a aianowlcie do lden-
tyfikacji charakteru proceeu (patrz koricowe fragaanty tego rozdziatu).

Proébie« korzysoi ptynecych z rozwigzania zagadnienia pierwotnego Jeat
oczywiaty (choc¢by z punktu widzenia koeztéw badan teoretycznych w poroéw-
naniu z koeztaal ekeperyaentéw) pod werunkiea, ze dyaponuja sie anali-
tyczny« przedstawlenlea struktury dyfuzyjnej aeabrany. OkreSlenie takiej
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struktury jast nozliwo, czego przyktada* ee udane proby wykonane =z aen-
branaal porowatyai [25, 28]. Trzael i ostatni problea podjety w taj pra-
cy, to préba rozwiezania probleau odwrotnego transportu aasy w aeabranach
heterogenicznych ragularnyoh [1V, v]. Polega ona na aozliwle najdoktad-
niejszy« okreslaniu postaci funkcji H(y). H(y) Jest funkcje ztozone, kto-
rej analiza pozwala na wnioskowania o zachowaniu sie funkcji S(xX) 1 & (x)
s przez to 1 o strukturzs dyfuzyjnej aeabrany [25]. Przedstswlons praca,
oprécz analizy teoretycznej dyfuzyjnego transportu «asy w aeabranach he-
terogenicznych regularnych, forautuje takie systea niaetacjonarnych aetod
badsnis uktadéw dyfuzyjnych i wskazuje na Jago wialorake przydatnosc.

Dyfuzyjny transport aasy w aeabranach aozna fenoaenologicznie podzie-
li¢ na proceey zalezne od stezenia, potozenia i czasu, co scheaatycznis
da sie przsdstawi¢ w postaci i

d( x,t)
d(c.,x) d&.,t) D(c,t)
DO D(c) D(x) D(t)
Mozliwos¢ identyfikacji danego prooaau, a naatepnie Jsgo systeaatyczne

badanie, to probleay o fundaaentalnya znaczeniu praktycznya. Systea D1-D8
zapewnia obie te aozllwosei [29].
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Streezczenie

Praca dotyczy dyfuzyjnego tranaportu aaay w aeabrenach heterogenicz-
nych regularnych, tj. w osrodkach dyfuzji, ktérych whkasnosci =zalenlaje
sie w sposéb clegty (regularnie).

W pierwezej czesci pracy wprowadzono niezbedne pojecia 1 réwnania, da-
Jece epoaobnos¢ whasciwego spojrzenia na rozpatrywany procea. Przedsta-
wiono réwniez najczesciej etosowane aetody aataaatyczne, ze ezczeg6lnya
uwzglednieniea aetody regularnej perturbacji, z uwagi na wprowadzenie ko-
rekt w stosunku do jej wczesSniejazych zaetoaowan.

Czes¢ druga natoaiaat Jeet probe zwertego przedstswienia zaaadniezych
pslegnle¢ autors w opracowaniu pednego oplau aateaatycznego badanych zja-
wiek, jak roéwniez w stworzeniu podstaw teoretycznych ich akaperyaentalne-
go badania.

Kolejno zetea przedstawiono:

- walory zaatoeowenej aetody WKB, gdzie na azczeg6lne podkreslenie zaetu-
guje fakt istotnych korekt i uogélnien wnieeionych do wczesniejszych
préb jej zaatoaowenia przez réznych autoroéw,

- istote probleau pierwotnego 1 odwrotnego dyfuzji w aeabranach. Pierwezy
jest okazje do zastanowienie sie aad wzajeane relacje kosztéow i aozll-
woscie badan teoretycznych 1 doswiadczalnych. Drugi, daje aozliwos¢ o-
kreslenla struktury dyfuzyjnej osrodka dyfuzji,

- aystea aetod niestacjonarnych ekaperyaentalnego badania dyfuzji na tle
systeau opéznien czasowych, z aozllwosciaai wykorzyatanla go do badania
wazelkich proceséow dyfuzyjnego tranaportu aaay w aeabranach.
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Pa6oTa kacaeTcsa audpy3HOro TpaHCMNopTa MacChl B FeTepPoOreHHbX PeryssipHbIX
mMembpaHax, T.e. B cpege Anddy3um, OCOBEHHOCTU KOTOPOIN WMIMEHSAKTCA HenpepbiBHO
(perynsipHo) -

B 1 yacTu paboThl npuBefeHb Heo6XOoAuMble MOHATUS U ynpaBfeHus ynoTpebnse-
Mble B AanbHeixeMm. [aHbl Takke 4acTo MOMosb3yeMmble MaTemMaTuyeckue MeTogdpl, O
OCOGEHHbLIM YYETOM MeToAa perynspHoli neprtypbauun, B BuAY BHECEHHbLIX MOMpaBoK
no el NpPakTUYeCcKOMY MPUMEHEHNIO -

Bo 2 uacTu cpenaHa nonbiTKka KOHAEHCOMPOBABMOIO MNpeAcTaBfieHUss  AOCTUXEHWIA
aBTopa B pa3paboTke MCAHOIr0 MaTeMaTU4YeCKOro OMUCaHWs UCCRefyembiX SIBNeHuin, a
Takke B pa3paboTKe TeopeTUUYEeCKUX OOHOB MX IKCMEepPUMEHTa/IbHOrO WCCefOoBaHus .

N Tak npepcTaBneHbi«

- npuMeyYaTeNbHOCTM MpuUMeHEHHOro meToda BKB, rpe ocobeHHO BHUMaHue o6pawaeTt
(aKT CylleCTBEHHbIX XOPPeKT H 0606WeHnli BHECEHHbIX aBTOPOM B paHee uMelluecs
MCMbITAHWUA C NPUMEHEHMEM BTOro MeToja pa3HbiMM aBTopamu,

- OyTb MNepBUYHOl K obpaTHo npobnem auddy3unm B mMembpaHax. [lepBas npob6nema
_ 9TO nogxopawuvii cny4ali, Ana Toro, 4To6b 064yMaTb  B3aWMHYH 3aBUCUMOCTb
MexAy CTOMMOCTbI H BO3MOXHOCTbI0 TEOPETUHECKUX W IKCMEepUMEeHTa/lbHbIX uccne-
foBaHuii. BTopas npobnebia AaéT BO3MOXHOCTb AU(PPY3HON CTPYKTYypbl  Auddy3HOl
cpegpl,

- cucTema HecTalMoHapHbIX MeTOAOB €eKCMNepUMeHTa/IbHOro MCCnefoBaHus  Anddysun
Ha (QOHe CuUCTEeM BPEMEHHOro 3ana3fpiBaHusi., O BO3MOXHOCTbI0 WCMOMb30BaHUA eé
AN, nccnefoBaHUs BCEBO3MOXHbIX AM(AY3HbIX MPOLECCOB TpaHcnopTa MacoH B MeM-

6paHax.

A DIFFUSIVE HASS TRANSPORT IN REGULAR HETEROGENOUS MEMBRANES

Sua«xary

The present paper eonoerne the diffusive aaae transport in regular he-
terogenous aeabranee i.e. in aedia exibiting a continuous gradation in
diffusion properties along the diffusion axle. In the introductory part
of tha paper all aain ideae and equations are introduced as well as aost
of ths aathajiatioal asthods with special attention to regular perturbat-
lon (where soae corrections with respect to the prevlvus treetaents are
aade) are preeented.

The second part, is a fairly coapact presentation of both: a full aa-
theaatlcal description of aforeaentloned systeas, and auch of the theore-
tical background neceasary for the practical ,uae of traneient - state a-
nalyaie.

There are presented in turn:

- advantage* of the WKB aethod ueed, wherethe epeclal attention le cal-
led to the fact of a aerioue correctionaand generallzatione aade com-
paring with tha earlier publlehed work,

- the aerit of "direct” arid "inverse" probleae in dlffuaion through aea-
branee. Firat of thea, is an occaaion to think over the Interrelations
between coate and possibilities of theoretical and experlaental Inve-
atigatione. Second, offera possibilities of deterainatlon tha diffu-
sional structure of the aeabrene,

- the transient state analyeia systea of experlaental approachto diffu-
elon In regular heterogenous asabrsns onthe background of tlae lage
systea, with possibilities of using it to all kinds of processes.
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end Harry L. FRISCH
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Stosujyc metode WKB znalezlismy ogdlne rozwigzania roéwnania dy-
fuzji "kierunkowej'" (do trzeciego przyblizenia whycznie) odpowied-
nio w obszarze krotkich 1 dbugich czaedw. Przeprowadzilismy analize
poréwnawczy z poprzednio uzyekenyml rezultetsal, zapewnlajyc roéwno-
czesnie krotki przeglyd aetod WKB w przypadku nieobecnosci punktoéw
osobliwyeh danego roéwnania rézniczkowego. Poprawilismy btedy po-
przednich opracowan.

We have found the generel eolutlons of the "dlrectlonel” diffu-
sion equation (up to the third approxlaatlon) valid for eerly end
late tlaes, reepectively, by the WKB aethod. These solutions ara
dlacusssd and coapared with those previously glvsn. A short review
of the WKB aethods is also provided In cess of the sbssnce of tran-
sition points of ths 0.D.E. as well as ths errors inherent in pre-
vious treataents are corrected.

A aetheaetlcel description of transient unldlaenslonal diffusion In
Inhoaogenecus membranes [I, 2] is a problea of conelderable interest for
aany reasons. It is enough to say that “practically” there ere no hoaoge-
neoue aaabranes snd the trenelent stete provides aost of the necessery
information for quantitative description of the diffusionsl system.

The partial differentlel equation (p.D.E) which governs thle “direc-
tionel” [3] aass trsnsport process hes s fora [lI, 3]

s(X) It mir[pX iir] )
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where t 1le the time; P(X) - DT(X)s(x) ie the ('thermodynemic'™) permee-
billty coefficient end e(x,t) ie the ectlvity of the penetrent in the
eolid. The leter le defined ee equel to the penetrant activity in the ex-
ternel pheee et equilibria end le releted to the concentration of pene-
trant In the eolid by c « S . a (c.f. Ref. 1).

To eolve the initial boundary value probleme baaed on eq. (I) in gene-
rel l.e. without the explicitly given functional forms on P(X) and S(s)
we have epplied the WKB method (independently derived by wentzel, Kramers
and Brilllouln, hence the name) putting the prevloue eq. (1) Into the Sturm-
Licuville (SL) form [4]. It le neceeeary to notice thet three different
methode under the eame name WKB (method) Approximation are vreported In
literature.

The flrat method, referred to by Peeraon [5] ae Llouville-Green (or
WKB) Approximation, coneieta in the transformation of the SL equation ae
followe:

f(x)y - 0 (2)
dx

Into the lineer 0.D.E. of the eecond order with conetant coefficiente In
three steps:

(i) On trsneformlng to $ (eny thrlce-dlfferentlable function) ae in-
dependent variable end setting

W - (ag£)l/2v 3)

we find thet eq. (2) becomes
. [X2FQ0) - xX.Jijw (O]
Here, thedot signifiesdifferentiation with reapect to $ and 18

the Schwerzien derivative.
The foregoing change of the verlable le called the Liouville tranaforma-
tlon.

() If we nowpreecribe
Aot 2(x)dx (5

then f&x) m 1

3WKB [6] or WKB3 [7] or AA method [il].
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(ill) Neglect of the Schwarzlan derivative enables sq. (4) to be sol-
ved exectly and thle leads to the following generel solution of eq. (2).

y - A f'1/74(x)exp[jf1/72(x)dx] & B f_1/4 (x)exp j-IFL/2(x)dxj ®
where A and B are arbitrary constants.

The second WKB method le presented by.Methews end Welker [8]. They re-
celled the 0.D.E. of the form

}ax + f(*>v (7)

and etated that the WKB method providee an approximate solution to it, pro-
vided f) setleflea certain restrictions, whieh may be eummerlzed in
the phraae *f(x) is slowly varying".

The solution of eq. (7) ie gueeeed to have e form

expl 5 ™M] (8)

where i« )FT.
Subetltuting eq. (8 Into eq. (6) we get

S[$TC)I2 ¢ i$TX) ¢F() = O ®

where the differentiation with respect to Xx is Indicsted by daahes.
If we essume |$" )| << |f(X)] , then a flrat approximation la

) -+ FV200 1% 0 =jF1/720)dx 10)
A eecond approxImetion can be found by Iteration from eq. (10
X)) t f(xX)-1/2 f(X) ay
Subetltuting thle eetimete into eq. (@), we flnelly get

§ (O S -JF/20QdX * y In () (is)

The two cholcee of sign give two (epproxlmete) eolutione which mey be
combined to give the general solution

A expLij#va(x)dx] ¢ B exp[-1JW2X)dx] (1)
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It ie evident thet thle epproech givee eq. (6) when uee it to eq. (2).
Before proceeding to the third vereion of the WKB method, let ue noti-
ce that we cen put eq. (1) into a fora of the SL equation with a parame-

ter

P2FCY ¢ gCAIy a4
$-{m
Eq. (14) le en object of the third vereion of the WKB Approxlaetlon given

by Kaake [9]-
The Kaake®e epproach consist» In the tranaforaatlon of eq. (14) Into

the aeeociated Riccati equetion by eubatitution
y - expMJu(x)dx] (15)

After dlfferentietlng twice eq. (15) end eubetituting it into eq. (14),

we get

pl/(X) & p2 u(«)2 - p2 fFX) - gx) -0 (16)

I.e. Riccati equation aeeociated with eq. (14).
The eolution ofeq. (16) le poetuleted to heve e fora ofaayaptotic ex-

penelon (notethat the uae of eeymptotic behevlour le aede with reapect

to peraaeter p ).

uex) -~

n«O0

Un (X)p-n an

Subetltuting eq. (17) end ite derlvetive into eq. (16),
explicit fora of the eubaequent ferae of eq. (17), i.e.

uo - 2- YfOO

ul ' tt& t
[g(x) * fifty - 1i ~ 7
(18)
3 7 Y (x 7 * 70" 35 f(x)s 57 Too7 15 f(*r

n>2

Subetltuting eq. (17) via (I18) into eq. (15) we get two llneerly inde-
pendent eolutlone (for plua and mlnue, respectively) which conatltute the
generel eolution of eq. (14). The eenee of the WKB method referred to by
Peareon reaalne the saae in caae of eq. (14), elthough the LG Approxima-
tion (eq. 6) etande here only for the flret term in the eayaptotic expan-
sion. We have uaed the WKB eeynptotice referred to by Kamke throught thie
paper for ite aiapllclty and caeily detectable connection with perturba-
tion theory.

An early-time epproxinetlon

Coaparlng eq. (I) and (14), It ie evident thet e series of treneforaa-
tion ie neceeeary to put eq. (I) into a form required by the WKB proce-
dure.

Flret of ell, the P.D.E ought to be tranaformed into the O0.0.E of the
eaae order. Following Ref. 10, we heve applied the Leplace treneformation
to eq. (1), getting

SCA/ia() - JiyipY) dii-l a9

where p> ia a parameter whoee real part le poeltlve and large enough to
make the Laplace tranaforaatlon convergent end e ber over the letter In-
dlcatae the entity which ie tranaforaed. Let ue notice that eq. (19) la
the SL equation in which s(x) etande for ’weighting function” (always
poeltlve or zero) and a(x) are the elgenfunctlone Joined with
reeponding eigenvalues ft .

Coaparlng aq. (19) with eq. (14), we can aee that the next etep to fol-
the flret derivative ineq. (9 will
the aoet

the cor-

low le eoae transformation by which
dleappear effectively. There are a few poeelbilltiee, however,
convenient here la

aw p(x)-1/2 20)

After differentiating twice eq. (20) and eubetituting it into eq. (19),
we get finally [lo]

w'(x) - "(x>[ufe- ¢« G(X)J . O (@)}

that ie the fora of 0.D.E. daelred by the third vereion of the WKB method
where
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The general solution of eq. (21) can be obtained fro* eq.- (15) \vie
(A7) and (18) by setting

p2 sp

GO * D(x)_I

(€2))
9t s g )
yedy * weo
Namely,
w(x.Ji) - D(x)1/4 A exp[V/T$0() - ~ 8200 - ~ $3(X)
¢ O(H"3/72)] & B exp[-V?$0(x) + "~ $20) - | $3() ¢ 0(]T372)] @5

where A and B are arbitrary conetene, ter« $j(x) - JJ [in D(y)J dy

hae been replaced before peranthaele aa a conaon factor equ%l to o(X) 1/4
for both linearly independent solutions, and

*

$0(X) -J dy/D(y)172

* 2<x> o+ x 37 o(v)r/27[~" G (y) ¢+ . 4 -8 ~]dy (25)

$-,(*) £NT7 - 6 +4>»"(V) " 14Gly)Dly)] 4

pproxlaatlon

In this cess, ths "technique" ef deriving the for« of sq. (14) requi-
ted by ths WKB «ethod, differs fro« that of the "eerly-tlae" ons.

Instsad of using the Lsplses transfer« wa poatulate (following Ref.
10) a solution of eq. (1) to be ropreeontod by

o(x,t-»~) m e0 - b(X)exp[-tft] (26)

where a# « aX,<®) and <
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Subetltuting the derivatives of eq. (26) Into eq. (1), we get
aifip(x) + tFSCOb(x) = 0 (27)

that lo the deelred SL equetlon.

The next etep in this procedure is idsntlcsl with the prevloue one i.e.
substitution of

b(x) « p(x)-1"2w(x) (28)

enables us to got rid of the first order derivative froa eq. (27) end get
flnelly

w"(x) + w(x)|tf/ID(x) ¢+ G(x)j - O (29)
where G (x) is given by eq. (22).

Ooining the sseond and third vsrsions of ths WKB «sthod cited ebove,
we can conclude thet the eolution of eq. (29) hee the for«:

w(x) . exp [1VAJ u(y)dy] (€V)

where u(x) Is given by sq. (A7) with
epproxlaetlons l.s. tsras of u(x) ors:

insteed of P> end the eubeequent

QGO . i Fl/2(0)

' @D

u ,w CEN B N S A S I | - ffe - (»)]

.15 SIM -]
[4 fW 35 F0O3 CTFOO* 16 F()ZJ

u- i - - *roun * X Vv W -p
P«l

Considsring that f(x) « o(x)-1, we can write the general solution of
eq. (29) vie eqO0 (30) and (31) In the for« as given below:
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w(x,ff) S D(x)1/4 exp|YIFt$0 () + $20) -1 $300 + 0(¢"3/2)j
+ B expj- VW20 - — $2() + — $3(0) ¢ 0(S_3/2)j 32

or using Eulsr®s formulae

W(X.*) S D1/4(x) Ao BinjvA$0(x) + ~ $2(x) + O(tf-V 2)] +

¢ BO co.[Vy #0QG)+ — $2() ¢ 0(G-3/2)j 33

where ?2,,(xX). $200) and $3(x) are given by eq. (25).

Notice that it was nsceessry to Join both $3(x) with A snd B, re-
spectively.

Tsking into consideretion sq. (28) snd (33), we csnrewrite sq. (26)
ss shown below:

a(x,t—-<) - aQ - o(x)“1/4 S(X)~1/2 Ao sinjvr $0(X) ¢ — $2(X)

+ OCFI"3/2) + Bo coe|VFf$O(x) + t2(x) ¢ 0(,-V2)1lisxp[-*t] (34)

Reeulte snd discussion.

One of the taeks of this workwss to prsssnt, ss simply aspoeelble,
the WKB Approxiaatlon and’various possibilitiss that axist among the me-
thod* covered by this name.

Although all the vereions give the eaae finel results, ths wsy to get
thea - very important in calculus - differs froa ssch other. The aoet con-
venient procedure seeas to ba that preeented by Kaake for its siaplicity
and univocal character. It is interesting to notice that in the Kaake"e
approach (and siallar in this respect of Mathews snd Walker) the zero ap-
proximation eolution exists l.e.e?. (15) with UQ tera which doea not
axlat In L-G aethod. The zero approxiaatlon "UQ"erlelng froa eq.(17),
when @ = provldea an exact solution of unperturbed equation that Is

w'(x) - w(x) - 0 (35)

Eq. (22) ought to bs called conssqusntly a "perturbed* tera under condi-
tion

(36)
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In caee of the equetlon with oeciletory type eolution 1i.e. eq. (32)

condition ft— ~ doee not hold [13] and es a result of it two teras inside
the brackete of eq. (29) ere compereble.
It ceuees ths "perturbation principle” to differ from that of the

early-tlae eolution [13]. Namely, to eee If the eq. (32), taken only up
to the $0(X) (flret approximation), ie an exact eolution of any D.E.
let ue differentiate it twice with respect to X, getting

WnGO) + «(x™pALj. + g(X) - O @GN
where

_s 3 0x)2 D" (x)

w - jhgtit

©

CoaparlIng ege. (29) end (37) It can be eeen that. eq. (32) of the flret
epproxiaation ie an exact eolution to eq. (3?) end epproxIlmate to eq. (2)
under condition

l9CO 1> 1 AgCOI 38)
where
AgO) - g - G(X)
It will be convenient In further dlecueeione to coament the obtained

reeulte in terae of the beheviour of the early and late tiaee separately
and to compare then with thoee given in Ref. 13.

e Early-tlae solution

It Is Instructlvs to sss why we ectuslly call eq. (24) "the short-tiae
eolution”. The ressons for thet ere provided by the eense of the Laplace
tranefora operator used with respect to eq. (1)

" 00)
s(x) j S SE dt - & /oS p(xX) dt (39)

It le clear froa eq. (39) thet t- 0 <z /b— °°
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Condition ft*<s%lead« to IIm A/O— 0 and eq. (24) can be read finally

Er»-—

*(x,j»>) * B D(x)1/4 ixpf-Vj? $,(*) - + N $3(x) +
+ 0(%“3/2)] (40)

Taking into coneideration eq. (20), we can write

a(x,j4) S8 D(X)"U4 S(x)-1/2 expj-Vii'*(x) - A_ $2(x) * i $j(x) + 0(/4"3/2)]

“n

The leet point, which hae left here to deal with, ie the inveree La-
place tranefcraation of eq. (41). There le ne, hewever e simple wey to
perform It i.e. uee of the table* of the ready formulae. We cen see later
(Part 11 and 11l of this series) that there is such e possibility in the
further etage of calculus of the Initlal-boundary valua problems.

Coaparlng eq. (40) with that prevlouely given ene must notice the dif-
ference in the eign of the power of D(x) namely, Incorrectly wused mi-
nu* [14] a* well ae in the functions being analogue of $2(x), preeented
in a logarithmic form [lo], there la a number of typographical errore.

It ie intereeting to compare eq. (40) with the correeponding one in
Ref. 13 naaely eq. (22). They are formally identical. If we put o(X) «
» H(y) end s(x) « I, but their physical *enee differs very auefc fra*
each ether. Eq. (40) describe* the real activity (or concentration for
c mS . e) distribution when the inveree Laplace transform of it ia taken
i.e.

1»

a(x,t) £ sir D(x>"1/4 s(x)"1/2 j expVpt -ffl $0(x) + A-

C-ic, o A J
42
where c¢ 1ie chosen eo that all the singular pointe of eq. (40) lie to the
left of the line Re jl®W « e in the complex ft plane, while identical pro-
cedure with reepect to eq. (22) in Ref. 13 givee a virtuel concentration
distribution.

) Lete-tlae eolution

In thi* case, the reasone for ualng the name "late-time solutions"™ are
provided by eq. (26). There le no, however eny information about how to
treat ft . In the previous epproach [l0], the"WKB asymptotics were applied
formally in the eame way to early-time case (with appropriate note).
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Recently [13], it has been chown that |j approach®» limited comparable
with g(x), value and that it leads to the different formal treatment.

Comparing the*» result* with those previously given, it is worthwhile
to notice that eq. (34) provides a reel activity distribution along the
x-axis for sufficiently late periods of time, while that of Ref, 13, na-
mely eq. (38), gives a virtual one. Similarly to the early-time case, the
sign of power of o(x) in eq. (33) was Improparly used as minus in the
corresponding aquation ®f Ref. 10. It implicates a series of changes in

further calculus.

Finally, we can conclude that most of the necessary relations for ana-
lysis of diffuslonal systems with heterogeneous membrane# can be calcula-
ted when general solutions of «q. () are provided. It w ill be shown
in Parts 11 and 111 of this series.
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AN APPLICATION OF WKB APPROXIMATION TO TRANSIENT DIFFUSION
IN INHOMOGENEOUS MEMBRANES

Part 11. SORPTION

by Zbigniew O. GRZYWNA

Institute of Physical and Polymer Chemletry
Silasian Polytechnical University, 44-100 Gliwice, Poland

and Harry L. FRISCH

Department of Chealetry and Center for Biological Macromolesulea,
State University of New York at Albany. Albany, New York 12222 USA

W ertykule przedstawiono dwie metody sorpcyjne, tzn. niesyme-
tryczny 1 symetryczny, opisane ne podetawie metody WKB jeko czys¢
efektywnego eyetemu badania membran heterogenicznych. Roéwnoczes$nie
rozazerzono 1 poprawiono wiele rezultatéow otrzymenych uprzednio.

In the preaent paper we provide two methods derived threugh the
WKB Asymptotics l.e. unsymmetricel end symmetrical eorptlone aa a
part of promising tool for the study of inhomogeneoua membranes. At
the same time we have extended and corrected the errors inhsrent in
meny of the results previously given.

In the preceding paper [1], we have dealt with the general solutions
ef the dlffuelon equation applied to the ceee of Inhomogeneoue membranes,
appropriate for the early and late tlmea, reapactlvely, and obtained by
the WKB method. The aim of this paper is to apply thase reaults te the
mathematical deacription of two experimental unsymmstrical [2] (one sided)
and aymmetrlcal (two aided) sorption.

In both methods the total amount of the mass accumulated In the medium
ea a function of time le only of Intereat. Thla amount can be calculated
In two waye (for a unit croaa-aectlon)

) by integrating the concentration dlatrlbution C(x,t) in the appro-

priate region over Xx axis
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ain by integrating the diffusion flow denaity through the particular
interface ever tlae
Qt m -/<DU W * =-/{P frx-0%* @

Both calculations give ldentical rasulta for the unaymmetricel eorp-
tion, while for the symmetrical one we get the relation [3] aa fellewe

Mt - Qt + Q* <3)

where
Q* ia the aaaa accumulated during a reverse flew.

It aeceae te be uaaful to dlecuaa two types of aerption aeparataly in
terme of the early and late tlaea, respectively.

Unayametrical sorption

It ia a procea in which the diffuaien medium ia initially equilibrated
with penetrant at the activity «j. and then expoeed tothe penetrant ac-
tivity a" at one of the surfacee x « 0 or x = 1 (for dataila aee
Fig. 1).

@) Early-time relationa

The torainelegy and eyabolisa used in Ref. 1 ere followed here as far
aa possible*

According to eq. (19) of Ref. 1, the flux in the Laplace tranefora spa-
ce hee a fora

3% (x.0) - - p(x) {ji 4
where the bar ever the letter Indlcetee the tranaforaad quantities.

Taking into consideration aq. (40) of Ref. 1 and theboundary condi-
tion 0Q.v) - a# i.e. i(0,f) « aOp we get

3*(x,/i) £ — $,(<0 ¢ ~ tf(0)s(o) ¢ d(0)S"(o0) + $2 nen *

.1i}:|\ 11 4i(o) ‘OErS/ZlI (5)

whore differentiation with respect to Xx 1is indicated by daahee.
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Inverting of the Laplace transfora ylelde

o'(x.t) S~ s(0)D1/2(0) ¢ aa[3*4 D.°i ¢ S ™ SLoj] +

+ 271"a0 p(0)$2(©) - a0 t P(0)"(0) + o[t3/2] (6)

Following eq. () we get
Q - S(0)01/2(o)t1-'2 ¢+ ao[8lgl°l°J ¢+ Siajyoijt +
* 4 t3/72 . *° p(°H"3() t2 + 0[t3/2j @

i.e. the total aasa of the penetrant accuaulated in the aeabrene as a fun-
ction of tiao.

() Late-tiae roletlona

The first boundary condition e(6,t) < aQ leada to the conclusion thet
to in egs. (32) end (33) of Ref. 1 le equel to zero, while the second one

eneblea ua to calculate the eaalleat eigenvalue of, fli.e. K=.*0 leada
to the equation aa given below

@ (tf, Dctgd(fe, 1) . ®
where

B($.x) » IL/2$0(X) ¢ FCL/2F2() + ...

Eq. (8) upon expanaion to the firet term in 9 becoaea
’n i

The initial condition a(x,0) » o applied to eq. (34) of Ref.i let ua,
after integrating over d® Tfroa O to l and simple algebraic operations
find

401) $ou

2
m. 2 \}lo(x)1/4S(x)1/2 ein9(«j ,x)«F(x, F1)dx 0)
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In this case tha total maae of tha penetrant accumulated In tha aea-
brane aa a function of tlae ia found nultiplylng aq. (34) of Raf. 1 by
s(xX) and integrating with raapect to x froa 0 to 1.

Q,, - QF + Aq axp(- <jt) J3D(x)"1/4 S(x)-1"2 ain® (y,x)dx (1)

1
where Q— » a0 .? .1 and S mjJ *(*)dx ia the experimental eolu-
blllty coefficient [2]. 0

Sy cal Sorption

In thia experiment, the dIffuelon aediua la initially equilibrated with
penetrant at the activity and then axpoaed to the penetrent activity
a at both aidea x m 0 and x - 1, while all tha regaining surface# of
t%e aembrene ere blocked. In the typical experiment, the initial activity

Bj la equal to zero i.e. dlffuelon aedlua la Initially avecuated.

@ Early-, tlae relation?™>*

It la clear froa coaparlaon of tha two aorptlon proceases defined ebo-
ve thet in the hoaogenaous aeabranee Mt « 2Qt M«. m Q« where lattera M
and Q refer to ayaaetrlcal and unayamstrilcal aorptiona, respectively.
In the inhoaageneoue feeabranee, however, the relation (3) hold* where Q*
ia a aaa* of penetrent which enter* the aeabrane at x » 1 (or xlo where
x*» 1 - x), l.e.

s(o)p1/2(0) + s(1)0172(1) €12 «

s"(0)d(q) ¢ S"(1)0(D »(0)d (o) ¢ s(Do"(D) t o+
2 4
4 *0 Ul - A . .
PO$" © P()sa2d) E372 ¢ P(0)Sj(o) + p(i)rd) t2 + o (t3/2)
a2
() Lata-tiaa relation?™*

All the foraulae which follow are derived froa aq. (34) of Ref. 1 at
the initial and boundary condition« a**uaed.

At tha flrat boundary condition a(o,t) m #Q It can ba concluded thfet
B in eq. (34) of Ref. 1 la equal to zero, while the aecond one a(l,t) -
m aQ applied to eq. (34) of Ref. 1 yield*
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® (F1.D (¢))
which, upon expanelon to the flrat two teraa in @ , becoaaa [2]

rz. 25.(1  $,(1)2
a4

The Integration conetant Agq hae the *aae foraal structure a* In the
unsyaaetrilcel eorptlon l.e. agq. (9) including ft froa eq. (14).

Thie foraal similarity to the uneyaaatrlcal aorptlon allow* to derive
the expreaalon for the total aaaa of the penetrent accumulated In the aea-
brane of tha form of eq. (D)

MA- M* - AO exp(-.jt) \]1 D(x)"1/4 S(x)"1/2 *Ine(.x)dx 5)
0

where
M«, - Qoo and M® m Q* + qJ*

Result* and 01*cu**lon

We heve propoeed a aatheaatical description of two aorptlon processes,
basing on tha general solutions obtained by the WKB method in Part I of
this series. The uneyametrical eorptlon, recently propoeed by Telmlllls
end Petropoulos [s], is a very proaislng way of anelyela of the Inhoaoge-
neoue membranes.

It prssents at leaat two interaatlng aspects:

(1) there la no reverse flow when one experiment Is performed!
(1) the early and late perioda of tlae of the proceaa are longer coa-
paring with syaaetrlcal sorption.

The first point of these two offers possibility similar to peraeation
experlaente, that is, snsblee the penetrant to pass through every region
of different dIffuelon properties in e forwerd flow. The concept of this
experiaent etrilctly correspond# to the definition of the experlaentelly
measured solubility coefficient in case of the “directional* ayatea [3]-

S - JJ S(x)dx (16)

The second Itea “promise#*“ aore experimental polnta in the two regions of
tlae utilized in building up the diegnoetlc system of analysis of the ano-
aalous diffusion [2].



We will keep hare the convenience of diacuasion the early anH lata tl-
me behaviour aeparately.

@) Early-time behaviour

From the early-time behaviour it can be generally concluded that for
inhomogeneoue membranes the linearity between the aasa af the penetrant
accumulated in the membrane and the square root of tiae (aasurad by the
Fickian process) is not prsserved, as can be seen fron egs. (7) and (12).

Froa the other hand it is evident that egs. (7) and (12) give the ideal
Fickian foraulae when D and s era conatant [4], i.e.

Coapering ag. (12) with that previously given [s] (there ia no uneym-
aetrical sorption available in the fora suitable for comparison with eq.
(7) one can notice the difference in the functional coefficient related
to tiae at power one as a consequence of the difference between appropri»*
te general solutions [ij-

Note thet it is possible to coapare the preeent results with thoss gi-
ven in Ref. 2. assualng foraally o(x) « H(y),s(x) m 1, 1 s 1.

It has been pointed out [2) that the equations of the type (7) and (12)
cen be ussd to explain the shapes of the non-Fickian sorption kinetic cur-
vee. However, it is not possible to deteraine the diffusion coefficients
in a slapls way using these aquetions.

() Late-tlaa behaviour

In contrary to the early-time behaviour, the linearity of In(l - Q*/Q<J
vs t plot is preserved. It ie interesting to sss how the egs. (1I) and (15
look like far the ideal Fickian process i.e. when O and S are constant.
Therefore,

- 51 -

When egs. (19) and (20) are compared the following equalitlaa can be
noticed

°2 5 °2M (21)
1 < thickness of the whole membrane

Taking the above into account It can be concluded that the time scale
of the two experiments differs markedly froa each other what could be ex-
pected froa the aerlt of the two aethods (see Fig. I).

Asymmetrical sorption
C(0t)«Co Ulx-1»0

Ideal Fickian concentration distribution

c(XE)«Coll - | Z AN sin exp (- ]J

Symmetrical sorption

oat)-C o cat)* Co

Ideal Fickian concentration distribution

& Membrane I C

=Y ¢(xt)-Co [I- £ IS exp j- (X2n*Ifjr+Vi*|cos

nmirmmwmrm

Fig. 1

Fig. 1. Illustration of Sorption Experlaente

Returning back to the X-dependence systea it is necessary to notice
that 02 - D2m 1is no longer valid what can ba utilized, aaong others, in
building up the aystaa of detecting the functional fora of D < o(x) simi-
larly to the approach recently preaentad [2].
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AN APPLICATION OF WKB APPROXIMATION TO TRANSIENT DIFFUSION
IN INHOMOGENEOUS MEMBRANES

Pert 111. PERMEATION

by Zbigniew 3. GRZYWNA

Inetltute of Physical and Polyaer Chealstry
Silesian Polytachnlcal University, 44-100 Gliwice, Poland

and Harry L. FRISCH

Departaent of Chealstry and Center for Biological Macroaoleculee
State University of New York et Albany, Albany, New York 12222 USA

Przedstewlono opis snslltyczny aetod nieustalonego przenikenie w
aaabranach heterogenicznych na podetawl* aetody WKB. Rownoczesnie
rozszerzono i poprswiono wisie rszultstéw otrzyaanych uprzednio.

An anelytical description of ths aathods of transient perasatlon
through the aeabrene exhibiting the gredatlon of diffusion propsr-
tlss along a dIffuaion axle by the WKB Aeyaptotlce is presented. The
previous results sre extended, laproved and corrected, where neces-

sary.

In the preceding pepers [I, 2] we hsve dealt with the general eolu-
tlons [I] of unidlaenelonal transient diffusion of e penetrant in the aea-
brane exhibiting the verietion of dlffueion propertlee in the x-dlrectlon
of flow. Basing on thea, tha transisnt sorption behaviour has bssa than
dsscrlbad aathaaetlcelly. In tha present peper we proceed to e slallar
study of transient peraeetlon aathods. Tha approach of Parts 1 snd 2 is
continued hers and applied to the peraeetlen experlaant in which the sar-
feces of the aeabrane at x « 0 and x m 1 are kept at the conatant ac-
tivities sQ and a”™ (eQ>- en), respectively, while ell the reaalalag
surfacee are blocked. In the typical experlaant, the aeabrane le initial-
ly evecuated eo a(x,0) < 0. Thle etenderd axperiaental eituatlon will be
illustrated with respect to adaorptive peraaation caee ee shown in Flg.l.
The Intersstsd rsader aay find full explanetlon elsewhere [3, 4, 5j.

Froa Fig. 1 it can be aeen that the upetreea-downetreea peraeetlon cur-
ves cen be divided iato a few regione represented by different eaalytisal



Fig. 1. Illustration of permeation experiaenta

description (aathods) aa has bean suggsstad previously [6} snd publlshsd
recently [5. 7].

For an ideal Fickian diffuaion, the formulas of these nethods are as
follows:

D. 1/2
in[tl/2 . 3(1.t)] - In 2 Co(-j-) (D)
Info"d.t) - g*(l ,©1 - in 2A£E - ~ (2)
L . J 1
(3)
.ah T C
InnJte.t) - Qa@,0j 2'¢° - 7" )
nitg™ ot 12
In 1 - (5)
ag 3T X*

where
AaQt » Q8(0,©) - Q®(l,t)

AQ8 » 11« AQt

t- 00

The problem considered in thie paper is whether the analoguee of the
above formulae derived using the WKB. Asymptotics for the caseof inhomo-
geneous mambranee still hold i.e. if they give etreight lines within the
appropriately chosen co-ordinate system.

We are going to answar this question in turn for early and late tlmea

permeation.

e Ear,ly-tl1al0 permeation

Let us prssent here the snslogues of egs. (Dand ((3). To derive the
first of than we differentiate eq. (24) given in Ref. 1. Taking into ac-
count eq. (20) of Ref. 1 and the boundary conditions for permeation in
the Laplace transform space, i.e.

a(o) m a /M, a() m 0 ®)
we get
- ? °9
5 - -2 D(I?3/4 s.Q11/2 D(°?1/4 S PSS (©)
where
tf, D) -hl/2 $ ) -F£*1/2 $2(x) + 0t - H ®)

Expanding expM-1b*-1"2 $2 (X)J into series with accuracy O [fT3"2]we cen
write eq. (7) in the form

5x.1 * 2[d(1)d(0)s 1/4[s(l)s(0)) L/2) N ~prl-.-v2 . $o(i)l 9)

Inverting of tha Laplace transform yields

>2

3x.i - 2[o(1)D(0)] ¥ 4{s(1)s(0)] 1/2

(10)



$0(D
n it
syaptotic ssriss [9]

For t- <¢ and the art function can bo expanded to a-

A@ , BaER 2 -
1""# TvF Kexp

Considering the above, eq. (10) can be put into a final fora of eq.

m l.e.

m3d.© . tw/2 =

2[0(1D(0)] 1/4 ao [s(1)s(0)] 1/2 - * (N2
5 AT B2

A derivation of the foraula analogoua to eq. (3) la vary alapla. It la
enough to notice [6] that at aufflciently eerly tlaesa for the aadlua ta
be essentially seai-Inflnlte

Q8(0,t) SAQj - Q¥ a3

where the latter quantity rafera to the unsyaastrical sorption sxpsriaant

[2]1 and

A

Agd -J S(X)a,(x)dx a4

whars a#(x) is the etatlonary activity dlatrlbution given by [s]

sa”rx)/*0 " 1 " [/ d*lp(v)/j dv /P (y)] (15)

b)) Lata-tlaa per aeat len

In this section tha analogues of sga. (), (@) snd (5) will be deri-
ved. The baais for that la eq. (34) of Ref. 1 in which eQ la replaced
[ by as() and B# » O.

.Taking it into consideration we can write eq. (10) given in Ref. 2 in
tha fora

1
Ao " jF/ a#(X)o(X)1M4 S(x)L/2 eln®(y,x)0" (ft,x)dx (16)

0
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To get the deaired reault, tha activity distribution asntlonsd above
aust be first dlffsrentlsted snd aultiplled by P(X) to get the flux et
X « 1.

3*(1,t) - 3®(1,t) - AO 0(1)3/4 S (1)1/2® (ft.l)exp (- an

After integration of aq. (17) with reepect to tiae froa H and ta-
king logarltha, we get finally

Injcfd.t) - Qj(l.t)] - IN[A0*10(1)3/4 s (1)U 2@ (ft.l)] - $ (18)

where ft la given by eq. (14) of Ref. 2.
A eiallar procedure at the boundary x m 0 gi
logues of eq. (4) i.e.

n[<3“(0.t) - 0*©.,t)) - In[AOR1l D(0)3/4s(0)1/20"(*,00] - Tt (19)

where ft is tsken et the point x m O.

The last foraula ws Intsnd to dsscrlbs is ths analogue to eq. (5). Be-
aring In alnd that it relates to ths eaount of the aass accuaulatad in
the aeabrane In a function of tine, we can neke uss of sq. (I) Ref. 2 for
its derivation.

Let ua recell the ectlvlty distribution during flow l.s.

a(x,t) s a#(X) - A0 D(x)_1/4 s(X)-1/2 sinef(ft,x)sxp(- ftv) o)

Eq. (20) upon aultlplicatlon by S.(X) and integrationwithreepect to Xx
froa 0 to 1 yields (in a logaritalc fora)

In[1 m In [/ 8,(x)dx] AJ 0(x)~V4 s(x)-1/2 sine(j,x)d»
@)

where s#(x) and AQ are given by ega. (15) snd (16), respectively.

Conclusions end Discussion

Slallar to the preceding papere [I, 2] of thla series the eerly end
lete tlae relations ere discussed here eeperetely.

Early-tiaa

As can bs ssen froa Fig. 1 there Is the eerly-tlae ssctlon of the up-
etreaa curve which hee not been dlecueeed. It doee not provide any new
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information. since it is exactly the same as the early-time unsymmstrical
sorption method (of. ref. 2 and 5). Holstein-like relation i.e. eq. (12)
does not provids a very accurate method of determining Dj and 04> mostly
due to the slight but significant tims dependence of the intercept. If we
aseume the Tfirst approximation to be vslid. then we can get the form (part
joined with time vanished) appropriate for comparing with the previous
treatment [9]. Therefore, when eq. (1. 8) of Ref. 9 is compared with sq.
(12), s numbsr of nseessary corrections can be made in the first term of
the R.H.S. of eq. (I, S), while in the second term of this equation only
a parenthesis was wrongly placed, probably due to a typographical error.
In case of the D& method it ie evident from ege. (12) and (13) as well
as eq. (7) of Ref. 2 that no simple possibility of determining O is pro-
vidsd here, slthough this method is of some use in solving the “inverse
problem™ [5].

Late-time

The linearity of the late-time formulae is elso pressrved similar to
the sorption rslations. As can be seen from the appropriate equatione, the

following equality holds [5]

2 2 12t (X) 12 » . (1)2
g - Dz - Dg - Dol - gotfr " @ * 4P @

where 02M
ption experiment [2]. Hence, It ie sufficient to deal only with

is a diffusion coefficient obtained from the symmetrical yor-
inter-
cepts.

To compare our
down the activity

reaults with thoss prsviously given [4] letus write

distribution in an explicit form

a(x.t) - ae(X) - AOD(X)"1/4 s (x)-1/2 sin® axp(- -j®) 23

with a constant of integration

given here only up to the firstapproxima-
tion i.e.

1

A, -J-fry T a,0)D(X)71/4 s(x)1/2 sIna(*j,x)dx (€2

Comparing ags. (22) and (23) with the relevant formulae 4.17 and 4.18
given in Ref. 8 two small corrections should ~s introduced which ere re-
quired with respsct to the powers of d(x). Note that s(x) « k() and

x() = $#().
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it is [Interesting to know that these results can be compared with those

previously given [5] due to = formal Substitution

D) SH(Y)
s(x)e i @25)
1 s1

There is no, however, a simple opposite possibility.

(KA
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TRANSIENT DIFFUSION KINETICS IN MEDIA EXHIBITING AXIAL
VARIATION OF DIFFUSION PROPERTIES

Part 1. SORPTION KINETICS

by Zbigniew 3. GRZYWNA and 3ohn H. PETROPOULOS

Physical Chsalstry Laboratory, Oeaocritoe Nuclear Research Centra,
Aghla Paraskevi, Athene, Greece, Received 6th Septeaber, 1982

Tranaient unl-dlaenslonal sorption of a penetrant in a aedlua
exhibiting a gradation in diffueion properties along the diffuaion
axia ia conaidered. The effect of the«ode and extent of the veria-
tion in diffuaion propertlee on the kinetics of both “syaaetrilcal*
and "unsyaaetrical* aorptlon proceases is Inveetlgated systeaati-
callv by nuaerlcal aolution of a nuaber of carefully choeen repre-
aentatlve caaea. A previous aeyeptotlc analytical traataent la re-
conaldered, corrected where necessary, and further developed. Ite
practical uaefulneea ia than aasesssd by coapariaon with the cor-
responding nuaericel reeulta. The insight thua gained ehould perait
a auch aore eysteaatlc and Inforaatlve analysia of the tranelent sor-
ption kinetic behevlour of experlaental non-hoaegeneous solid-pene-
trant systaaa.

As part of a general atudy of "non-Ficklan” or "anoaaloue* diffueion,
it has bean shown that a systaa consisting of a penetrant dIlffueing uni-
diaeneionally acroes a solid slab or aeabrane whose diffusion propertlee
vary along the diffueion exis can be characterized (up to a certain point)
by aeana of peraeatlon tlae-lag analysis [I-6]. It haa also been pointed
out [6, 7] that analysis of the transient part of sorption or perasatlon
curves should sfford a aaana of characterizing auch aysteas aore fully.
One aethod of doing thla ia to derive suiteble anaents froa the aforeeald
curvae [8, 9]. Another, rather aore proalalng, possibility is to sttsapt
aore detailed kinetic analyale of tranelent diffusion dataalong the li-
nes Indicated in ref. (6) and (7). Thla, In turn, requires developaent of
the appropriate theoretical background. An iaportant atep in thla direc-
tion la due to Friech [ic -1s1 who ehewad how aayaptotie expraaaions ap-
propriate to ehort and Icsvj tiaee OF tranelent sorption or peraeatlon could
be obtained by the WKB aethod. Nevertheless, the practice! uaefulneea of

xOn leave froa the Inetltute of Physical and Polyaer Chealetry, Silesian
Technical Unlveralty, 44-10C Gliwice, Poland.
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these result* is as yet Haltedt because of their approximate nature, the
uncertainty of the degree of approximation involved end the complex and

unlwleldy expressions which result from the treatment of ref. (10) - (12).

In this and the following paper, W6 take" edvantags of the approach de-
veloped in ref. (I) end (6) to deviae more general and compact aaymptotic
expansions. At the same time, we have extended, and corrected the errors
Inherent in, many of the reeults previously given. The present treatment
also permits a fairly deteiled exect study of transient diffusion beha-
viour by numerical solution of a limited number of representative casss
of axial variation of diffusion properties. These numerical results furt-
her serve as a basis for aasesslng the extant of the validity and utility
of the analytical asymptotic solutions.

THEORY

GENERAL CONSIDERATIONS

We consider a slab or membrene of thickness 1 and unit area in con-
tact with an external phase of penetrant at constant activity. Diffusion
occurs across the membrene (in the apaca O X =£1) and is governed by
"thermodynamic®® diffusion snd solubility (sorption) coefficients DT and
S, respectively, which are functions of x. We have [I, io]

sIf 1 $ (TS!*)s ~A{(p I?* Q)

where t la the time, P(x)s DT(X)s(x) 1is the ('thermodynamic*) perme-
ability coefficient and a(x,t) is the activity of penetrant in the eo-
lid. The letter is defined ae equel to the penetrant activity in the ex-
ternal phase at equilibrium and is related to the concentration of pene-
trant in the solid, C(x,t). by C « Sa [cFf. ref. (D] -

lo"a eorptlon experiment, the dIffuelon medium la initially equilibra-
ted with penetrant at activity a” and then expoeed to penetrant activi-
ty a0 either (i) at one of the surfaces X » 0 or X « 1 (“unsymaietrl-
cal sorption™) or (ii) at both X < 0 and Xm1 ("'symmetrical sorp-
tion™) , all reaelning surfaces of the slsb being blocked.The sorption ex-
periment is terminated when equilibrium et activity aQ is reached. Thua
the following conditions are imposed on egn (I):

a(x,t mo) m a(x,t— ~) = ao @
and either (I) one of the elternetlve condltione

a(x - 0.t) - al0; Ba(x - 1.t)/6X - 0 Ga)
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a(x = 1,£) ®m aQi Oa(x » 0,t)/8X m 0 @3b)

or (1) the condltione
a(x mO.t) «a(x «I,t) * aQ (4)
In eech ceae thetotel amound ofpenetrant sorbed is measured as a func-

tion of t. In case (i) this will be denoted by Qt for diffuelon In the
sense of increasing X [forward flow ; egn (Ba)] and by Q* for diffu-

sion in ths sense ofdscreesing X [rsveree flow jgn (Bb)] - In caee
(ii) the symbol Mt will be used. Ths total amount aorbed up to the fi-
nal equilibrium state (t—~ ) is » Q*IL» Absorption @ > an)

and desorption (e0 c «1) processes will be dlstinguishsd, where neces-
sary, by superscrlpta a and d, respectively.

From measureeenta of equilibrium eorptlon and permeation stsady-atate
flux, one may determine the effective solubility end diffusion coeffi-
cients given by [I, 6]

S - 11 f S(x)dx (5)

0

1

D - I[sJ dx/p(x)] ~1. ®)
L

Introduction into eqn (I) - (4) of the new variables

y - (1s)~XJ s(z)dz (7)
0

6»fFla-a1ll, - §laQ - a1] _ ®)
« aSt/12 ®
yields the etandard diffusion equetlon form
I e£["«$] o>
with
H(y) = 0OT(x)s(x)2/os2 (H)



subject to the condition?*

6 (y,t- 0) -0 (12)

and (i) for unsyaaetrical sorption one of the alternative conditions (for

Qt and Q*, respectively)

6 (y 1 0,t) ©6 (y » 1,0 /By 10 (13a)
<i(y - 1,t) -<30ii o<s(y - O0.t)A>Y - o (13b)
or (ii) for syaastrical sorption the conditions
6 (y * 0,t) » s(y » 1,0 1 6Q. (14)
The total aaount of penetrant sorbed is given by
o
Qt ‘j S(Oﬁ())lja(x,t) -8 1fdiX »j 6 (y.t)dyj Q "« 6Q (15)
0 *0

and aiailarly for Q* and Mt .

For absorption and desorption experlaents characterized by the sane
value of la -oa j. condition (id4) reaains the saae. Conditions (I3e) and
(I3b) sioilerly reaain the saae, if there is siaultaneous flow reversal.
Henee

Q2 qf; Q* = Q**j = Md (16)

thus halving the nuaber of quantities to be calculated. One way further
bear in aind that Q** for any H(y) function is equivalent to Q® for
its airror laage about the plane y * y, naaely for H*(y) * H (l-y). Hen-
ce. in a study of unsyaaetrical sorption klnr>tics which include* the ap-
propriate alrror-iaege function*, it is sufficient to calculete Q® [i.e .

to utilize only conditione (13) .abovel].

A 'S Y MPTOTIIC AN ALY T I CAL S OLUTI1I ONS

EARLY-TIME SORPTION KINETICS

We consider unsyaaetrical sorption at aufflclantly saall tiaes for the
aedltm to be essentially seal-infinite. Thus, eqn (I13) is rsplaced by the

aore restrictive conditions

4(y « 0,0 » 60» 6 (y- 1,0 * 0. (17)
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A fter Laplace treneforaation and introduction of the variable
*(y)*6H(y)1/2 (18)

where 6 (y,/%) is the Laplace transfora of 6 (Yy.O. eqgn (I0O> —reduces to
[10, 12

wr(y) - wi(y)[G (y) *HIn)l - o (19)
where
G(y) v H"(y)/2H(y) - H'(y)2/4H (y)2 (*0)
and differentiation with raapect to y le indicated by prlaes. Conditions
(17) become
W(y - 0) - 60H(0)1/2//as$s w(y - 1./5) e o. (21)
The condition t —— 0 and hence jb——~ iaposed here iaplies that G(y) is
saell in coapsrlson with ths second tera within the bracket in egqn (19).
Hence [131]
w(y) v A exp[/%1/,280(y) + S$SA(y) -/i“1/282(y) ~-/7i"18$3(y) + ...] ‘
+ B exp[-1/,280(y) + $,(y) */%_1/252(y) -/%-1%3(y) + ../j (22)
where
X
$c(y) -J H(y)-1dy
0

$I(y) - J in St

(23)

#2(y) . 1/

Application of conditions (21) to eqgn (22) leada to

A + B - 60M(0)1/2//3 (24)
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and
A-0 (25)
Bearing in aind that
t =f
QJ - f g(x - 0,t7)dt" - —J HO)" <y fd >« rdt. (26)
0 0

whera q(x,t) is the diffusion flux density at X, the expression for
the corresponding Leplace transfora is [cf. eqn (18)j

aly - 0 - -HOUADY «a H{o) - HtO170) @n

and, upon substitution in eqn (27) fro« egn (22) - (25), Laplace trans-
fora invsrslon end integration, we obtain [cf. eqn (26)]

*h H v** M Vs
[H( 2[H7()3 - h"@Ih..0) h:"O 4 g (t5/2). (28)
L Uh@)S 2H(0)2 mT*)

The corresponding expression for syaaetrlcel sorption is «iaply

M* Q* * Qj*. (29)

LATE-TIME SORPTION KINETICS

When the sorption procsss Is close to the final aqulllbriua, «a have,
according to Frisch [12]

6(y.t:) m60 -X (Y)exp(-"tf) (30)

where ft is Isrge, whereas & satisfies

NX *y) » 3y[H(y)a7] (31)

and (1) in the caae of unsyaaetrlcel sorption

&(y » 0) m 0j A(ym 1 =m0 (32)
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or (il) in the case of syaaetrlcel sorption
%y -o -aly =1 -0 (€S))
Introduction of the varlsbls
w(y) «A(YIH(Y)I1/2 (€D
reduces egqn (31) to
w'(@y) ¢ w{OLIy/HY) - 6(y)] =0 (35)

where G(y) Is given by eqn (20). An asyaptotic solution of eqgn (%), sub-
ject to the condition % (y « 0) «0 [eee eqn (32) end (33)] , cen be writ-
ten (cf. the Appendix):

w(y) - AOH(y)1/4slin%,y) (36)
where

< (f.y) 5 Ti/7230(y) ¢5~i/232(y) ¢ === (37>

and $0(y), $2(y) are given by egn (23). Substitution fro« egn (34) and
(36) in egn (30) yields

<G, - 6g - AoH(Y)1/4sinKF,y)sxp(-JT:) €3]

whsrs AO aay be eveluated with the aid of condition (12) as Indicated in
ref. (12)

AOTF -g- /7 HY)1/4*1"j (. y)IM(IS-.y)dV. (€))

On the other hand,with the reaalnlng boundary condition [eee egn (32)
end (33)], ~ aust satisfy one of the following conditions: (I) unsyaas-
trical sorption

<iP (tf.)eot[tf{r,i)] = h{i)/4h(i) (40a)

which, upon expansion to the first tera in [s#e eqn (37)] for suffi-
ciently snail H*(1)/H(I) , becones

(406)
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or (ii) symmetrical sorption
eV (f.1) «sc (41a)
which, upon expansion to tha first two terns in 'S', becomes
L2 27(1) »2 (1) 2
(41b)
» - iT o 1 ° * -M 5 =
Integration of eqn (38) with rsspect to y yields
1
0 «- Q* 1 Agq exp(—jt)\] H(y)"1>/4 slniet?,y)dy (42)
0

with a similar equation for M®.

N UMERICAL S OLUTI1I ONS

The range 0 s£Ey ~ 1 was divided into H equal

Interval Ut was chosen such that M sE | HM x Ay2, "hera * N-1 and H
was the aaxlaua value of H(y) in tha range 0o "y < 1.

Starting with the initial cinditlon (12), values of 6at each nodei
for 1 - 1,2,3,... ,N-1 were computed at successivetimet tn « n«Jr(n »
1,2 ,.0..) by rspeated application of tha numerical approximation of eqgn
(10). viz.

6i ' AP+ A h (« I-1 " 6i) - Hk(51 - V I>] (43)
where 4 * and 6" refer to tlaes "fn+l »nd tin. respectively, Hj ]

? N Hi + Hi+ in and Hk " 2?2 A"AHI Hi-17~* T>,a valua* of 6. for nodes 1 1 O,N
follow froa the appropriate boundary conditions, sither eqn (1J) or eqn
(14). Application of the aacond condition (13) waa effectedaiaply by in«
troducing an additional virtual node N +1. setting 6 N - and ap-

plying ajn (43).

Alternatively, eqn (lO) aay be rewritten as

§ - *V)% + H(y )oO

Intervalsand a tine
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the corresponding nuaerlcal approximation being

61 "6t * "~ 6 HILy(61*1 " 6

I * HL(61+1 + 6i-1 " 26if]-  (44)

Eqn (43) and (44) gave coaparable results end it proved difficult to de-
cide in fsvour of either.
Finally, the quantitiea q* or M® were obtained by Slapaon integra-

tion [cf. egn (15)]

C OMPARISON W I TH THE C ORRESPONDING

I DE AL SYSTEWM

The beheviour of the diffusion systeas studied here is best investiga-

ted [6, 7] by constructing suitsbls kinetic plots and coaparing them with
the corresponding linsar kinetic plot expected froa an ideal diffusion
systaa characterized by constant diffusion snd solubility coefficient D
snd S [cf. egqn (5) end (6)] . If the plot pertaining to the systaa under
investlgstion Is also linear, one aay determine an effective or apparent
.diffusion coefficient (denoted by On , n 1 1,2,...) snalor other para-
aeters, which aay be coapared with D or other appropriate ideel values.

y

Fig. 1. Illustrstlons of H(y) functions for HM X/ Hain " 5

The following plots are useful here [e]

Q*/Q ,« 2(B*t/Jtl2)1/2 - 2(D**/6»S1/2 (45)

in(l - @*/iqy - 0] -a20n412 . 1£ -3t2D*7/4D (46)
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for short- and long-tine unsyaaetrlsal sorption, respectively. Ths Ideal
valua of Ig. the Intsrcapt at t « 0, is 1° * In(8/Jt2). The corres-
ponding expression* for syaaetrical sorption are obtained by substituting
172 for 1 in eqn (45) and (46) and the relevant Da and 1* values will
be denoted by D*M, dlm and IgM.

The values of 0°/0 - 41/s12 . °2F/® *2 end 12M Predlctad by
the enalytical asymptotic treataent follow immediately upon comparison of
eqn (42) and (46) and their eyaaetrical sorption analoguea.

RESULTS AND DISCUSSION

The H(y) functions eaployed in the nuaerical coaputationa ware cho-
sen to be repreeentative of aoat of the situations likely to be encounte-
red in practice [I, 2] and were, for aiaplicity, aecond-degree polynomials
eubject to the condition [required by eqn (6), (7) end (IDj

1

J H(y)_1dy - 1. @n
0

Theee included (cf. fig. 1 and table 1) (a) three aonotonic increasing fun-
tione Ai, A2 and A3, which ware lineer (H"m 0), concave upward (h" > 0)
and convex upward (h'< 0), respectively, and their airror iaagea (i*,
A2* and A3*); (b) two function* Bi and B2, which increased over aost
of the range of y but Included a ainiaua ("> 0) or aaxiaua (h"< 0),
raepectlvely, and thair airror iaagee (Bi* and B2*); and (c) two func-
tions ClI and C2, which ware eyaaetrical about y » 1/2 and exhibited a
ainiaua ("> 0) or aaxiaua (h" < 0), respectively.

Computations using N - 20 snd 40 gave goad egreeaent with valuee
of "HMX /HBin “P to 13 [where H «nd H*In ,rd" raapectively. the
aaxiaua and ainiaua values of H(y) in the renge 0 scy< 1]. It ie con-
venient to discuss theee reeults in tsras of ths behaviour at short and
long tlaee separately and to coapare thea with the correeponding analyti-
cal predlctione.

EARLY-TIME SORPTION KINETICS

Examplee of ths nuaerical results for unsyaastrical sorption are plot-
ted according to eqn (45) in fig. 2. The slopes of thess plots reflect the
aaen effective value of H(y) over the renge of y “ssenl by the pene-
trant at a given tiae. This valua is h(@) st t - 0 and then increases
(decreasss), if H(y) is an increasing (decreasing) function, thus yiel-
ding concave (convex) upwarda plota lying below (abovs) the ideal plot [6]-
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Table 1

Soae cheracterlstic psraaeters of the H(y) Tfunctions used for HBax/HBjn"
» 5. The chsrecteristlce of the H*(y) functions follow froa H*(0)-H(I)
and H*”(0) « -H"(D)

HOY) H(O) H*fo) H™ h(i) H* (D $0 (D $2M
Al 0.402 1.609 0 2.012 1.609 0.974 0.0877
A2 0.554 0 4.429 2.768 4.429 0.970 -0.435
A3 0.323 2.583 -2.582 1.614 0 0.974 0.441
Bl 0.785 -1.571 7.854 3.142 6.283 0.971 -0.809
B2 0.299 2.989 -3.767 1.420 -0.747 0.975 0.608
Cl 2.768 -8.857 17.714 2.768 8.857 0.970 -1.729
C2 0.323 5.165 -10.330 0.323 -5.165 0.974 1.752

Fig. 2. Exaaplas of numerically computed kinetic curve* for the uneyaae-
trical sorption aode plottad according to eqn (45) for Haax/HBjn “ 13-

Inssti Correeponding early-tiae curvea calculated froa the Ffirst three
teraa of eqn (26)
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The rate at which H(y) varies with y aay be expected to determine the
curvature of the relevant plot and ite displacement relative to the ideal
one. Thus, we see from fig. 2 that the most curved plots (which tend to
epproech the ideal one moet cloeely at longer t ) ere those for casee CI
and C2, where the variation of H with y is most rapid. An interest-
ing situation arises in ceee BIl, where the presence of a minimum near the
aurfaca y m 0 caueee the relevant plot, which Ilee below the ideal one,
to be initially convex upwerd.

The feetures noted above are represented reasonably well by eqgn (28).
Calculation shows that, even for a valua of HBBX/HBin hi9h 13» th#
shapes end relative positions of the plots for the H(y) functions consi-
dered here are correctly reproduced up to tie 0,25 (eee inset of fig. 2).
As shown by the leek of any appreciable Inltlel llneer part in many of the-
ee plota, the origlnel theoretical expectetion [10, II] that the Tfirst
term of egn (I18) would by iteelf provide e ueeful meeeure of approxima-
tion is not fulfilled. Inclueeion of the second term, however, is suffi-
cient to produce e pettern very eimllar to that obtained with four terms,
Theee higher terms do not extend the range of velldlty of eqn (28) appre-
ciably, but inclueion of the third term, at least, is required to repro-
duce the complicated ehepe of the eerption curve for function Bi noted
above.

In eymmetrilcal eorption, it is obvious from eqn (29) thet the Kkinetic
plots for menetomlc H(y) functions will devlete reletively little from
the ideal plot (since the opposite tendencies of Qt and Q* will tend
to neutralize eech other). At the other extreme, M* S 2Q* for symmetrical
functions. Theee featuree are Illustreted by the numerically computed
plote of fig. 3. Careful exemlnatlon ehowe that the reletive positions of
theee plote are governed®"by the velue of h" (cf. teble 1). The plot for
Al (h" - 0) deviates’positively from the ldeel one; the deviations of
the remaining functions tend to be of the eame elgebraic algn ee H" end
of a magnitude approximately commeneurate with its value. Again theae pro-
perties ere deecrlbed reeeonably well by egn (28) end (29) et t & 0.25
for * 13 (cf. Inaet of fig. 3) and over an even longer range

for H-ax/H.in > S-

LATE-TIME SORPTION KINETICS

An Important feature ef the numerical computation reeulte Is thet plote
eccerding to egn (46) are linear for lerge veluee of t (cf. fig. 4).Thue,
on ene hand, eqn (30) (on which the anelytical treatment le beeed) ie con-
firmed. On the other hend, the lete-time sorption proceee can be deecrl-
bed quentitatlvely by meane of two parameters, namely ~(o”?) and

Fig. 3. Examplee of numerlcelly computed kinetic curves for the eymmetrl-
cal sorption mode plotted eccordlng to egqn (45) for H-ax/H«in "™ 5(...)or

13 (— ) Inset: Correepondlng early-time curves calculated froa the firet
three terme of egn (28) In conjunction with eqn (29)

Fig. 4. Examplea of numerically computed kinetic curves for the uneymme-
trical sorption mode plotted accordin% to eqn (46) for H /v . » 5(...)
or 13 \---) “In
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The characteristic« of unsyaaetricel lata-tiae and early-time sorption
kinetlca are expected to be significantly different, becauee the latter
proceee In influenced prlaarlly by the properties of H(y) near the expo-
aed surface (y m 0), whereas the foraer reflecta the propertiee of H(y)
throughout the aaabrene. Coneequently, deviations froa the late-time ideel
plot will tend to be alnlalzed In the case of eyaaetrlcel H(y) functions
[due to the variation of H(y) in opposits ssnsee in the ranges Os y <j
and j *£y«s I] and correspondingly aaxlaized for monotonic functions.
These featuree are apparent In fig. 4 and, in aora detail. In the compu-
ted values of D* end I* ehown infig. 5. Ae expected, o] and 12 de-
viate increeeingly froa the ideal velueswith increeelng HB8X/H*in* the
precise aode of variation depends onthe nsture of H(y). Aleo, a positi-
ve deviation froa the Ideal vslue ofone of thess paraaetere is accompa-
nied by a negetive deviation of the other. Thie aeane that ths plots which
are less (aors) steep than the ideal one, tend to be dieplaced ebove (be-
low) it, ao that the deviation Increesss with 1 (cf. fig. 4). Case Cl sp-
pears to be exceptional in this reepect, with the result that the appro-
priate plot aay actually cross the ideal one (fig.- 4). The 1] curves for
various H(y) functions follow the saae order as the corresponding D*
curves. The most laportant exceptions ere A2*, 81* end especially ClI
and C2 [cf. fig. 5(a) and (b)]-

Bearing In nind thet $Q() « 1, (cf. table 1) the first snalytlcal ap-
proximation to 4f, represented by egn (40b) , indicates correctly the sen-
se of the devistlon of D* froa & Solution of eqn (40a) up to the cu-
bic tera in Yf yields the results of fig. 5(c), which reproduce the cem-
puted curve pettern [fig. 5(a)] reaarkably well In the case of the decre-
asing H(y) Tfunctions, but lees successfully In the esse of Incressing
and syaastricsl H(y) functions. The analytical calculation of 12 ,onths
other hend, did not prove succsssful.

By contrsst to unsyaaetrlcal sorption beheviour, the characteristics of
syaaetrical late-tlae and early-tlae sorption kinetics ere the saae. Thus
D*M deviates froa 6 epproxiaately in accordance with the aegnitude and
algebraic sign of H”[cf. fig. 6 and 7(a)] - The pattern for 12* Is, gene-
rally speaking, eialler [fig. 7(b)]., except thet the deviation froa I°M
is in the opposite sense (ss in the cese of ]| end 1*)* corresponding
results obtained froa eqn (41b), (39) and (42) (fig. 8) agree well with
the nuaerlcel velues (except for cases ClI and C2 at higher valuee of

H«ax/H«In>-

Fig. 5. Nuaerlcelly computed values of (s) D2/D and (b)

Hd

(©) corresponding velues of 02/B calculated froa egn (40a)

cubic tara in Yff )e (*2) *nd

(46)

* ~0.210);

(up to tha

Fig. 6. Exaaplas of numerically coaputad kinetic curves for ths symmetrl-
cel eorption aode plotted eccordlng to egn (46) for

5C...) or
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" CONCLUSIONS

The results reported above provide a reasonably detailed and systema-
tic survey of the transient sorption Kkinetic behaviour characteristic of
media exhibiting a gradation of diffusion properties inthe direction of
diffusion.

Among the most significant general kinetic features which have emer-
ged, one may note the fact that sarly-time sorption Kkinetlca deviate, as
a rule, from the proportionality between Qt and VT required by the ide-
al kinetics predicted by Pick"s law. By contrast, the linearity of the
InfI-Qj/Q” againat t plot at long times is preserved. Consequently, the
sorption process at this stage can be quantitatively characterized by the
parameters O”Cd”~) and 1212w * the v*lua* of which generally deviate
from the corresponding ideal ones B and I°(I|M).

Another important generel feature concerns the difference between sym-
metrical and unsymmetrlcal sorption modes. The Importance of performing
experiment* In the latter mode ha* become evident only recently fejand 1*
further demonstrated here. The result* obtained are shown to be particu-
larly informative in the present context, because of their sensitivity to
flow reversal at short and long time*. By contrast, in tha symmetrical

Fig. 7. Numerically computed values of (a) 02M/S and (b) 12M(I|M m-0.210) sorption mode, short- end long-time Kkinetic data convey theeamekind of
Information. In term* of the aaymptotlc analytical treatment, it may be
~aid that aymmetricel end eerly-tlme unsymmetrlcal sorptionreflect pri-
marily the properties of H" and H'", respectively. Hence, their comple-

mentary nature is evident,
Il ha* also been found that, although the sen*e and magnitude of the
deviation from ideal kinetic* is governed by a combination of the func-

tional form of H(y) end the value o# 1* nevertheless pos-
sible In some case* to obtain more apcclfic information about tha nature
of Hy)-

The analytical aaymptotlc treatment wa* found to repra**nt correctly
th* general kinetic propertiee referred to above. I1t* application to th*
prediction of ths behaviour pertaining to particular H(y) functiona haa
mat with variable succas* (depending on the nature of the function, the
value of HB8x"HmIn *md *h6 kinetic parameter celculated). However, th*
treatment in question generally appeara to be very useful at the qualita-
tive or semi-quantitative level.

APPENDIX

The condition previously given [12] for eqn (36) [evaluatad to the first

tarm in S , see eqn (37)] to be « valid asymptotic solution of *gn

Fig. 8. Value* of <a) 02M/E? and (b) I2M calculated from equation* for Mt (35) is that C(y) should be negligible in comparison with HOY)“1. in
Identical to egqn (42) and (46) in conjunction with eqn (41b)
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fact, aqn (36) becomes an exact solution of egqn (35) If G(y) la replaced
by another function G(y) J 0. Accordingly, the proper condition for the
validity of eqn (36) as an approximate solution of eqn (35) Is

G(v) - e(y) <<1 (AD
FtHCyri1n- G(y)

where G(y) , to the flrat term In if(®*.y) , la given by
G(Y) - H”(Y)/4H(Y) - 3H"()2/16H(Y)2, (A2)

Conditions (Al) and (A2) are found to be conelderably leas restrictive
than the previous condition [12] . Condition (Al) Is fulfilled more rea-
dily In the eymmetrical than In the uneymmetrlcal sorption node, because
of the larger valuee of § obtained In the foraer case.
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TRANSIENT DIFFUSION KINETICS IN MEDIA EXHIBITING AXIAL
VARIATION OF DIFFUSION PROPERTIES

Part 2. PERMEATION KINETICS

by Zbigniew 3. GRZYWNA* and 3ohn H. PETROPOULOS

Physical Chaalatry Laboratory, Deaoerltos Nuclear Reeearch Centra,
Aghla Paraskevl, Athens, Greece, Received 6th September, 1982

Transient-state permeation of a penetrant across a alab or mem-
brane exhibiting a gradation in diffusion propertlaa along the dif-
fusion axia is investigated by the methoda wused in the preceding
analogoue study of eorptlon kinetlce. Early - and lata - time tren-
elent permeation kinetlce at both upstraaa and downetream aurfacea
of the membrane have been examined, 1in turn, in a systematic man-
ner. It hae been shown that proper analyala of data of this kind
(hitherto largely unaxplolted in experimental practice) is poten-
tially capable of furniehing-‘important information about the mode
and extent of tha epatlal variation of diffusion properties, which
partly parallele and partly augments the Information deducible from
sorption kinatica or permeation time laga. Tha reaulta of thia and
tha preceding paper provide much of the theoretical background ne-
caasary for tha practieal uaa of translant-stata analysis in a man-
ner analogoue to the method of time-lag analyala previoualy develo-
ped.

In the preceding paper [I] we called attention to the importance of
atudying theoretically the kinetics of uni-dimeneional "tranaiant diffu-
sion of a penetrant in a alab or membrane exhibiting variation of diffu-
aion propertlee in the direction of flow X. We than® proceeded to carry
out euch a etudy of transient sorption behaviour. In relation to tha mode
and extant of the variation of diffusion properties with X, by obtaining
numerical solutions for a number of carefully sslected repreeentative ex-
amples. The aolutiona in queetlon ware alao uaad ee a baeis for aaeeaaing
the practical utility of the corresponding aaymptotic analytleal results
obtained by comblmning the WKB treatment introduced by Friech [2-4] with
that of Petropoulos and coworkera [5, 6]. In the present paper we proceed
to a eimilar etudy of tranaiant permeation kinatica.

The interest of experimenters has previously been confined to what we
may hare call eerly-time downetream absorptive permeetlon klnetica [7-9]
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but Amarantoa at al [l0] have recently called attention to the potential
practical value of the kinetic enalyaia of other kinda of transient per-
aaation data. All typea of Kkinetic analysia proposed by Amerantos at al
[10] are considered here and the appropriate asymptotic analytical ex-
preaaiona are obtained aa in raf. (i) (previous results [4] bsing again
corrected where neceaaary).

The terminology and eymboliem of ref. (1) and (6) are followed here aa
far as possible.

THEORY

GENERAL CONSIDERATIONS

The treatment of ref. (1) is followed here and applied to e permeation
experiment, in which the eurfaces of the slab or mambrana at X « 0 and
X e 1 are maintained at constant penetrant activities aQ and an~(aQ > a”)
reepectively, all remainiiig surfaces being blocked, 1i.e.

a(x m 0,t) m a0s a(x m 1.t) ar. ()

Tha amount of penetrant which enters the membrane at X = 0, Q(0,t), or

leavee it at X - 1, Q(l,t), 1ia meaaured. The membrane ie initially pre-

-equlllbrated either (1) at penetrant activity a”® (absorptive permeation
deaignatad by euperecript a), i.e.

a(x,t - 0) - ax @

or (ii) et penetrant activity aQ Cdesorptivs permeation designated by
euperscript d), i.e.

a(X,t * 0) « aQ. A3)

The experiment le terminated when <8 ,t) and Q(l,t)have attained their
respective lineer stsady-stste aaymptotes, Q((o,t) and <27(1,t), to tha
required experimental pracieion. Flow reveraal [cf, ref. (1) and (5)J may
be repreeented by eubatltuting agn (1) by

a(x m 0,t) m ari «(* * I#t) - aQ. @)

Putting X* m 1 - X, we may"deflne Q*(0,t) < Q(x* b o,t) end 0O*(l,t)*
Q(X* - 1.t).

For permeation experimenta characterized by the same value of («g“«!)»
the following relations hold [4, 6]t
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Q*(0,t) - Qd*(l.t)j Qd(l,t) - Qa*(0,1t) Ga)

QO(1,t) - Qa* (1,t) - Qd(0,t) - Qd*(0,1t). (5b)

The relatione, together with the fact that Q* for s(x) and 0T (x) la lden-
tical with Q for S*(x) and OM(X) (where the latter functions are the
mirror imagee of the former about the mldplane of the membrane) [I,5] mean
that coneideratlon of permeation characterized by conditlone (I) and (2)
ia aufficient to cover the reeulta pertaining to conditions (3) and @)
also. More precisely and making uae of the trenaformation of the dIffue-
ion equation in terms of the variables y and (, defined by eqn (7) and (9)
of ref. (1), respectively, and of

6qg b StaQ-aj) ®)
we need only conaider the set of boundary condltiona
6(y 8 0,<) B (Jgj 6(y b 1,-6) b 0} c(y.i 8 0)s0 a)

and calculate Q*(0,t) and Qa(l,t). Having calculated these quantitiea
for a given function H(y), characterization of its mlrror-Imsgs function
H*(y) requires only one additional calculation, namely Qa(0,t). Alterna-
tively, calculation of Qa(0,t), Qa(l,t) and Qd(l,t) for H(y) yialda
all the results necessary for the characterization of H*(y) aleo.

Instead of Qa(0,t) and Qd(0,t), one may conaider the net amount of
penetrant abaorbed by, or deaorbed from, the membrane

iQa = Qa(0,t) - Qa(l,B)j WO - QW.H €LY}

AQd S Qd(l1,t) - Qd(0,£)> Aqls Qd(l,t) - Qd(0.t) (8b)

for which tha following relations hold
a d* d a*

AQa - 40° | - AQ" . (9)

Eqn (@) are analogous to agn (5) and to eqn (16) of ref. (I). Furthermore
for permeation and aymmetricel eorption experiments related by aQ - aj =
“ J&q - *.] [cf. egn (6) and agn (8) of raf. (1)] we have [4]

Mj - 4Qa ¢ AQd - AQj & AQa*. @o)



ANALYTICAL ASYMPTOTIC SOLUTIONS

EARLY-TIME PERMEATION KINETICS

At sufficiently email tlaee for the medium to ba essentially eemi-in-
finita [agn (17) of raf. (1)], Q*(0,t) = [<2* s*q" . where the latter
quantity refera to an unaymmetrical sorption experiment with |eQ - e -

1«0 " "r
To evaluate Q (1,t), the treatment of ref. (i) for unsyaaetrical sorp-

tion is followed up to egqn (24), after replacing the condition 6(y— 1 ,jb)-
— 0 (cf. agn (17) of raf. (I)] by the lees restrictive 6 (y m 1. /) <« O,
whilst still keeping % amall and hence ( large. Thla leads to substitu-
tion of the condition w(y—-—-1,/9% 0 [cf. egn (21) of ref. (1)] by

w(ly - 1 o (1)

which, in turn, csusea eqn (25) of ref. (1) to be replaced by
A/B - -exp - r[nl/2¢0 (1) *~"1/2%2(1) ¢ ...] 12)

From agn (18) and (22) - (24) of ref. (1) In combination with egn(ll) end
(12) here, the Laplace tranafora of tha flux density st y < 1 Is given by

aCy » ) * - H(e (y m 1./%) m -H(I)1 2w (y m
£4260 A 1H(0)1/4H(1)3/4[GL/2H(1)"1/2 - H(1)1/2/V1/2g(1)/8 + _..]

x axp[-1%1/72$0 (1) & 02 (L)//M1/2 o ...] (L - A/B). (13)

Bearing in mind that A/B« 1 [cf. egn (12)], wa obtain, after expend-
ing the aacond exponential factor In agn (13),

aCy-1) - 29 [hO)h(I)IL/A4ATL/2 &  /-102(1) + ...]

x ap[=/?)1/2$0 (D].

Laplace tranafora inversion and axpanalon of the resulting error function
term finally yields [bearing in mind that m QN cf. agn (15) of raf.

(1 )]
aCy-1,«) - do*(l1.t)/dy - 23re [H(0)b(1)]1/4( i [ 1/T

x[1 & 2#2(1De73$0(i) + exp[-$0 (1)2/4<]. as
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Egn (14) aay, of course, be integrated to obteln Qa(l,t), but it le aere
useful in the above fora [see Appendix of ref. (10) for details].

LATE-TIME PERMEATION KINETICS

Ths treatment applicabla here follows thst for syaastricsl eerptlen.
[I. <] l.e. egn (30), (31) and (33) - (4?) of ref. (1), except for the
eubetitution of 6Q in egn (30), (38) and (39) of ref. (I) by 6 (y) which
refers to the steady etsts cf permeation. By putting TA/tt m0 in agn (10)
of ref. (1) end appropriate integration under conditione (7), we find

6#(y) -6(y,tF~)-60 §,H(2)"1 dz/J,H(y)"1dy as)
y 0
q, - -H(Y)6"(y) -60 16)

where the denoalnetor of egn (15) ie unity by egn (47) of ref. (1) end g
ie the eteady-atate flux density. Thus, eqgn (38). (39) and (42) of ref.
() ere replaced, reepectlvely, by

6 (y & 6#(Y) - ALH(y)1/4 sIn(if,y)exp(-<jt) A7)
Al— gj= J H(y)i/4=)'@.y)eintf(fl,y) fJ H(z)”1 dzldy 18)
o y
1
AQt.-AQj“ AJexpf-~) J"H(y)"1/4 sIn-**(f.y)dy 19
0

where Q_ refers to s sorption sxpsrictent with |eQ - Sj|] » *Q - «, and”
is givsn by sqn (@1) of. ref. (I).

IT eqn (17) ie differentlsted with respsct to y and aultlplled by H(y)
the flux deneltlea q(y,t) st the upstreaa and downetrsaa surfaess of tha
aembrene ere obtained by sstting y < 0 or 1, rsspsctlvely. Eqn (23). (37)
and (41) of ref. (1) show that "Mft.y) - 0,% for y « 0, 1, respectively,
yielding finally

q# - q(y,tl) <« * AjH(y m 0*1J3374* ™ V - 0, Dexp(-ft) 20)

where the poaitiva algn applies to y m 0 and the negative sign toy = 1
snd At isgivsn bysgn (19). Integrstion of agn (20) between X andt—
than ylelde
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Q*(0,1t) - 0a(0,t) - ARF'1H(0)3/4*"(B-.0)exp{-") (1)
Qa(l,t) - Q*(1,t) - AIMIH(1)3/74gF(". Dexp(-3J€)- 22)

An alternative approach involves integration of eqn (10) of ref. (I)
with reepect to the spece coordinate once in the range y-1 and a second
tima [after dividing throughout by H(y)J in the range 0-1 [cf. ref. (1]
Then, efter integration of the l.h.s. by parta and application of egn 16)
and of eqn (48) of ref. (1), we obtain finally

/ ~ m [/ H(z)"1 dz] dv* (23)
0 0

g# - q(y -1.0

Integration of egn (23) between T and % — -10 then yielde

Qa(l.t) - / <4 () -o(y.tr) dz dy. D))
Subetitution Into eqgn (24) from eqn (17) then gives finally
Qa(l.t) - Qa(l.t) - Alexp(-~) J H(y)"1/4 ein'w ft.yr J H(z)"1 dz dy-
@5

The corresponding expreseione for Qa(o,t) - Qa(0,t) are obtained imme-
diately by combining eqn (24) or (19) and (25) with egn (8).

NUMERICAL SOLUTIONS

Transient-state solutions of eqn (10) of ref. (1) subject to conditions
(7) were obtained by means of egn (43) or (44) of ref. (1) (for i-1,2....
...-N-I) using the method described therein. The computstion was conti-
nued up to a time I%>sufficiently long to ensure approach to the stesdy
stete to the deeired extent.

The eteady-etete solution was obtained Independently by setting the
sscond term on the r.h.s. of egqn (43) or (44) of ref. (1) equal to zero
snd solving the reeulting set of simultansous equations for i-1,2,...,N-1
Ideally, thle solution should satisfy egn (16); but, in fact, the value
of q st different nodes, q8+. tends to vary bscauee of the errore Inhe-
rent in the representation of eqn (10) of ref. (1) by either egn (43) or
(@4) of ref. (I). Accordingly, g9 was equeted to the integral mean value
of q8l. i.e.

1
q8 m £ - H(y) S8 ()dy. (26)

The integration in egn (26) wes performed by Simpson®s rule like all ot-
her integretlone.
Evaluation of AQa and AQto Is straightforward

J 1*
aQa * J ~(y.ody; | XTOLY,
0 '0

but some care ie required in the cese of q(y m 1, —— 0) end Qa(y - 1,
The direct method based on q(y«l,t:) <« -h(i) 6"(y«l i) snd subse-
quent Integration to obtain Qa(y«l,t) involves a significant numerical
differentiation error [12J. Egn (23) offers another possibility, but
q(y-1."t) is now obtsinsd as a small difference between two relatively lar-
ge quantitiee when t — *0. On the other hend, egn (24) yields the quanti-
ty Qa(y-1,0 - Qj(y-1,0 required at long times directly end was found
~satisfactory for this purpose. A third method, beeed on [12]

1

Qa(y - L.rh - Qa(y - 1/2,«) - Jj° 6 (y.Ddy
1/2

end q(y » 1,©) - dQ*(y » i,£)/dt was found to bs reasonably satisfacto-
ry at both short and long t. Here, Qa(y - 1/2,1 ) ie obtained by Inte-
gration of q(y - 1/2,t)i the latter requlree evaluation of 6" (y »1/2,t).
which is more accurate then that of 6" (y » 1,0 [12]. This wes ths msthod
usually chosen for short T . Nevertheless, reasonable concordance with
the above alternative methods wes usually found.

COMPARISON WI1TH THE
IDEAL

CORRESPONDING
SYSTEM

Procaeding in the manner explained in ref. (1), the quantities com-
puted in the previous subsection wars used to construct suitabls Kkinetic
plote which are linear for ideal eystsms. In ths prssent cese they mey be
non-linear, or they may be linear (or nearly so) but characterized by ef-
fective diffusion coefficierus Dn( » 1,2,...) and othsr paramstere
which differ from 6 or other pertinent ideel valuae.
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Following ref. (10) we have
(@) at short tiaaa
Injr"TdQ8(l.t)y/dtf ] - In 2Q,(Dj/0O*)1/2 - 0/4D* 71
<2*(0.t)/Q ,.« 2 (0ft/D X )1/2
0] 10 20 30

©

1/t
Fig. 1. Exaaplaa of early-time Q*(l.t) kinatic curvaa plotted according
to agn (27) with H /H » 13: (a) coaputad numerically; (b) calculated
MX * % means of agn (14)

4(0*T"/B31:)1/2 29)
(b) at,“long tiaaa
milg*(1.t) - QJCl.©)]/Q,.]- 1% (30)
m jBJI;t) - Q* (O, t)]/Q«,j - I* - 320*r/6 @G1)
In(1 -AQj/AQt.) - Ig -Jt o0Jr/D (32)

whara tha ideal valuea of tha intarcapts X ara 1j « I® « In (2/3f2) and
1° - In(8/K2).

RESULTS AND DISCUSSION

Numerical computations were cBrried out for aXX the H(y) functions of
ref. 1 (see table 1 and fig. 1 therein). The results for N >20 and N » 40
generally showed good agreement. They were analysed and compared with the
predictions of the analytical treatment as in raf. (I).

EARLY-TIME PERMEATION KINETICS

Examples of ths numerical reeults for Qa(l,t) plottsd according to
eqn (27) are shown in fig. 1(a). The reliability of these plots at va-
rious t was asseased on the basis of tha agreement between the numerical
reeults obtained (i) for N » 20 and N « 40, (ii) by tha use of diffe-
rent methods (see) previoue section), (iii) for H(y) and H*(y) functions
making use of egn (5) and (iv) for tha idaal plot. In consequence, it ep-
peared advisable not to rely on tha reaulta for t! =s 0,05 in most caaee.The
plots of fig. 1(a) for different H(y) functions follow the same order as
thoae for symmetrical sorption [fig. 6 of ref., (I)] with C2 lowest and CIl
hlghaat. There is some difference, however, in that the deviations from
the ideal plot are here positive in all cases "except C2, although the lat-
ter plot ahows a tendency to cross ths ideal one at lower Z. Another no-
teworthy feeture of the reeults is that, although tha ideal plot can be
conaidered to be linear up to % »0,3, tha other plots exhibit deviatlona
from linearity in this time range which are ueually amall but notlceeble.
Consequently, preclee values of D* and Da sre not obtainable; thoee given
in fig. 2 should be trssted as indicative only. With thie ressrvstion,so-
me features of fig. 2 ara noteworthy. In particular, the Xinea of d*/&

e"max/*min Amax/~min

- . «© . N
Fig. 2. Indicative values of (a) D~/D and (b) D/D derived from numeri-
cally coaputad kinatic curves



- 88 -

and Dj/D for various H(y) follow the e-mma order [by contrast with sya-
metrical sorption, see fig. 7 of ref. (I)j and they deviate froa unity in
oppoeito senses (cf. sose pertinent experimental observations [6, 10] ) or
soastiass, in the saae sense depending on the functional fora of H(y)-

Coaparison of eqn (14) with egn (27) shows thst the analytical treat-
aent accounts for the aforeaentioned non-linearity of the early-tiee plots
of fig. 1(a) and predicts thst it should be aost pronounced in esses Cl
and C2, where $2(1)/$0(1) ie the largast [see tsble 1 in ref. (1)]..This
is confiraed by the nuaericel results. The results of detailed calculat-
ions with sqn (14) ars given in fig. I(b) for direct coaparison with fig.
1(a). Ths shape of ths numerically coaputed lines is reproduced correctly
at saall % snd so is their relative position, including the fact that the
C2 plot lies below the lIdeel one and shows a tendency to croea it at low
t. The calculated values of o] snd Da [cf. egqn (14) snd (27)]

d“/d - $0(ir2

4370 - [H(OYh(I)T 172[1 + 2$2(1)t/$0 ()] 2 (33)

are shown in fig. 3" for direct coapariaon with fig. 2. As can be ssen
froa these figures and the sbove results, ths analytical traataent aeets
with s large aeasurs of succsss in the preeent context.

As already pointed out in the previous ssction and iaplled by egn (45)
of ref. (I) and by egn t30), early-tiae plots of Qa(0,t)/Q«. or AQa(0,t)/Q,
according to egn (30) will slaply reproduce the corresponding curvss for
unsyaaetrlcal sorption [I]. On the other hand, the analogous plots of
AQa/AQj,, [according to egn. (31)] taken in paira [pertaining to H(y) and
H*(y)J see egn (10)J yield the corresponding Hj/H,curves for syaaetrical
sorption. Fig. 4 shows that ths relative location of the AQa/AQax curves
of the H(y) and H*(y) functions taken separately is ths saas as that of
the rsspsctlve curves in fig. 3 of ref. (I). The fig. 4 plots for
sach pair of H(y) and H*(y) functione tend to dsviate froa the ideal one
either In the saae sense (A2, 81, B2 and, of courss. Cl and C2) or, aore
rarely, in oppoaite ssnsee (Al arid A3). This feature enablee one to dle-
crlainata between different functional foras of H(y) which tsnd to produ-
cs siailar kinds of dsvlatlon of the Ma plot froa the ideal one [e.g. Al
and A2, cf. fig. 3 of rsf. (I)]. Similarly, MasM,, earply-tiae curvestend
to be concave (convex) upward whan they deviate froa the ideel line nega-
tively (positively). In fig. 4, one case (A2) aay be noted, where the
early-tiae curve llee above the ideal one but tends to be concave upward.

Fig. 3. Veluee of (a@) Dj/D and (b) 04/D calculated by egn (330

AQ“/AQ

Fig. 4. Nuaerically coaputed AQj/AQt, curves for H(y) (———-- ) and
(——-) Tfunctions plotted according to egn (29) for HBax/Hain « 13

H*(y)



LATEVFIME PERMEATION KINETICS

Tai? fuiaerical results, exaaples of which are glvan In fig. 5 and 6,
are in accord with the requlreaent of the snalytlcsl treataent (ef. theo-
retical section) that plots of the type of eqn (30) - (32) should be li-
near snd

°5 ¢ °7 * °8 * D2M"

Ths latter paraaster has been studied in ref. (I); hence we need concern
oursslvss hsre only with 1], 1® and 1g, the coaputed values of which are
shown in fig. 7.

Only two of the plots of eqn (30) - (32) are Independent, of course.
Coabination of egqn (8), (30) - (32) and (34) gives the relation between
i“. I£ and 1] as

ig - InftQ™/AQf._Msxp + **p r7>]*

Fig. 5. Nuaaerically coaputed dQj/IQi curves for H(y) (-—--- ) and H*(y)

In fig 5, the lines for the corrssponding H(y) and H*(y) functions lis (——-) functions plotted according to eqn (32) for * 13

close together, so that the general pattern in either case is [cf. eqn
(10)] ths saas as that for syaaetrical sorption [I]. Coaparlson with ths
behsviour at saalldiscusssd above (fig. 4) shows soas differences in
detail. Thus, devletlons of H(y) snd H*(y) lines froa the ideal one in
opposite senses ars not seen hers. The psttsrn preesntsd by ths Ig plots
of fig. 6 is very siailar, except, of course, for the absence of flow re-
versal effecta [cf. egn (5)]- In fact, the 1] lines for various H(y) func-
tions [fig. 7(b)] follow the saas ordsr as the corresponding 1~, lines
[fig. 7(b) of ref. (1)]- However, when the sign of ths dsviatlon 1| - 1°
is taksn into account, the behaviour of Ig aay be deecrlbed aore accura-
tely as the inveree of that of 0* [fig. 3(a)]. The ij lines for H(y) and
H*(y) [Ffig.- 7(a)] taksn separately aleo follow ths order of the IgM lines
as axpscted froa the discussion of the relevant plots given abovs. Froa
sgn (10) and (32) the relation between 1”7 and I£ is found to be

12M * In [(AQS/Q«.)®XP r8 + toQ-A!_Jsxp if].

When the ij lines of the H(y) and H*(y) functions are taken together, the

pattern which eaerges is very close to that for I£ in unayaaatrlcal sorp-

tion [Ffig. 5(b) of ref. (I)] , with the exception of Cl. FlInslly, ths be-

haviour exhibited by 1* [fig. 7(c)] aay be described as approxlaetely the

inverse of that of D* [fig. 5(a) of ref. (D}. Fig. 6. Numerically coaputad Q*(l,t) ourvas plotted according to egqn GO
Calculation of 1] by egn (19) in conjunction with eqn (32) [cf. fig. 8

(@] reproduces the pattern of the nuaerlcal results [fig. 7(a”satisfac-

torily. Siailar succes was achieved in the calculation of I* by asans of

for "aax™aln * 5< >or « (----)



LATEVFIME PERMEATION KINETICS

Tki»":mumerical results, exaaples of which are given in fig. 5 and 6,
are in accord with the requirement of the analytical treatment (ef. theo-
retical section) that plots of ths typs of egn (30) - (32) should bs 11-

nsar and

°5 Y °7 Y °6 " °2M" (34)

The latter paraaeter haa been studisd in rsf. (1)j hsncs ws nsed concern
ourselvee here only with 1®, I* and lg, the coaputed velues of which are
ehown in fig. 7.

Only two of the plots of egn (30) - (32) are independent, of course.
Coabination of egn (8), (30) - (32) and (34) gives the reletion between

1®, 1™ and I* as

18 + a*P  1* ) e

In fig 5, the lines for the correeponding H(y) and H*(y) functions lis
closs together, so that the general pattern in either caae is [cf. eqn
(10)] the eaae es that for ayaaetrical sorption [I]. Comparison with ths
bshsviour at aaalldiscussed above (fig. 4) shows soas differences in
dstail. Thus, dsvistions of H(y) and H*(y) linee froa the ideal one in
opposits senses are not aaen here. The pattern pressntsd by ths Ig plots
of fig. 6 is very eiallar, except, of couree, for the absence of flow re-
vsrssl effects [cf. eqn (5)]- In fset, the I£ lines for various H(y) func
tions [fig. 7(b)] follow the saae order as the correeponding lines
[fig. 7(b) of ref. (1)]. However, when the sign of the deviation I] - Ig
is taken into account, the behaviour of Ig aay be describsd aors accura-
tely aa the inverse of that of D* [fig. 3(a)]- Tha ij linee for H(y) end
H*(y) [Ffig. 7(a)] taken separately also follow ths order of ths I*M lines
as expected froa the discussion of ths relevant plota given above. Froa
eqn (10) and (32) the relation between 17 and I£ is found to be

J2M " In [(A<E/Q0>*P 17 ¢ (AQ-/0exp if].

When tha 1] lines of the H(y) and H*(y) functions are taken together, the
pattern which eaargaa is very close to that far I£ in unayamstricsl sorp-
tion [Ffig. 5(b) of ref. (1)] , with the exception ef Cl. Finally, tha be-
haviour exhibited by 1* [fig. 7(c)] aay be described as approxlaately the
inverse of thet of o® [Ffig. 5(a) of ref. (}.

Calculation of I£ by egn (19) in conjunction with eqn (32) [cf. fig. 8
(@] reproduces ths pattern of the numerical results [fig. 7(a”satisfac-
torily. Similar succes wee achieved in the calculation of 1* by aaans of

Fig.

Fig.

5. Nuaaerically computed curves for H(y) ( ) and H»(y)
(---) functions plotted according to egn (32) for » 13

6. Numerically coaputad Q*(I.t) ourvea plotted according to agn (30)>

for "max/Amin * 5(- > « [(— )
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W maj

Numerically

Values

of

//mad/Hmin

(a) g
(32)

coaputed

values
-0,210, 1®
and (b) 1]
by sqgqn (25)

92 -

of

-1

calculated

and

(30),

Umax/Hmm

H max!H miu

by aeane of

respectively

eqn

(19)

and

- 93 -

eqn (i8) and (25) in conjunction with eqn (30) [cf. fig. 7(b) and 8 (b)].

Use of sqn (22) instsad of sqn (25), however, wes less satisfactory, the
respective results differing by ss auch as 15% in ' ths leaet favourable
cases. What is acre serious, the results froa egn (22) exhibited notice -
able variation of I* wupon flow reversal in violation of eqn (5). Egn (25)
le auch aore satisfactory in thie respect [although here too the confor-
aity to eqn (5) is not sxact, in contrast to ths bshaviour of sqgn (14)

snd (19)]. This is, no doubt, attributable to the fact that the derivat-
ion of sqn (25) avoids ths differentiajion step.[eqgn (20)] required for
eqn (22) and eaphasizss the need for care in applying the analytical tre -

ataent at long tiaea.

RELATION BETWEEN THE GENERAL PROPERTIES

OF H(y) AND OF S(X) AND DT (x)

The treata‘'ent applied here and in ref. (@D} has enabled us to describe
traneient sorption and peraeation kinetics in tsras of ths propsrties of
a single function H(y), which is related to OT(X) and S(X) through eqn

(7) and (I11) of ref. (l). The problea of passing froa H(y) to S(X) and

OT(X) is facilitated by the fact that the latter functione have a coaaon

physical origin, namely' sn axial gradation in aaabrane structure. A good
epecific exaaple of this is afforded.-by the systeas studied in our labo-
ratory, [6, 13] both thsorstically and experlaentally, which consist of e
gaseous psnetrent and a porous asabrana with a gradation in porosity. It
is essily and quite generally shown [5] that | f the axial structural non-
hoeogeneity is aonotonic or syaastrical about X « 1/2, so are S(X) and
D~tx), and H(y) awust, in turn, also be aonotonic or ayaaetrical about y »
« :1 reepectively. I f DI(X) and S(X) vary in opposit senees, the re -
suiting tendency of the coabined paraaeter DT(X) S(X) w ill deteraine that
of H(y). The aanner in which one aay thus drsw inforaetion froa kinetic
data about the properties of S(X) and OT(X) and ths structural non-hoao-
geneity of the aeabrane is illustratsd in ref. (6).

C ONCLUSI ONS

The above presentation provides a reasonably coaplete picture of the
possibilities of analysing transient peraeation kinetic data. A ttention
to tha potential practical usefulness of soae of these poeeibilities has
been drawn only vary recently [IO] and their full exploitation in experi-

aentel practice is yet to be deaonstrited.

Our aain task in the present paper was to discover whst kind of ussful
information can be expected froa kinetic analyses of this naturs for the
purpose of characterizing penetrant-aeabrans systeas exhibiting epatial

variation of diffusion propertiss along the axis of peraeation. The re -



suits reported above indicate that the information which can be derived
in such cases partly parallsls and partly augments that obtainable froa
sorption Kkinetics. Thus, for example, eymmetrlcal sorption curves are he-
re decompossd into two branches (corresponding to opposits senss of flow)
the position of which relative to the appropriate ideal plot can provide
more detailed information about the nature of H(y)-

The extent to which the analytical asyaptotic approach is successful
here is comparable to that found in the case of sorption kinetics. Thus,
the general Kinetic properties sre again adequately represented.These in-
clude the identity of the coefficients Dg, D7, Og and 02M, the depsrture
of early-time plots according to eqn (27) from linearity end the flow re-
versal properties of various parameters. However, the analytical treat-
ment of late-time kinetica is subjsct to limitstlone which must bs taken
into account for the proper derivation of the relevant expressions, as
detai-
led kinetic analysis the asymptotic treatment la again found to be very

was shown in ths cslculation of I* above. For purposss of a more

useful, aa a rule, at the qualitative and semi-quantitative level.

The potential practical usefulness of tranaient-state kinetic analysis
for the qualitative or eeml-quantltative characterization of diffusion
systems with spatially varying diffusion properties has already been il-
lustrated in a preliminary way [6, 10] . The results of the
preceding papers provide much of the theoretical background neceesary for

present and

the full exploitation of this method as a diagnoatic tool in a manner
analogous to permeation time-lag analysis (5, 6].
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sent work, the Ministry of Education of Greece for a scholarehip to Z.G. ,
Mr 3. Petrou for his important contribution to the computer work and Prof.
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Cena zI ??,—

WYDAWNICTWA NAUKOWE | DYDAKTYCZNE POLITECHNIKI SLASKIEJ
MOZNA NABYC W NASTEPUJACYCH PLACOWKACH:

44-100 Gliwice — Ksiegarnia nr 096, ul. Konstytucji 14b
44-100 Gliwice — Spoétdzielnia Studencka, uL Wroctawska 4a
40-950 Katowice — Ksiegarnia nr 015, ul. Zwirki i Wigury 33
40-896 Katowice — Ksiegarnia nr 005, ul. 3 Maja 12

41-900 Bytom — Ksiggarnia nr 048, Pl. Kosciuszki 10

41-500 Chorzéw — Ksiegarnia nr 063, ul. Wolnosci 22

41-300 Dgbrowa Goérnicza — Ksiegarnia nr 081, ul. ZBoWID-u 2
47-400 Racibérz — Ksiegarnia nr 148, ul. Odrzanska 1

44-200 Rybnik — Ksiegarnia nr 162, Rynek 1

41-200 Sosnowiec — Ksigegarnia nr 181, ul. Zwyciestwa7
41-800 Zabrze — Ksiegarnia nr 230, ul. Wolnosci 288

00-901 Warszawa — Os$rodek Rozpowszechniania Wydawnictw Naukowych PAN —
Patac Kultury i Nauki

Wszystkie wydawnictwa naukowe i dydaktyczne zamawia¢é mozna poprzez Skiadnice
Ksiegarskg w Warszawie, ul. Mazowiecka 9.



