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Stanisław ŁU KA SIK 1

COMPLEX OPTIMISATION OF MULTISTAGE TRANSPORTATION SYSTEM

We study of applicability and tractability of dynamic programming procedure, for complex 
optimization of multistage transportation systems. Formal mathematical! description of that class of the 
systems, leeds to multistage mixed (discrete -  continuous) optimization, with nonstandard constrain’s 
operators.

KOMPLEKSOWA OPTYMALIZACJA WIELO - ETAPOWEGO 
SYSTEMU TRANSPORTU

W referacie są rozważane kategorie decyzji wspierających modele służące zarządzaniu 
transportem. Tematem badań jest mocno ograniczony w czasie proces wielo -  etapowego transportu. 
Ogólny schemat dynamicznego programowania określa bazę pojęciową proponowanych algorytmów. 
Praktyczna motywacja pochodzi z dystrybucji czasopism, żywności lub wieloetapowej spedycji.

1. INTRODUCTION

This paper provides an optim isation tool to minim ize global cost over one cycle of 
multistage transportation. Prospective users include designers of decision support systems for 
m ultistage transportation systems like newspaper distribution, multistage spedition and food 
distribution. The com m on structural property o f that systems is an operating chain, consisting 
o f :

sorting -  transportation - transshipm ent -...- detail transportation.
The other im portant property is presence o f strong terminal - tim e lim itation o f the above 
process. W e put the model o f the considered system into a classic, mixed (continuous -  
discrete) optim isation formula

m in ^ O „ (x (n ) ,  u(n), v(n)) (1)
nc-N

x (n+ l) = A , (x(n),u(n),v(n) ) ,  n = 1,2,...N-l (2)

G „(u(n),v(n),v(n-l),x(n))<0 , n =  1,2,..N -l (3)
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C ,W W ))S 0  (4)

x(0)- fixed, x(N) -  partialy fixed.

where: x(n), n e  N , is a mixed state, n is index o f the stage, u (n )eD  - denote discrete decision 
variables, D is a partialy ordered discrete set (discrete greed), and v(n), v (n-l) denote decision 
variables.

Any real m ultistage transportation system needs in origin specification and detalization o f the 
model (l)-(4 ). Below, we present such a specification, for a four - stage distribution system. 
The objective function (1), express a total sum o f costs, including costs o f transportation and 
sorting (transshipm ent) stages. By the nature o f the considered process, an algorithmic 
approach, basing on the dynamic programming, supported by an efficient procedure of 
reduction o f the adm issible sets, seems to be proper. The aim o f the paper is to study of 
tractability o f that approache. In the most cases, one has to settle for a suboptim al decision 
scheme, improoving the existing solution, that strikes a reasonable balance between 
convenient im plem entation and adequate performance.
The paper is structured as follows. In the next section we specificate a formal model of f o u r -  
stages distribution process, practically m otivated by a newspaper distribution.
In section 3 we discuss the idea of optim isation, based on dynamic program m ing scheme. 
The algorithm ic scheme is given in section 4. In section 5 we conclude the paper, with a 
summary o f our considerations, and suggestions for future search topics.

2. TH E FOUR - STAGES M ODEL OF DISTRIBUTION

W e consider a four - stage process (1) - (4), consisting o f the operations: 

ag g reg a tio n  a n d  so rtin g  -  t ra n sp o r ta tio n  -  tra n ssh ip m e n t an d  dezagg reg a tio n  -  de ta il t r a n sp o r ta tio n  (5 )  

T he above process is perform ed on the road network , represented by the standard graph

r  = {l ,E,D),  (6)

where I ={i} is the set o f nodes, E=(e} is the set o f arcs, and D = ( d lj} is the set o f lenghts of 
a r c s .
W e distinguish som e subsets o f the set o f nodes I. The set S (0 )e  I is the set o f depotes, 
sending o f consignm ents qSi0)S{5), adressed to S(5) c  I - where S(5) is the set o f destination

depotes o f consignm ents qpHi), S ( l)  c  I - the set o f sorting and aggregating depotes, S(3) -  

the set o f transshipm ent depotes. The destination set S(5) is decomposed for subsets a s(3), 

subordinated to the depotes s(3) 6 S(3);

S (5 )=  U a i(3) ’ c t j ( 3 ) p]o-"J(3)= 0 ,  V a-;(3),o-;(3)e  S(5) (7)
i(3 )e S < 3 )
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The discrete -  continuous state of the system is x(n)=
x (n) 
x2(n)

where x 1 (n) describes position of the consigm ent q (n), (depote s(n) eS(n), or sending 

stand m eM (n ), attached to the k-th route k e iT (i(n ))), on the stage n,

, . . 1 -i 'f  consigment q (n) reaches the s - th depote at the stage n .  , „ r
\n),s(n){yi) =s . , for ri— 1, 3, 5,X  *(.

0 -  otherwise

and x1 ,(„),* (n) =

1 — if consigment q (n) reaches of the sending stand of the route k e  K(n) ^ 4

0 -  otherwise

as x 2 (n) , determ ines tim e of reaching one o f that positions.

N ote that consignm ents set Q(n) =  {q(n)} evolutes along the process (5);

Q(n) =
( Q s(0)s(5) )S(0)6 S(0 ) f°r n  - 1 > 4, 5

^  !<5>6S(5) rst
! Z  V <s )pep -  for n= 2-3 ’

5(5 )6  0 ,0 ) s(3 )eS (3 )

In the other words, on the stages n = 2, 3 we operate with aggregated parcels 

q (n)= Z v » ’ therefore dim x(n) = 2 |P |» |S(3)|, n = 2, 3 .
s(5)eff1(j )

W e specificate now the model (1) - (4) for the considering four - stages system (5), beginning 
with definition of the decision variables and parameters:

T(n) = [ J  T s (n) denotes adm issible set o f routes on the stage n,

where :T s(n) (n) -  subset o f routes based on the sorting centre s(n), T J(n) (n) =  { t ‘(n)} 

and t kHn)= < 2*, r* > , z sr={T°k } - time table o f the k-th route,

2 ' = ( i“(n),ij (n + l),5j (n + eS(n), eS(n + 1) - the k-th route, k e K { n ) ,

equivalent to the decision 's set <  • — > >
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< . > )  = { 

»2 *,„(«)=

- if  the k - l h  route leaving the node ie lv is ite s  node j e l,  k e  K(s(n)), s (n )e S (n )

O -o therw ise

n = 2, 4,
11—if the loading capacity G m, w eW , is assigned to the route k(s) e  K (s(n)), s (n )e S (n ),

O -otherw ise

n = 2, 4,
v k (n)= T°k - starting time of the k-th route, n = 2, 4,

II—if consignm ent q (n )is assigned to transport route, k e K ( n  +  l) ,

« = 1,3,

0 -o th erw ise

 ̂  ̂ f 1—if the num ber o f sorting stands o f  the depote se S (n )  isequal M, ^

0 -o th e rw ise
u 5 \  =

- i f  the m - t l i  sorting stand is selected forservice o f the k - t h  route k e K ( n - l )

O -otherw ise

n = 1,3,
© - maximal adm issible time o f spedition from the starting, to the final stage, 
y(u4"'(n), «5"'j,*(n))- time o f expectation in the queqe for sorting ( transshipm ent ), as a 
function of decisions u4 ,u5 , £(m)„ -operating time o f sorting ( transsh ipm ent) ,  n= l,3 , 

k °,k ' - unitary costs o f the sorting centre and sorting stand, k 1 -  unitary cost o f initiation of 

k-th route, rj(u2k)- unitary ( per 1 km ) cost o f transportation for k-th route, fl(n) = {/r(/i}} - 
the set o f indexes of the consignm ent on the stage n.
M oreover we define

**<,'+!)2 ^hU xl w  1,2ton 1) I xl (n) u ^ n>0i , 
and * kt,n\)2= m ax {x l (n +1) k3 J(ji+i) I x ] (n) i/3 " „ +1) >0} , keK(n + 1).

/T611 (a +1) *

2.1. THE FORMAL OPTIMIZATION MODEL

Determine

min
h 1,m2 .m3,n 4 ,w5, i

satisfying:

^ ( ^ ( n l  + u V fn )  +<x" ^ ( ( x k2 - x ; ) ) + ^ u li # ) ¥ )  + d i K i ) )  (9)
ne{1.3} k eK (n + l) i e l  je  I

i , , n J l- if :u3jn)(n)»x',(»).,(„)(n)=l
0 -  otherwise

^•(n)en(M), n = 1 ,3 , (10)

C2*(„)(n + l)={X‘(n>2 + ̂ u4"<">’u5”>9n)(n))- if i(n) (n) * X1 s(n),s(n) (n) = 1
(»-otherw ise
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>-‘f :Z  Z xU ) , W u3 ^ n+1) = l.
seS (n) keK (s(n))

0 -  otherwise

n = 2 ,4 , (11)

x 2gw(n + , J J x 2»(n)(n)+ u3k(n)(x“r- v , r ) -  i f : u3k(n)(n) • x 1 *„),*<„>(n) = 1 
i oo -otherwise

x»(N)(N ) <i 0 ,  7t(N )e n ( N )  , (12)

v> )  ^ x k(n+1)2 + Y(u4sM, u 5 kk(n)) +4„ (m ) , k e  K(s(n)), s(n )eS (n ), n = 2 ,4 ,  (13)

Z u 3 : u ) q„(n) < G k(u 2 kw( n ) ) , k 6 K ( n ) , n  = 2 ,4  (14)
x(n)en(n)

Z ^ ' t o  = 1 ,keK (n), n = 2, 4, (15)
jej(ntl)

Z “ * * J(n) = Z u U'(n) >i e S(n), k 6 K (n), n = 2, 4 , (16)
jeS(»-l)usi jcS(n-l)us°

Z  u3*0 <n) x W<n>(n +1) * 1. X(n) e n (n ) , n= 1,3 , (17)
kcK(n)

W ( * )  e t a u ,  uluk (n)e  (0,1), u2"' (n)e{0,I,2,.., W), u3xk(n)(n)e  (0 ,1 ).

Reasum ming:
-  decisions concerned o f sorting operations, are the following: num ber o f sorting stands 

(u3), assignm ent o f consignments to the next-step sorting depotes (u4), and assignment of 
the previous stage routes to the sorting stands (u5).

-  decisions concerning o f tm sportation stages are; routes indexes (u l) , loading capacities 
(u2), and starting time o f the routes (v t ),

-  form ula (9) define the objective function, equations (10), (11) describes transition of the
state, relation (12) limites total time o f transportation, relation (13) determ ines starting 
tim e o f the k-th route, (14) -  limites loading o f trues, (16) - that route have started and
continue a trip, and relations (15), (17)- ensures spedition o f all consignm ents, at all
stages.
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3. TH E APPROACH

Consider the dynamic programming recurrential scheme for the multistage problem

R em ark  1. N ote the following properties of the above procedure:

-  solution o f (18) needs in parametric (postoptim al) analysis o f the Bellm an function 
V(x(n+1)), in respect to discrete ( x 1 (n+ 1 )) and continuous param eter ( x 2(n+ l)),

-  in order to obtain param etric characteristics V(x(n+1)), we have to determ ine discrete 
gradients V ( x(n +1)), in respect to x'(n + 1) (see [3]), and L -s tep  stability radius

A(V(x(n + 1), x 2(n + 1)) (see [4]), in respect to x 2(n + 1),
-  the adm issible set o f one-step iteration o f the procedure (18) have been outlined by the 

above parametric characteristics,
-  assum ing fixed structure o f decom position (7), we in act determ ine a fixed values o f x '  (5) 

and x 1 (3), in result V(x(n)) becomes a function o f continuous param eter x 2(n),

-  a crutial im portance has the constrains (12 ), lim iting total tim e of transportation of 
consignments, from  the starting to the final stage of transportation.

R e m a rk  2. A basic algorithm ic assmption of the presented approach, is to construct a method 
of improvement o f the global cost efficiency, o f a realy existing tm sportation system, 
therefore we use the existing in the practice scheme o f decisions, as a starting point of the 
developm ent o f the iterative procedures.

In light o f the com ments made above, the method o f solution o f the considered problem 
may be summ arized by the following algorithm. 
step 1. Assume:

- th e  initial solution x(n),u(n),v(n), n = 1,2,3, 4, 
step 2 .

n = N -l, solve the distribution problem  , o f the N -l-th  stage:

V(x(k)) =  min(^(x(n + l),w(rt),v(n),)+V(jc(n + l)))-- under (10) - (17),

for n = 5, 4, ...,1 (18)

for n = 2 ,4 ,

4. GENERAL SCHEME OF TH E ALGORITHM

V (x  (N -l)) = min - V Ÿ d *  +u\°k( , N - \ ) k ] ) -
i€/ jet

satisfying (11) - (17),
under fixed x ¡r(N) (N), n{n) e  FI(N ),
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step 3.
determ ine the local approxim ation o f the paramertric charcteristic 

V ( x ,x ) ,x  e 'f 'f  x ), for the continuous ( x 2(N -l)), parameters, on the envelope set 

TM( x (2 )), as the L- step stability radius for x 2 (N -1), 
step 4 .

N  =  N-2. Solve the problem 

V ( *  (N-2)) =

4 min ^ ( x r ° ( N - 2 ) + u 3Kl ( N -2 )  + (a "  £ ( x k2( N - l )  - x 2( N - l ) ) )  + V (x ( N - l ) ) -
“  «6(1,31 k eK (n + l)

satisfying (10), (15), (17),
under fixed x(n-1) =  x(n -1), and for x(n +1) 6 T 4 ( x ), 
step 5 .

determ ine the local approxim ation of the param ertric charcteristic 
V ( 3 r w ) ,x 3 G ¥ ( jE ) ,  e ^ 3 ( i ) ,

for continuous ( a;2 (N-2)), parameters , as the L- step stability radius for x 2(N -l),l 
on the envelope set T '( x ) ,  
step 6 .

n = N-3.= 2. Solve the augmented - transportation problem:

v <* <2» =  +v<*<3» -

satisfying ( 10 ) - ( 17 ),
under fixed x ^ f N ) ,  x(n)g[l(JV ),

step 7.
determ ine the local approximation o f the paramertric charcteristic 

V ( ? , i ) , x  e T 'f  x ) ,  for discrete ( jc '(N -I)) and continuous ( x 2(N-1)), parameters, on the 

envelope set ¥ (  x ) ,  as the L- step stability radius for continuous x 2(N -l) and as the L-step 
greedy rows, for discrete variable x '  (N -l), 
step 8 .

n =1- solve the problem 

.« « n S u r »  Z ^ »  + u V ( ,) ♦ («■ Z < x k2(l) -« S O » )  + V(x(2))-
«<={1.3} k eK (n + l)

satisfying (1 0 ), (15), ( 17),
under fixed x (l)  = x(l), and for x(2) e KV2( x ) ,

STOP
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5. CONCLUTIONS AND REM ARKS

In order to sim plicity, we present an sligthly reduced form  o f the optim iaztion model. 
M ore detail description o f the considered process, first o f all needs in involwing queqes 
theory for specification o f the sorting and expectation tim e function y(«4"' u5ms,k). 
Prelim inary num erical results have been com puted, for a real multistage distribution system 
[5], A  natural extention o f presented model is to form ulate an optim ality oriented structural 
adaptation procedure, o f the considered system. Involwing a structural decision variables, 
expressing o f the decom position (7):

f 1—if the s - t h  sortingcentre s e S ( n + l ) ,  is hierarchically subordinated o f the cen trec eS(n

O-otherwise

one can develop a hierarchical structural optim ization procedure ([6]).
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