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M O D ELING  T H E 3-D O F  D YN A M IC S O F AN ELEC TR O D Y N A M IC  M A G LEV  
SU SPE N SIO N  SYSTEM  W ITH A PASSIVE SLED

A m odel that describes the 3-D O F dynam ics o f  a passively  levitated e lectro-dynam ic m aglev 
system  is p resented . T he m odel is based on the flux-current-force interactions and the geom etric 
re la tionsh ips betw een the lev itation  coils and the perm anent m agnets on the sled. T he m odel is presented 
in a param etric  s tate-space form ulation , suitab le to extract m odel param eters from  input-output 
m easurem ents in a m in im um  m ean square e rro r sense, and m odel p redictions are com pared  with 
m easured  tra jecto ries in height, pitch and roll. T he proposed structure is very  w ell su ited to la ter develop 
robust feedback control o f  the  sled dynam ics.

M O D E LO W A N IE  3-D O F DYNAM IK I E LE K TR O D Y N A M IC Z N EG O  
SY STE M U  Z A W IESZ E N IA  KOLEI M A G N ETY C ZN EJ

P rezen tow any  je s t m odel, k tó ry  opisu je dynam ikę biernego, elek trodynam icznego  system u 
M A G L EV  o 3 stopn iach  sw obody. M odel ten oparty  je s t na w zajem nych oddziaływ aniach  strum ienia- 
p rądu-siły  oraz  zw iązkach  geom etrycznych pom iędzy cew kam i unoszącym i oraz m agnesam i stałym i 
układu podw ozia. O m aw iany  m odel je s t  prezen tow any  w  sparam etryzow anej form ule stan-przestrzeń, 
odpow iedniej do w ydobyw ania  param etrów  m odelu z  pom iarów  w ejściow o -  w yjściow ych w sensie 
średniego błędu kw adratow ego , a prognozy m odelu porów nyw ane są  ze zm ierzonym i trajektoriam i. 
P roponow ana struk tu ra  je s t bardzo dobrze dopasow ana do potrzeb przyszłego, w ydajnego system u 
kontroli sprzężenia  zw ro tnego  dynam iki układu podw ozia.
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1. IN TRO DU CTION

Electrodynam ic m agnetic suspension system s (EDS m aglev) are based on the repulsive 
forces acting on a m agnet that m oves in the m agnetic field o f  a fixed coil. Perm anent magnets 
can be used instead o f  coils in the m oving frame, in which case no pow er is required  in the 
levitated vehicle. In a passive EDS system  relative m otion is required to achieve levitation, as 
well as an auxiliary system  for take-o ff and landing. EDS M aglev w ith a passive sled is the 
best choice in system s that require high reliability  under extrem e conditions. In theory, EDS 
M aglev is inherently  stable (the repulsive force tends to cancel deviations from the zero-flux 
line) and therefore inherently  m ore robust than electrom agnetic (EM S) m aglev. Currently 
existing EDS system s are open-loop system s that rely on passive or hybrid dam ping schemes 
to im prove flight stability. The lack  o f  direct feedback control o f  the veh ic le’s trajectory  has 
been a cause o f  poor perform ance and even instability, specially at high speeds.

D evelopm ent o f  a robust, h ighly  reliable EDS m aglev suspension requires a thorough 
understanding o f  the relationships betw een coil currents, levitation forces and the m ulti-DOF 
sled trajectory. This paper presents a param etric state-space m odel o f  EDS levitation o f  a null- 
flux system  w ith a passive sled, well suited to develop robust feedback control at a later stage. 
The proposed m odel is based on the current-force-flux relationship betw een the m agnets on 
the sled and the levitation coils. The follow ing assum ptions w ere made:
1. The m agnetic field o f  the perm anent m agnets w as assum ed uniform , and the value o f  field 

strength on each m agnet is an unknow n param eter to be estim ated.
2. The m utual inductance betw een figure-8 coils can be neglected. T his assum ption is 

supported by finite elem ent sim ulations o f  the m agnetic field in adjacent coils in a null- 
flux system , as described in [ 1].

3. The flux through a coil depends only on the x- and z-position o f  a sled m agnet with 
respect to  that coil (see Figure 1).

4. The sled m agnets stay alw ays betw een the upper and low er edges o f  each figure-8 coil, 
which is guaranteed by the geom etry  o f  the track and the landing gear.

2. T EC H N IC A L  BACK GROU ND

Several m odels have been developed to  describe the interaction betw een the levitation 
coils and the sled m agnets in null-flux  system s. He, Rote and C offey [2,5] developed models 
using dynam ic circuit theory , w here the track dynam ics is represented by equivalent circuit 
equations in m atrix  form . M atrix param eters can include tim e and space dependencies, so 
these m odels can be h igh ly  accurate provided a robust m ethod to estim ate the tim e-varying 
param eters is available. The com puting tim e required by this approach is, however, 
prohibitive for real-tim e applications considering the large num ber o f  param eters to be 
estim ated. A sim pler approach (D avey, [3,4]) does not attem pt to  analyze the entire system 
but only the interaction o f  a lim ited num ber o f  coils w ith a lim ited num ber o f  sled magnets. 
The analysis produces frequency-dom ain expressions w hich can be used to  calculate time- 
averaged characteristics o f  the EDS m aglev dynam ics, very useful for design purposes but not 
suitable for real-tim e control. N either o f  these approaches link the electrodynam ic forces to 
vehicle dynam ics (m ulti-D O F trajectories).

This paper presents a m athem atical m odel o f  the 3-D OF sled dynam ics o f  a null-flux 
EDS system . The experim ents w ere conducted in the m aglev subscale dem onstration system
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built for NASA [6 ] available at the M agnetic Suspension Lab at the Florida Institute o f 
Technology. The system  uses a linear pulsed synchronous m otor for propulsion and passive 
null-flux coils for levitation, m aking unnecessary an integrated analysis o f  suspension and 
propulsion (as described in [3] and [5]) since both are physically  decoupled by the w ay the 
track was built. The m odel allow s off-line estim ation o f  the required param eters and is sim ple 
enough to be used for real-tim e control.

3. IN TER A CTIO N  O F A SLED  M A GN ET W ITH TW O  LEV ITA TION  COILS

Figure 1 show s the geom etric interaction o f  one m agnet with tw o figure-8 coils. The 
flux through each coil is approxim ated as:

where x  is the horizontal displacem ent o f  the m agnet w ith respect to the left edge o f  coil A, B
is the average m agnetic field strength o f  the perm anent m agnet (assum ed constant) and 5  is
the vertical displacem ent o f  the centerline o f  the m agnet w ith respect to the null-flux axis. In 
systems w here h=b  +  d, the m axim um  value o f  x  is b + d  and after that a new  coil will be 
influenced by the m agnet (becom ing coil A). A t this point the form er coil A becom es coil B 
and x  m ust be reset to  zero.

The flux equations change w ith the horizontal position x. For b < x  < h, the flux 
equations becom e:

Coil A: <t>A = 2Bb5 (3 )

Coil B: cpB = 0 (4 )

In systems w ith a different geom etry it should be rather straightforw ard to develop a set o f 
similar expressions. Sim ilarly, equations can be derived for the flux through multiple 
levitation coils interacting w ith m ultiple magnets. These flux equations are used to calculate 
the induced voltages in the coils using the follow ing expression:

For the above equations, this becom es:

Coil A: Va = -2 B x 5  -  2B5x 0 < x < b

( 1)

( 2 )

Va = -2 B b S  

Coil B: Vb = -2B bS  + 2Bxô + 2B5x

b < x < h

0  <  x < b 

b < x < h

(6)

(7)



The coil currents can then be used to calculate the lift force acting on the m agnet by the 
Lorentz force equations or by the energy relationship:
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¿5<t>
F = i mmagnet g g ( 8)

The force acting on a particular m agnet depends only on the flux it generates. The m agnet in 
this exam ple is lifted by the follow ing force:

F = ia 2Bx + i b 2 B ( b -  x ) 0 < x < b  (9)

F = i ,  2Bb b < x < h

The full-scale m odel o f  the sled and track interaction considers the tw enty  figure-8 levitation 
coils in the track that interact w ith the tw elve m agnets on the sled at any given tim e.

coil B

.... i........

h

ih/2-í

bb

X

null flux axis

Fig. 1. In teraction  o f  one m agnet w ith 2 coils

4. FU LL SC A LE 3-D O F M O DEL OF THE SLED D YN AM ICS

T he full scale m odel o f  the sled dynam ics describes the 3-D O F m otion o f  the sled: 
levitation height (8 ), pitch and roll. The forces acting on each m agnet are used to  calculate the 
total lift force and the torque on pitch and roll. A disturbance torque is applied on pitch and 
roll to m odel the unbalanced w eight distribution on the sled.

Figure 2 show s the layout o f  one side o f  the sled. Each side o f  the sled has 6  permanent 
m agnets that interact w itch 10 coils on the sam e side o f  the track. The basic geom etry o f  the 
m agnets and coils used in the m odel is shown in Figure 5.
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Fig.3. Sled geom etry  and roll definition

To calculate the corresponding flux, voltage and force equations, four different sections m ust 
be considered:

1 0 < x < \ h - d

2 j h - d  < x < - ~ h

3 \ h < x < b

4  b < x < h

Each tim e x  reaches the nex t coil (x = h), x  is reset to 0. The coils are then updated, so the 
new coil becom es coil a, a becom es b, b becom es c, and so on. All the electrodynam ic forces 
acting on the sled are know n, and the sled geom etry is used to derive the dynam ic equations 
for each DOF. Figures 2 and 3 show  the basic geom etry o f  the sled, and the pitch and roll 
angles are defined. The distances L4, L5, L6  and D2 have negative sign. The basic sled 
geometry links the position and velocity  o f  the magnets to  height (z), pitch (p) and roll (r).
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Dynam ic equations for each sled m agnet:

8 jj = Lj sin(p) + D j  sin (r) +  z ( 10)

¿y =  L jp co s(p ) + D jfc o s (r)  + z

w here ¿={1 :6 } corresponds to  each m agnet on one side and j— { 1 :2 } corresponds to  left and 
right side, respectively. U sing the force equations and N, the num ber o f  w indings on each 
coil, the dynam ic equations can be derived:
Total force on sled:

F total = Z t l  N F i.'eft + Z t l  N F i.right 0  0

H eight dynam ics:

z = % L - g  (12)
M

Pitch torque and pitch dynam ics:

Tp = N c o s ^ ( ( F u + F r,i )Li ) (13)
i=l

T
p - f

J p

Roll torque and roll dynam ics:

T r =  (F rig lu D l +  F le f tD 2 ) c ° S ( r )  (1 4 )

f - i



Modeling the 3-D O F dynam ics o f  an electrodynam ic Maglev suspension sy s tem ..._______ \ 1 \_

To take w eight unbalance into  account, constant disturbance torques w ere added to the pitch 
and roll dynam ics. The m om ents o f  inertia in pitch and roll w ere estim ated using the sled ’s 
geometry and m aterial properties.
The model also includes som e o f  the track ’s nonlinearities such as the ra il’s top and bottom  
boundaries, w hich lim it the vertical trajectory, and a disturbance pitch torque due to  the 
aerodynamic drag force:

Tdrag= i PairC dA v 2d (15)

where is the air density, Q  the corresponding drag coefficient, A the area perpendicular to 
the air flow, v the speed o f  the vehicle and d  the arm o f  the aerodynam ic force.

x

Fig.5. Layout o f  6 sled magnets interacting with 10 coils

5. M O DEL IM PLEM ENTATION

The m odel equations have been im plem ented in M atlab/Sim ulink as a user-defined C- 
code s-function. Its outputs are the 3-D OF trajectories (levitation height, pitch and roll) and 
the currents induced in the levitation coils. Because o f  the com plexity o f  the m odel, only the 
current o f  one coil at a  tim e can be displayed. The model input is the propulsion speed during 
launch, and the corresponding velocity  function can be chosen arbitrarily. Som e o f  the model 
parameters have been estim ated as accurately as possible, but the final goal is to extract model 
parameters from real-tim e m easurem ents o f  the launch.

6 . SIM ULATIO N  RESULTS

An input speed profile that approxim ates the action o f  the propulsion coils in the sled’s 
horizontal m otion is shown on Figure 6 . The corresponding sim ulated trajectories (height, 
pitch and ro ll) are show n in Figures 7, 8 and 9.
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Velocity Profile

Fig.6. Input speed profile

Fig.7. Levitation (z) respect to null-flux axis

Pitch, maximum speed = 25 m/s

Fig.8. Simulated pitch trajectory
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Fig.9. Simulated roll trajectory

All sim ulated trajectories w ere calculated from the same input speed profile. All three 
trajectories have poor dam ping and becom e unstable at higher speeds.
The mean value o f  both pitch and roll is non zero, w hich in the case o f  roll is caused by 
weight unbalance on the sled. The roll dynam ics is not influenced by either vertical or pitch 
dynamics. On the other hand, the mean pitch value tends to be negative during flight (the 
front o f  the sled is low er than the back). The pitch dynam ics is coupled to  the vertical 
dynamics.

7. PA RA M ETER  ESTIM A TION  AND M O DEL 
V A LID A TIO N - STA TE-SPA CE M O DEL STRU CTU RE

To control the sled m otion by real-tim e control o f  the levitation currents, the interaction 
between sled trajectories and levitation coil currents m ust be well understood. The unknown 
parameters o f  the m odel given by Equations (6 ) to (14) are to be estim ated from 
experimentally m easured input-output sequences by a prediction error m ethod [7]. The 
hardware involved in the identification experim ent is depicted on Figure 10. Three laser 
reflective gap sensors w ere used, tw o for height o f  the sled relative to the sam e edge o f  the 
track (providing z and pitch) and another one relative to the second edge o f  the track 
(providing roll). C urrent in each levitation coil was m easured by m agneto-restrictive sensors 
installed in series w ith each coil, and captured by a DAQ system  in ground. Levitation data 
needs to be corrected by substracting the profile o f  the edge o f  the track used as a reference, 
since it is not perfectly  straight. A  3-D survey o f  the track has been perform ed by  telem etrie 
methods, w here the 3-D  locations o f  the reflective targets on the track have been established 
with 0.1 m m  resolution relative to  a fram e fixed in ground. A photodiode em itter- receiver 
pair m ounted on the sled is used to detect and count the reflective telem etry targets, w hose 
location (determ ined by  the survey) has been stored on a look-up table. The speed o f  the sled 
along the guidew ay is calculated by m easuring the tim e ellapsed betw een detection o f  two 
succesive reflective points on the track, since the corresponding x  coordinates can be looked

Roll, maximum speed = 25 m/s
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up from the survey table. The m easurem ent o f  coil currents w as synchronized w ith the 
trajectory m easurem ents on the sled v ia a w ireless link. The levitation currents and the 
captured profile  o f  the s led ’s horizontal speed w ere used as inputs to the param eter extraction 
program , and the levitation height, pitch and roll w ere the corresponding outputs.

T o identify  the system  using standard linear techniques, a state-space notation m ust be 
developed. The param eters to be estim ated w ere the average field  strength o f  the m agnets (B) 
and the m om ents o f  inertia for pitch and roll (Jp and J r). The geom etry o f  the sled, the 
geom etry o f  the coils w ith respect to  the m agnets, and the m ass o f  the sled w ere assumed 
known.

C urrent Sensors

Ethernet 7 f,024K---
D AQ card (2) j

A M H X 64 ; 
M ultiplexor

1 Hub 1

- A Z 2 .Z 3

1 .... i
W ireless link

Pentium  ITT Laptop
6024F PCM CIA D A Q  card
3 Laser gap sensors
1 digital optical sensor
10 M bps etliem et w ireless link

________________A___A __ A .__ A___ A .

Dots from  telenielric survey *
Look-up table x

Fig.10. S ystem  ID  experim ent-E stim ation  o f  m odel param eters and m odel validation

In order to use standard  linear system  identification techniques, all nonlinear term s were 
represented as inputs. By doing so, all coil dynam ics are no longer states o f  the system , and 
the only equations necessary  to describe the sled dynam ics are the force equations for each 
m agnet and the dynam ic equations that link the m agnet forces to the sled trajectories. For 
feedback control, it is sufficient to describe the relationship betw een the currents in the coils 
and the sled dynam ics. The state vector is defined as:

x = [z z p p r  r]T (16)

The forces acting on the sled are linear functions o f  the levitation currents. S ince the currents 
are treated as inputs to  the system , the B-m atrix o f  the state-space m odel contains term s that 
depend on the x-position o f  the sled and the pitch and roll angles, and the A -m atrix o f  the 
state-space m odel contains only the derivatives o f  each state. C is straightforw ard: the outputs 
are the three trajectories [z p r]T; and D is a m atrix o f  zeros since there is no direct feed- 
through.
B is a 6x20 m atrix. Rows 1, 3 and 5 are all zeros, and the other entries are non-linear terms 
linking the coil currents to  the acceleration o f  each DOF. The B entries contain nonlinear 
expressions and also  m odel param eters, w hich can be factored out by  lum ping the other 
expressions w ith the input signals. So, the estim ation uses fictitious inputs that include coil 
currents and other term s that are functions o f  m easurable states. To include the effect of 
gravity, an additional input is created, and other additional inputs are used to  estim ate the
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disturbances on pitch and roll due to  w eight unbalances, and the aerodynam ic disturbance on 
pitch.
Four different sets o f  equations (as functions o f  the horizontal displacem ent x) are necessary 
to describe the forces acting on the sled. Therefore, there are four different B -m atrices w ith 
the same structure but d ifferent entries. The estim ation problem  m ust be divided into four 
sections to  deal w ith this. Each sub problem  represents a small displacem ent over a m axim um  
length o f  0.5// -  d  . W ith the sled traveling at relative high speed (15 m/s), a sam pling rate o f 
65 kHz w as used to obtain enough data points for the estim ation process. W ith this strategy, it 
is possible to estim ate the average field strengths o f  all tw elve perm anent m agnets as well as 
the mom ents o f  inertia in pitch and roll and the torque disturbances. The param eter estim ation 
algorithm is the prediction-error m ethod (PEM ) described in [7]. The algorithm  estim ates the 
unknown param eters o f  a state-space structure by m inim izing the quadratic norm  o f  the 
prediction error using a gradient-descent m ethod (iterative dam ped G auss-N ew ton m ethod). 
The technique allows to  fix param eters that are considered known and to estim ate the others.

8 . EX PER IM EN TA L RESULTS

The estim ation problem  w as divided in tw o parts. In a first experim ent, coil voltages 
induced in the levitation coils w ere m easured and used to estim ate the average field strengths 
of the m agnets (B). Figure 11 show s the com parison betw een m easured voltages used to 
extract m odel param eters and the corresponding sim ulation after the B values w ere estim ated. 
Figure 12 is used to  illustrate the capacity  o f  the m odel to predict a set o f  m easured voltages 
different than the one used to  extract m odel param eters (validation set).
The estim ated B values w ere also used to calculate the currents induced in the levitation coils. 
A comparison betw een m easured and sim ulated currents is shown on Figure 13.

E
0)CD
£

fitted model and voltage coil 11
~.:.i I
  fitted model
—  estimation data i

-a I------------------------1--------------------------1-------------------------1------------------------ 1-------------------------
0  000 5  0.01 0.015 0.02 0025

time fs]

Fig. 11. M easured voltage vs. s im ulated voltage (param eter extraction  set)
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Fitted model and voltage coil 14

Fig. 12. M easured  vol tage  vs. s imula ted voltage (validation set)

Current in Coil 1

Fig. 13. M easured  current in levitation coil 1 vs. s imulated current

9. C O N C LU SIO N S

A m odel structure that describes the 3-D O F dynam ics o f  a levitated sled in a null-flux 
system  has been presented. T he open-loop dynam ics have poor dam ping and can be unstable 
at high speeds, w hich agrees w ith previously  published research [1,2]. The relative simplicity 
o f  the proposed structure allow s the use o f  state-space notation, well su ited  for parameter 
estim ation and later feedback control. The model has been tested by predicting voltages and 
currents induced in  the levitation coils, and future research is aim ed at the prediction o f the 
sled’s 3-D O F trajectories given a set o f  m easured levitation currents.
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