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O P T IM A L  C O N T R O L  O F  AN IS O L A T E D  T W O -P H A S E  IN T E R S E C T IO N

In th is  paper we consider an isolated tw o-phase intersection streets w ith  contro llab le  traffic lights 
on each corner. Isolated im plies that we will develop  signal control at the intersection w ithout considering  
adjacent intersections. W e construct a model that describes the evolution  o f  the queue lengths in each lane 
as a function o f  cycle. W e discuss how  optim al control can m inim ize queues in the oversaturation 
conditions. An algorithm  will be proposed to illustrate the results obtained.

O P T Y M A L N E  S T E R O W A N IE  
D W U F A Z O W Y M I IZ O L O W A N Y M I SK R Z Y Ż O W A N IA M I

W artykule  rozw aża się  w yizolow ane dw ufazow e skrzyżow ania ulic w yposażone w  sygnalizację 
św ietlną. W yizolow anie im plikuje, iż będzie opracow ane sterow anie sygnałam i na skrzyżow aniu  bez 
uw zględniania sąsiadujących skrzyżow ań. Z budow ano m odel, który opisu je zm ianę d ługości kolejki na 
każdym  pasie  jak o  funkcję  cyklu. R ozw ażane je s t optym alne sterow anie, które m oże m inim alizow ać 
kolejkę w  w arunkach przesycenia. Zaproponow ano algorytm  do zilustrow ania uzyskanych w yników .

1. IN TRODUCTION

As the num ber o f  vehicles and the need for transportation grow, cities around the w orld 
face serious road traffic congestion problem s. Costs include lost w ork and leisure time, 
increased fuel consum ption, air pollution, health prob lem s... In general there exist different 
m ethods to tackle the traffic congestion problem. The m ost effective m easures in the battle 
against traffic congestion seem  to be a selective construction o f  new  roads and a better control 
o f traffic through traffic m anagem ent. Traffic light control can be used to augm ent the flow o f  
traffic in urban environm ents by providing a sm ooth circulation o f  the traffic or to regulate 
the access to  highw ays or main roads.

Traffic light controls have been the subject o f  several investigations. In particular, [1] 
has shown how  an optim al traffic light sw itching schem e for an intersection o f  tw o streets can
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be determ ined. In general this leads to a m inim ization problem  over the solution set o f  an 
extended linear com plem entarity  problem  (ELCP). However, it is well know n that the ELCP 
is N P-hard problem . H ens, as claim ed by [1] this approach is no t feasible i f  the num ber o f 
sw itching cycles is large. [2] constructed m odels for oversaturation control. But their m odels 
are all continuous types and do no t address the problem  o f  optim izing cycle length. The only 
w ork that m erits our attention is [3], In that paper the authors have developed a discrete 
dynam ic optim ization m odels in term  o f  delay. The optimal cycle length and the optimal 
assigned green tim e are determ ined for the case o f  tw o-phase control.

In this paper, firstly, based on the w ork o f  [3]-[4]-[5] in w hich the authors calculate the 
delay during a period  o f  oversaturated  conditions in a crossroads, we adopt a m odel that 
describes the evolution o f  the queue lengths in discrete tim e according to the cycles. This 
m odel provides an im proved level o f  control by using better m odelling o f  traffic variables. 
Secondly, the problem  o f  finding the set o f  adm issible control to m inim ize the total length 
queue is considered in the entire oversaturated period. In order to apply the optim al control 
strategy w ith respect to real com portm ent o f  the system , an algorithm  will be proposed

2. D EFINITIO N  O F THE SYSTEM

W e consider an isolated tw o-phase intersection as shown in F ig .l. T here are tw o lanes 
and on each com er o f  the intersection there is a traffic light. H ence, there are tw o traffic flows 
o f  vehicles to be served in the intersection.

Fig. 1. Four-leg  intersection  with tw o-phase signal control
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To be able to present the m odel, a certain num ber o f  definitions are necessary:
Effect ive g reen  t ime

As a vehicle approaches an intersection displaying a red signal the driver decelerates 
and stops either at the stop line o r at the end o f  a queue Fig.2. W hen the signal turns green the 
driver accelerates until the vehicle reaches its desired or m axim um  possible speed. It is 
usually [6], [4] assum ed that after startup lost tim e the saturation flow rate rem ains constant 
until the beginning o f  the yellow  change interval. The effective green tim e is:

g c =g + y - w  = g + y - ( W i +w2) (1)

where the lost tim e W  is the sum o f  startup lost tim e W{ and clearance lost tim e W 2.

W\ Effective green, & ÏÏ2

H i ■ i
Red Green

Fig.2. Effective green tim e

Yellow Red

Rate  o f  saturation

Rate o f  saturation s  is defined as being the m axim um  num ber o f  vehicles being able to 
use the corridor w ithout interruption during the effective tim e o f  the green light g c .

Oversaturated condit ions

If arrival rate exceeds capacity, the intersection is oversaturated. A phase is saturated 
when a vehicle at least is constrained to aw ait m ore than one cycle to cross the crossroads. 
The crossroads is saturated w hen at least one o f  its phases is saturated. Form ally, the num ber 
o f arrivals A ( k )  during cycle k  e  N is  defined by the equation:

A{k)=A[kc]~A[(k- \ )c\  (2)

A[kc] is defined as the num ber o f  the arrivals at the end o f  the cycle. The departure rate is s

during the effective tim e o f  the green light g e , so that:

D(t + c) -  D(t) = s ■ g e (3)

where D { t )  is the num ber o f  departures at the instant t .  Fig.3 displays a case w here dem and

flow rate instantaneously increases above the capacity at the beginning o f  a cycle. The 
capacity curve C (7 )is  no t the saw -toothed departure curve D ( t ) ,  so that the area between 

A ( t )  and C ( t )  curves is the overflow  delay [7],
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Fig.3. M odel fo r overflow  delay

Let D j(c )  the num ber o f  the departures during the cycle k ,  then the condition o f 

oversaturation is defined by:

A(k)> D k(c) (4)

3. M ODELING

C ontinuous type m odels are lim ited in that the sw itch-over point does not necessarily  
occur at the end o f  a cycle, neither does the term ination o f  the oversaturated period occur only 
at the end o f  the final cycle. On the other hand, the sw itch-over points determ ined by a 
discrete model occur exactly  at the term ination o f  a cycle. D iscrete operation provides a 
sm ooth, regular, and ordered transfer o f  control. Calculating queue is m ore reliable. Fig.4 
illustrates the situation o f  queue during oversaturation and shows the duality  betw een the two 
phases. To keep this duality, it is necessary that the queue represented when the effective 
green tim e term inates at a certain cycle state k  .

X l(k+1)

X l(k)

kém e cycle

Fig.4. Q ueue o f  a four-leg  intersection  with tw o-phase control
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Let X2(k) be a queue length o f  approach 2 when the effective green tim e g^(k) term inates

at a certain cycle state k  . A ccording to Fig 4, the relation o f  the queue lengths betw een state 
k  and k +1 can be represented by  the follow ing equations:

X 2 (k+]) = X 2 (k) + A2 ( k ) - D 2 (k) (5)

where A2(k) = qr c,  represents the num ber o f arrivals during cycle k  and D2(k) = S 2-gc2(k)

the num ber o f  departures during cycle k  . The equation (5) becom es:

X 2(k+l) = X 2(k)+Q2- c - S 2-ge2(k) (6)
Sim ilarly, let x , ( k )  be a queue length o f  approach 1 when the effective green time 

=c-g,(/c) term inates at a certain cycle state k  . Then

X ^ k + \ )  = X l(k)+A]( k ) - D i(k) (7)

w h ere :
>  A](k) = qy ge2( k - l )  + qr ( c - g e2(k)) : represents the num ber o f  the arrivals at the end o f

c - g e2W -
>  D\(k) = Sv ( c - g e2(k) ) : represents the num ber o f  the departures at the end o f  c  -  g  ,(&) ■ 

The equation (7) becom es:

X\{k + \) = X\{k) + qyge2{k- \ )  + q y{ c -g c2{k) )~Sy{c-ge2{k)) (8)

Let x  (k ) be the vector defined as Xt®=Q(f® X,(k)J, and U{k) be the vector o f  control

o f  the system  defines by  U ( k )  = (g, , ( k ) g r2( k  -  1 )) '. Then we can gather the tw o equations 
(6) and (8) in the follow ing matrix form:

X(k+\)  = A-X(k)  + B-U(k) + C  (9)

Where

' x m ,A=
'1 0“

, B= s\ -Q  Q , U(k) =
galik)

- c =
( Q - s J - c

X 2(k) 0 1 -¡2 0 J S e l t t-  0 . Q c

N otice that equation (9) is the linear form w ith respect to  the state variable and control. 
Hens, it is easily  am enable to m athem atical analysis. Therefore, we can efficiently com pute 
optimal traffic light control, w hich is the mean concern in the follow ing section.

4. O PTIM A L LIGHTS CON TRO L

C onsider the problem  o f  finding a control U(k)  which m inim ising on o f  the follow ing 
possible criterions (10) defined as:

N
► J, = ̂ x ( k ) -  the sum o f  the queues during oversaturated period.

k=o
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/V
> j 2 = Y ^ \ l 2 X 2(k) ' quadratic form o f  the queues length.

k=o

N
> y 3 = max ( £  X¡(k) )  '■ the queue length over the w orst queue.

1 *=o
subject to the dynam ic equation:

X( k  + \) = A X ( k )  + B U ( k )  + C  (11)

and the inequality  constraints o f  the form:

n  = {(U(k),X(k)) e  (R2 x jR2 /Umn < U(k) < t/ _ , X(k) > o} (12)

w here N  is the term inative cycle o f  the oversaturated period and Q  is a given set o f 
constraints.

M inim izing (10) subjected to (9), based on the optimal control theory [8], involves 
equivalently  to m inim izing the Ham iltonian form ula (13). The Ham iltonian form ula is defined 
as:

H(k)  = 0(k) + Ar (k + 1) [X(k)  + B U ( k ) + C ]  (13)

where A(k )  is the costate corresponding to x  (k)- N ow, the task is to find an adm issible 

sequence U ( k ) e  Q  such that (13) is m inim al subject to (12). A ccording to  the optimal 

control theory, if  an extrem um  o f  H  exists, it m ust satisfy the follow ing conditions:

= + + (14)
'  ’ d X ( k )  d X ( k )

— — -- = X ( k  + l )= X ( k ) + B U ( k )  + C  ( 15)
5/t(A + l)

_ d H _  = o (16)
8U (k)

where (j){k)\s the function w hich appears in the criterions forms. Equation (13) clearly

reveals that the relation betw een H  and the control variable U { k)  is linear. T his leads to:

- ^ —  = At {k + 1 )5 *0  (12)
dU{k)

Hens, equation (17) obviously  indicates that only the single control variable U { k )  can 

m in im iz e / / . In signal control, the control variable is related to  the effective green tim e w hich
should be taken as the value betw een predeterm ined upper and low er lim its. T his proposition
is clearly  a bang-bang control w ith a successive tw o-stage operation U mirl and (7ni„ :

U( k )  =  U min i f  kT (k +  \ )B > 0 

V ( k )  =  U m ax i f A T(k +  ] ) B < 0
(18)
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A t first glance, (18) indicates that the im plem entation o f  the control strategy is note 
problematic. H owever, the d ifficulty  arises in the determ ination o f  the initial value o f  A(k )  

which obeys the recurrent equation (14). This difficulty can be avoided by taking a set o f 
certain initials values o f  A(k )  that respects the maximal adm issible queue length w hich 

is defined by the oversaturation conditions. With this in mind, the follow ing algorithm  is 
proposed in order to take this consideration.

Step 1: Let * initiate A (0).

Step 2: W hen Ar (£+1)5>0 Do U(k)=Umii:.

W hen / (k+\)B<0  Do l_J(k)=Umt>.

Step 3: G ive ( X M,X„,)T, calculate X ( k ) .

Step 4: If Xi(k) = 0 or Xi(k)>Xi back to S tep l. A nd em ploying (14) to define a 

new  value o f  A(k )  to keep X i( k ) > 0 and X l( k ) < X i ■

Step 5: C alculate AT (A:) until k = N .
End.

A ccording to figure 4, step 4 indicates that the cum ulative output curves do no t intersect 
the cum ulative input curves for any o f  the approaches. This fact im plies that no queue 
becomes negative or zero before the end o f  the oversaturated period. If a queue becomes 
negative w hile the signal is green, the designed green tim e becom es invalid  due to the w aste 
o f  control time. In Fig.5 w e have plotted the evolution o f  queue lengths according to the 
algorithm and the constraints. C learly w e observe that X t(k) decreases rapidly  w hile XJk)  

increases slow ly until 90th cycle. Once x , ( k )  becom es zero the control is changed according 

to step 4. A fter 90th cycle x \ k )  increases until x l j m  =24 w hich is the m axim al value that 

we have perm itted, o f  cou rsex ,(k )  decreases in this case. All these observations indicate that 

the control strategy forces the queue lengths to  change according to constraints and m akes a 
flexibility to get out the oversaturation situation.

Fig.5. Evolution o f  the queues
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5. CON CLU SIO N

W hen the traffic flow  exceeds intersection capacity, this situation cause queuing o f  
vehicles that cannot be elim inated  in one signal cycle. To m inim ise this congestion, firstly, we 
explained a m odel that describes the evolution o f  the queue lengths at an intersection o f  two 
tw o-w ay streets w ith controllable traffic lights on each com er. Secondly, w e have proceeded 
at the stage o f  the optim isation by defining the appropriate control strategy. T his results in 
bang-bang like control, w hich is quite appropriate for oversaturation control. Finally, an 
algorithm  has been proposed in order to take into account the constraints.
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