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COMPLEX OPTIMISATION OF MULTISTAGE TRANSPORTATION SYSTEM

We study of applicability and tractability of dynamic programming procedure, for complex
optimization of multistage transportation systems. Formal mathematical! description of that class of the
systems, leeds to multistage mixed (discrete - continuous) optimization, with nonstandard constrain’s
operators.

KOMPLEKSOWA OPTYMALIZACJA WIELO - ETAPOWEGO
SYSTEMU TRANSPORTU

W referacie sa rozwazane Kkategorie decyzji wspierajacych modele stuzace zarzadzaniu
transportem. Tematem badan jest mocno ograniczony w czasie proces wielo - etapowego transportu.
Ogélny schemat dynamicznego programowania okre$la baze pojeciowg proponowanych algorytméw.
Praktyczna motywacja pochodzi z dystrybucji czasopism, zywnosci lub wieloetapowej spedycji.

1. INTRODUCTION

This paper provides an optimisation tool to minimize global cost over one cycle of
multistage transportation. Prospective users include designers of decision support systems for
multistage transportation systems like newspaper distribution, multistage spedition and food
distribution. The common structural property of that systems is an operating chain, consisting
of:

sorting - transportation - transshipment -...- detail transportation.
The other important property is presence of strong terminal - time limitation of the above
process. We put the model of the considered system into a classic, mixed (continuous -
discrete) optimisation formula

min”0,(x(n), u(n), v(n)) 1)

ncN
x(n+l) = A, (x(n),u(n),v(n)), n=1,2,..N-I 2)
G,,(u(n),v(n),v(n-1),x(n))<0 , n=1,2,..N-I 3)
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x(0)- fixed, x(N) - partialy fixed.

where: x(n), ne N, is a mixed state, n is index of the stage, u(n)eD - denote discrete decision
variables, D is a partialy ordered discrete set (discrete greed), and v(n), v(n-l) denote decision
variables.

Any real multistage transportation system needs in origin specification and detalization of the
model (1)-(4). Below, we present such a specification, for a four - stage distribution system.
The objective function (1), express a total sum of costs, including costs of transportation and
sorting (transshipment) stages. By the nature of the considered process, an algorithmic
approach, basing on the dynamic programming, supported by an efficient procedure of
reduction of the admissible sets, seems to be proper. The aim of the paper is to study of
tractability of that approache. In the most cases, one has to settle for a suboptimal decision
scheme, improoving the existing solution, that strikes a reasonable balance between
convenient implementation and adequate performance.

The paper is structured as follows. In the next section we specificate a formal model of four-
stages distribution process, practically motivated by a newspaper distribution.

In section 3 we discuss the idea of optimisation, based on dynamic programming scheme.
The algorithmic scheme is given in section 4. In section 5 we conclude the paper, with a
summary of our considerations, and suggestions for future search topics.

2. THE FOUR - STAGES MODEL OF DISTRIBUTION

We consider a four - stage process (1) - (4), consisting of the operations:
aggregation and sorting - transportation - transshipment and dezaggregation - detail transportation (5)

The above process is performed on the road network , represented by the standard graph
r ={I,E,D), (6)

where | ={i} is the set of nodes, E=(e} is the set of arcs, and D = ( dlj}is the set of lenghts of
arcs.

We distinguish some subsets of the set of nodes I. The set S(0)e | is the set of depotes,
sending of consignments Si0)S{5), adressed to S(5) ¢ |- where S(5) is the set of destination
depotes of consignments gpHi), S(l) ¢ I - the set of sorting and aggregating depotes, S(3) -
the set of transshipment depotes. The destination set S(5) is decomposed for subsets as(3),

subordinated to the depotes s(3) 6 S(3);

SB)= Uaig: ey PJO-"J@)= 0, Va-i(3),0-(3)e S(5) ™

i(3)es<3)
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x (n)

x2(0)

where x1(n) describes position of the consigment q (n), (depote s(n) eS(n), or sending
stand meM (n), attached to the k-th route keiT(i(n))), on the stage n,

The discrete - continuous state of the system is x(n)=

, . 1-i'f consigment reaches thes - th depote at the stage n . r
x +(n),s(Hyi) =s gment 4 : P N forri1,3, 5,
0- otherwise
and  x1(,),*(n) =
1—if consigment q() reaches of the sending stand of the route ke K(n) N4
0 - otherwise
as  x2(n),determines time of reaching one of that positions.
Note that consignments set Q(n) = {q(n)} evolutes along the process (5);
(Q©s65) )56 o) forn- 14,5
Q(n) = A B&RH rst
' Z V<s)pep - for n=2-3”
5(5)6 0,0) s(3)eS(3)

In the other words, on the stages n = 2, 3 we operate with aggregated parcels

gh)= Z v »’ therefore dim x(n) = 2 |P|»|S(3)], n=23.
s(5)eff1j)

We specificate now the model (1) - (4) for the considering four - stages system (5), beginning
with definition of the decision variables and parameters:

T(n) = [J Ts(n) denotes admissible set of routes on the stage n,

where :Ts(n)(n) - subset of routes based on the sorting centre s(n), T Jn) (n) = {t‘(n)}

and t kKn)=< 2%, r*>, zs=Tk } - time table of the k-th route,

2'=(i“(n),ij(n+1),5] (n + eS(n), eS(h+1 - the k-th route, keK{n),

equivalent to the decision's set < - — > >
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-if the k-1h route leaving the node ielvisites nodejel, k e K(s(n)), s(n)eS(n)

<- >) = { O-otherwise
n=2,4,
»2*,"(«):11—” the loading capacity G m,weW, is assigned to the route k(s) e K(s(n)), s(n)eS(n),
O-otherwise
n=2,4,
vk(n)= Tk- starting time of the k-th route, n=2,4,
if consignment q(n)is assigned to transport route, keK (n +1),
«=13,
0 -otherwise
A A f1-if the number of sorting stands of the depote seS(n) isequal M, "

_ -if the m-tli sorting stand i8 -sdleetwdisforservice of the k-th route keK(n-1)
us\ = O-otherwise

n=1,3,
© - maximal admissible time of spedition from the starting, to the final stage,
y(ud"'(n), «5"™j,*(n))- time of expectation in the quege for sorting ( transshipment ), as a
function of decisions u4 ,u5 , £(m),, -operating time of sorting ( transshipment), n=1,3,
k° k" - unitary costs of the sorting centre and sorting stand, k1- unitary cost of initiation of
k-th route, rj(u2k)- unitary ( per 1 km ) cost of transportation for k-th route, fl(n)= {/r(/i}} -
the set of indexes of the consignment on the stage n.
Moreover we define

IR ANU xlw 12on) IXE() u ™ n>0i

and * kt,n\)2= B £x1(n +1) k3JGi+) Ix](n) i/3",+) >0} , keK(n +1).

2.1. THE FORMAL OPTIMIZATION MODEL

Determine
min AN (nl+uVifn) +=xX' AM((xk2-x;))+ MNuli# ) ¥ ) +diKi)) (9
hLm2.mEnd w8 1o 3y KeK (n+1) iel jel
satisfying:
i, o, n Jl-ifu3jn(n)»x,().6)(n)=l

0 - otherwise
Ne(n)en(M), n= 1,3, (10)

Q)0+ D=X"@2+ ~ uA=EUETANM)- I IO XPPO=1

(»-otherwise
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>-F:Zz Z xU),Wud3 ™ nd=L

seS(n) keK(s(n))
0 - otherwise

n= 2.4, (11)
x2gw(n +,Jd) x 2»(n)(n)+ u3k(n)(x“r-v ,r) - if: u3kn)(n) ¢ xI*)*>Xn)=1
i 00-otherwise
x»(N)(N) <i0, 7t(N)e n(N) , (12)
v> ) Ax k)2 + Y(uddu5kk(n)) +4, (m) , ke K(s(n)),s(n)eS(n), n=2,4, (13)
Zu3d:u)qg,M <G k(u2w(n)),k6K (n),n=2,4 (14)
x(nen(n)
Z ™ 'to =1keK(n), n=2, 4, (15)
Jei@th)
Z “**)(n) = Z uU'(n) SeS(n), k6K(n), n=2, 4, (16)
jeS(»-l)usi jeS(n-lus®
kaK(n;JS*O ) xW<n>(n+1) *1. X(n)en(n), n=13, a7

W (*) etau, ulk(n)e (0,1), u2"™ (n)e{0,1,2,.., W), udk(n)(n)e (0,1).

Reasumming:

- decisions concerned of sorting operations, are the following: number of sorting stands
(u3), assignment of consignments to the next-step sorting depotes (u4), and assignment of
the previous stage routes to the sorting stands (u5).

- decisions concerning of tmsportation stages are; routes indexes (ul), loading capacities
(u2), and starting time of the routes (vt),

- formula (9) define the objective function, equations (10), (11) describes transition of the
state, relation (12) limites total time of transportation, relation (13) determines starting
time of the k-th route, (14) - limites loading of trues, (16)-that route havestarted and
continue a trip, and relations (15), (17)- ensures spedition of allconsignments, at all
stages.
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3. THE APPROACH

Consider the dynamic programming recurrential scheme for the multistage problem

V(x(k)) = min(*(x(n + I),w(rt),v(n),)+V(jc(n + I)))-- under (10) - (17),

for n=5, 4, .1 (18)

Remark 1. Note the following properties of the above procedure:

- solution of (18) needs in parametric (postoptimal) analysis of the Bellman function
V(x(n+1)), in respect to discrete (x 1(n+1)) and continuous parameter (x 2(n+1)),

- in order to obtain parametric characteristics V(x(n+1)), we have to determine discrete
gradients V(x(n+1)), in respectto x'(n +1) (see [3]), and L-step stability radius

AV (x(n + 1), x2(n + 1) (see [4]), in respect to x2(n + 1),
- the admissible set of one-step iteration of the procedure (18) have been outlined by the
above parametric characteristics,
- assuming fixed structure of decomposition (7), we in act determine a fixed values of x' (5)
and x 1(3), in result V(x(n)) becomes a function of continuous parameter x 2(n),
forn=2,4,

- a crutial importance has the constrains (12 ), limiting total time of transportation of
consignments, from the starting to the final stage of transportation.

Remark 2. A basic algorithmic assmption of the presented approach, is to construct a method
of improvement of the global cost efficiency, of a realy existing tmsportation system,
therefore we use the existing in the practice scheme of decisions, as a starting point of the
development of the iterative procedures.

4. GENERAL SCHEME OF THE ALGORITHM

In light of the comments made above, the method of solution of the considered problem
may be summarized by the following algorithm.
step 1. Assume:
-the initial solution x(n),u(n),v(n), n=1,2,3, 4,
step 2.
n=N-I, solve the distribution problem , of the N-I-th stage:

V(x (N-1)) = min -VYd* +u\’k(,N-\)k])-
i€/ jet

satisfying (11) - (17),

under fixed x (N) (N), n{n) e FI(N),
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step 3.
determine the local approximation of the paramertric charcteristic

V (x,x),x e'f'f x ), for the continuous (x 2(N-I)), parameters, on the envelope set
TM( x(2)), as the L- step stability radius for x 2(N-1),

step 4.
N = N-2. Solve the problem

V(> (N-2)) =
4 min A(xr°(N-2)+u3KI(N-2) +(a" £ (x kZN-1) -x2(N-1))) + V(x(N-1))-
“ «6(1,31 KkeK (n+l)
satisfying (10), (15), (17),
under fixed x(n-1) = x(n-1), and for x(n +1) 6 T4(x ),
step 5.
determine the local approximation of the paramertric charcteristic
V(3rw),x3G¥(jJE), e~3 (i),
for continuous (a;2(N-2)), parameters , as the L- step stability radius for x 2(N-1),1
on the envelope set T'(x),
step 6.
n = N-3.= 2. Solve the augmented - transportation problem:

V<E 2»= +<*<By -

satisfying ( 10 ) - ( 17),
under fixed x *fN ), x(n)g[l(JV),
step 7.

determine the local approximation of the paramertric charcteristic
V (?,i),x eT'f x), for discrete ( jc'(N-1)) and continuous (x2(N-1)), parameters, on the
envelope set ¥ ( x), as the L- step stability radius for continuous x 2(N-1) and as the L-step
greedy rows, for discrete variable x' (N-I),

step 8.
n =1- solve the problem

««nSur» Z N » +uV () ¢(«m Z<xk(l) -«SO») + V(x(2))-

«<={13} KkeK (n+1)
satisfying (10), (15), ( 17),
under fixed x(I) = x(I), and for x(2) e K2( x),
STOP
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5. CONCLUTIONS AND REMARKS

In order to simplicity, we present an sligthly reduced form of the optimiaztion model.
More detail description of the considered process, first of all needs in involwing queqges
theory for specification of the sorting and expectation time function y(«4"" u5ms,k).
Preliminary numerical results have been computed, for a real multistage distribution system
[5], A natural extention of presented model is to formulate an optimality oriented structural
adaptation procedure, of the considered system. Involwing a structural decision variables,
expressing of the decomposition (7):

fl—if the s-th sortingcentre seS(n+1), is hierarchically subordinated of the centrec eS(n

O-otherwise

one can develop a hierarchical structural optimization procedure ([6]).
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