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A NEW ALG O RITH M  FOR SEARCHING OPTIM AL PATH ON A RASTER GRID 
INCLUDING TURN PENALTIES -  USE CASES

T h e  p a p er in troduces  a  new  a lg o rith m  fo r find ing  op tim al rou tes  on  ra s te r p lanes. T h e  a lgo rithm  
takes  adv an tag e  o f  its in n o v a tiv e  d a ta  s truc tu re  and  resu lts  in m in im iz in g  the  n u m b er o f  d irec tion  changes  
w ith in  a  rou te . P resen ted  u se  cases inc lude  find ing  o p tim a l tra jec to rie s  fo r sea  g o in g  v esse ls , d e te rm in ing  
rou tes  fo r v eh ic les  on  c ity  p lan s  and  p lan n in g  tran sp o rt rou tes  on  v a ried  terra in .

NOWY ALGORYTM  ZNAJDUJĄCY OPTYMALNĄ TRASĘ NA SIATCE 
RASTROW EJ Z UW ZGLĘDNIENIEM  KOSZTÓW  ZMIAN KIERUNKU -

PRZYPADKI UŻYCIA

W  re fe rac ie  p rzed staw io n o  n o w y  a lg o ry tm  z n ajdu jący  o p ty m a ln e  tra sy  na  s ia tk ach  rastrow ych . 
D zięk i z as to so w an e j s tru k tu rze  dan y ch  je s t  on  w  s tan ie  u w zg lęd n iać  koszty  zm ian  k ie ru n k u  w  ram ach  
trasy. M o żliw e  zas to so w an ia  o b e jm u ją  zn a jd o w an ie  o p ty m aln y ch  tra jek to rii d la  s ta tk ó w  m orsk ich , 
w y zn ac zan ie  tra s  p o jazd ó w  n a  p lan ach  m iast o raz  p la n o w an ie  tra s  tran sp o rtu  na  obszarach  
o z ró żn ico w an y m  teren ie .

1. IN T R O D U C T IO N

R aster grids are a  d ig ita l rep resen tation  o f  p lanar da ta  that is cu rren tly  in use in a 
num ber o f  fields. O ne o f  the m ost com m on operations to  be perfo rm ed  on a raster g rid  is to 
determ ine an  op tim al rou te  betw een a start cell and a destination  cell, w hich  does no t cross 
any obstacles. In reality  only  algorithm s o f  linear tim e and space com plex ities are useful as 
only such m ay  be accep ted  by a  real-tim e system  p rocessing  large num bers o f  cells. T he big 
O  no tation  w ill be fu rther used  for com plex ities, w ith O(n) ind icating  linear com plexity .

The first so lu tion  to  m eet the cond ition  m en tioned  above w as the  m aze rou ting  
a lgorithm  presen ted  by  L ee [3], often  described  as w ave p ropagation  process. T o date L ee ’s 
a lgorithm  and  its varia tions are am ong the m ost w idely  used rou ting  m ethods, w ith 
applications in m aze gam es, V LSI design and road  m ap rou ting  problem s. H ow ever, the 
orig inal a lgo rithm  proposed  by L ee has one serious draw back: it w orks only  for the

1 F acu lty  o f  O cean  E n g in ee rin g , G d ań sk  U n iv e rs ity  o f  T echno logy , G ab rie la  N aru to w icza  11/12, 
8 0 -952  G dańsk , 3 4 7 -1 4 -2 4 , ra fa l@ pg .gda .p l
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2 -geom etry  grid  p lane (also  know n as the M anhattan  geom etry). O nly  recen tly  has it been 
upgraded  to  h igher geom etries w hile sustain ing  the linear tim e and space com plexities. This 
new  solu tion  has been proposed  by C hang, Jan and Parberry [1], D espite the m ajo r progress 
the po ten tia l use o f  the im proved  L ee ’s algorithm  has still som e lim itations. B oth  the original 
a lgorithm  and the upgraded  version tend  to  find the shortest path, w hich is not alw ays 
identical to  the op tim al one. In  p resence o f  m any obstacles the algorithm s determ ine routes 
con tain ing  so m any tu rn ing  points and direction  changes tha t they are unusable in practice 
A lso, the num ber o f  tu rns con tribu tes to  the to tal tim e spent traversing  a route. Thus 
m in im izing  the num ber o f  tu rn ing  points is a desirab le  objective. A lthough C hang, Jan and 
Parberry  a lgorithm  m ay brings sign ifican t im provem ents, its data  structure based  on that o f 
the orig inal L ee ’s m ethod  m akes it unable to  include the cost o f  a turn in path length.

The artic le  p roposes the solu tion  to th is problem . A  new  data  structure  has been 
designed so as to  reflec t the cost o f  all tu rn ing  points in each c e ll’s arriva l tim e. A n algorithm  
u tiliz ing  this structure  has been  im plem ented. The algorithm  takes input param eters: user 
specified  values o f  the turn costs (penalties) and returns the determ ined path.

2. T H E  M A Z E  R O U T IN G : L E E ’S A L G O R IT H M

T he popu larity  o f  this m ethod  lies in its sim plicity  and the guaran tee to  find the shortest 
path  i f  one exists. L ee ’s a lgorithm  is often  described  as a w ave propagation  process. Below its 
data structure is b riefly  described .

The cell m ap  static da ta  is stored  in an array  con tain ing  three fields for every  cell:
P I  (P assab le  /  Im passab le) -  In teger num ber field, its value indicates w hether a cell is 
passab le  o r im passab le  (an  obstacle). Its value is 1 for passable, infin ity  for im passable.
A T  (A rrival T im e) -  In teger num ber field, its value is this cell arrival tim e -  tim e needed to 
travel from  the start cell to  th is cell.

The dynam ic data  is sto red  in tw o lists: L/ and L: con tain ing  cell poin ters o r indexes in 
the cell array.

A cell array  is in itia lised  w ith appropriate  P I  values and A T  values set to  infinity. Two 
lists Li and L? are defined  to  keep  track  o f  the cells on the front o f  the w ave (fron tier cells) 
and the ir equal-d istance step  neighborhood  cells respectively . Pu tting  the source cell in the list 
Li in itializes the search . A fte r all ne ighboring  cells in L ; are included in ¿ 2, the  list ¿2  is 
processed , so tha t an expanded  w ave front is found. T hen every  cell in Li is deleted  if  all o f  its 
ne ighboring  cells have been processed  (updated) and fry is updated  by this new  front o f  the 
w ave. T he search  is te rm ina ted  w hen the destination  cell is found or (in case o f  the barrier o f 
obstacles) w hen there  are no m ore new  cells to  process (the last front o f  the w ave has not 
generated  any neighboring , obstac le-free  cells).
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F ig .l .  A  2 -g eo m etry  g rid  F ig .2. A  4 -g eo m etry  grid
n e ig h b o u rh o o d  ne ig h b o u rh o o d

T his m ethod  p resen ted  here im proves 2 -geom etry  g rid  rou ting  to  any h igher geom etry  
grid. Possib le  m oves from  a cell on the 2- and 4 -geom etry  g rid  p lanes are show n in F ig .l and 
2 respectively .

T he sta tic  da ta  is stored  in an  array  con tain ing  three fields fo r every  cell:
P I  (P assab le  /  Im passab le) -  In teger num ber field, its va lue  indicates w hether a cell is 
passab le  o r im passable (an obstacle). Its value is 1 for passab le , infinity fo r im passable.
A T  (A rrival T im e) -  F loating  po in t num ber field , its va lue  is th is cell arrival tim e -  tim e 
needed to travel from  the start cell to  this cell.
VIS (V isited ) -  B oo lean  field , its value indicated  w hether a  cell has a lready been  visited 
(inserted  to  tem p-list) o r not. T rue fo r a v is ited  cell, false o therw ise.

T he dynam ic data  is sto red  in th ree c ircu larly  used lists: L i, L2, L2 and  an ex tra  tem p-list. 
The index o f  a list curren tly  in use is sto red  in a bucket_index  variable. A ll lists contain  cell 
po in ters o r indexes in the cell array.

T here are tw o m ajo r d ifferences betw een  the 2- and  4 -geom etry  algorithm s. F irst -  
add itional lists are in troduced  to  contro l the p ropagation  speed  in d ifferen t d irections (the 

additional tw o diagonal d irections have sing le-step  d istance -J l  instead o f  1). Second, the 
VIS cell field  is in troduced  to m ake sure each  cell is inserted  into tem porary  list exactly  once. 
T hese tw o aspects m ake the algorithm  keep the o rig inal linear com plexities.

4. R O U T IN G  A L G O R IT H M  W IT H  T U R N  P E N A L T IE S

It is assum ed here , that w henever a sea-going vessel o r a  land vehicle changes its 
d irection  it resu lts in a sign ifican tly  longer passage tim e, than  it w ould  take to  cover the sam e 
d istance w ithou t a lte ring  the d irection . In case o f  a ship the reason  is m ostly  the dynam ics o f  
this m aneuver (the fall in speed in particu lar). In case o f  a land vehicle, chang ing  a  road m ay 
produce th is ex tra  tim e. T he add itional tim e d ifference called  the delay  in the paper, should 
therefore be  taken  into accoun t w hen  determ in ing  a  route. T he fact o f  the d irection  changes 
being  tim e consum ing  is the m ain reason for in troducing a  concep t o f  the turn penalty. The 
o ther one is tha t the less com plex  routes (consisting  o f  the lesser num ber o f  stra igh t lines)



m ay be p referred  for safety  reasons. H ence the idea o f  the tu rn  penalty  param eters in a  routing 
algorithm . T he turn  penalty  param eter value m ight be set separately  fo r each turn  angle by the 
system  operator. T he exact value o f  the param eter m igh t be  equal to  the delay  tim e o r larger -  
to  enforce determ in ing  less com plex  routes.

4 .1 . D A T A  S T R U C T U R E

T he static data  is sto red  in an array  con tain ing  th ree fields for every  cell:
PI (P assab le  /  Im passab le) -  In teger num ber field , its value indicates w hether a cell is 
passab le  o r im passab le  (an  obstacle). Its value is 1 fo r passab le , infinity  fo r im passable.
G A T  (G ate A rrival T im e) -  A  sub-array  o f  the floating  po in t num bers. T he size o f  the array is 
equal to  the m ax im um  num ber o f  the neighboring  cells and is 8 fo r 4-geom etry . E ach field  o f 
this sub-array  con ta ins the gate  arriva l tim es fo r d ifferen t incom ing  gates o f  the current cell. 
G ate arrival tim e is the tim e it takes to  travel from  the source cell to  the  current cell v ia  certain 
neighbour o f  the curren t cell.
VIS (V isited ) -  B oolean  field , its value indicates w hether a  cell has already  been visited 
(inserted  to  tem p-list) o r not. T rue for a v isited  cell, false o therw ise.
The dynam ic da ta  is sto red  in  c ircu larly  used lists: L i...L „  and  one ex tra  tem porary  list temp- 
list. T he num ber n o f  the lists th a t are u sed  depends strictly  on the m axim um  d irection  change 
cost specified  and  thus is configured  indirectly  v ia  a lgorithm  input param eters.

n = ceilin g  (maximum {single-step  d is tan ces}+ maximum {specified  d irection  change 

c o s ts }+ l) ,  w here maximum {sing le-step  d istances}  is V 2 for 4 -geom etry .

4.2. A L G O R IT H M  O V E R V IE W

T he com plete  form al descrip tion  o f  the algorithm  is p rov ided  in [4], The key  difference 
betw een th e  new  so lu tion  and  th a t p roposed  by C hang, Jan  and  Parberry  is a rep lacem ent o f 
each c e ll’s A T  (A rrival T im e) fie ld  w ith  G A T  array. T he idea o f  incom ing gates arrival times 
m akes it po ss ib le  to  take  into accoun t d irection  change costs w ithou t sacrific ing  the linear 
com plex ities th a t charac te rized  the p rev ious versions. E very  tim e a  cell da ta  is updated , the 
arrival tim e o f  the appropria te  gate  is m odified  depend ing  on the d irection  o f  the neighboring 
cell tha t has in itia ted  the update  operation . The new  candidate  value o f  the gate arrival time 
field  is determ ined  accord ing  to  the fo llow ing  form ula:

G A T  new, j,  g a te _ n u m b e r=  m i n i m u m  {G A T ,-, + d iS ta r iC eU + d e la y gate_num ber, 1 .........  G A T ,,a
+ distance!,j + delaygate_number,8),

w here: / and  j  are indexes o f  the neighboring  cells, g a te  num ber is the cu rren t gate o f 
the Cj ce ll and  num bers from  1 to  8 denote all gates o f  the Ci cell. D elay  values (penalties) are 
equal to  zero  fo r tw o gates o f  the sam e d irection  and have appropriate  param eter values di, d2 
o r d i fo r tw o gates w hose d irection  d ifference is 45, 90 o r 135 degrees respectively . The 
p resen t G A T  value is rep laced  w ith the candidate  value if  the new  value is lesser than the 
current one. T he d iagram s below  illustrate the w ay  the G A T  array  values o f  the w ave front 
cells are updated .
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4.3. C O M P U T A T IO N A L  C O M P L E X IT Y

For each cell c„ w hose d istance from  the source cell is equal o r lesser than that o f  the 
destination  cell, the fo llow ing  actions are perform ed:

each o f  its ne ighbours c, is checked and possib ly  updated , 
for each o f  its neighbours cy, each o f  the gates o f  the cell c, is checked 

This g ives a to ta l o f  (2 *A) *(2 *A) *n steps fo r the w orst case, w here A is a constan t denoting  
geom etry  level (e igh t neighbours and eigh t gates for 4 -geom etry ) and n is the  num ber o f  cells, 
w hose d is tance  from  the source cell is equal o r lesser than th a t o f  the destination  cell. T hus 
the com putational com plex ity  o f  the p roposed  solu tion  is 0 (n ).

4.4. R E S U L T S  F O R  P R O P O S E D  A L G O R IT H M  VS. C H A N G , JA N  A N D  P A R B E R R Y  M E T H O D

B elow  exam ple resu lts for the new  rou ting  m ethod and C hang, Jan and Parberry  
algorithm  are p resen ted . It has been  assum ed that costs o f  d irection  changes are: 1, 2 and 3 for 
45, 90 and  135-degree tu rns respectively.
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Fig .6 . R o u te  d e te rm in ed  by  the  p ro p o sed  algorithm  
w ith  d irec tio n  c hange  costs  (pena ltie s) 1 ,2  

and  3 fo r 4 5 ,9 0  and  135-degree tu rns respectively

In the figures above tw o d ifferen t so lu tions o f  the sam e task  are v isualized . Proposed 
a lgorithm  finds a rou te  w ith  tw o tu rn ing  po in ts as opposed  to  C hang, Jan  and Parberry 
m ethod, w hich determ ines a rou te  w ith six  tu rn ing  points. T hus the to tal path  lengths and 
penalties for both m ethods are:

For the C hang, Jan  and  P arberry  route:

B asic path length  =  8 + 5* -J2 a  1 5 ,0 7  
T otal penalties =  5 *d/ + 1 *dj =  7
T otal path  cost = basic  path  length + total penalties *  2 2 ,0 7

F or the p roposed  route:

B asic path length = 10 + 4* V2 a  1 5 ,6 5  
T otal penalties =  2 *di =  2
T o ta l pa th  cost =  basic  pa th  length + to ta l penalties a  1 7 ,6 5

A s illustrated  above, tak ing  a seem ingly  longer (3 .8% ) route results in a m uch low er (22% ) 
overall path  cost.
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5. A L G O R IT H M ' U SE C A SE S

5.1. S E A  R O U T IN G

Fig-7- T w o  vesse ls  p o ten tia lly  co llid in g  F ig  8 A  rou(e  ln c lud ing  cou rse  a lte ra tion

d e te rm in ed  fo r the seco n d  vesse l by 
the  p ro p o sed  algo rithm

T he a lgorithm  in the version  described  in Section 4. is a  genera l-purpose  rou ting  tool. 
W hen ship rou ting  is considered  how ever, co llision  avo idance  ru les m ust be applied . 
W henever there  are tw o po ten tia lly  co llid ing  ships, the in ternational regulations for 
p reven ting  co llisions at sea determ ine w hich  one is to g ive w ay to  the other. T his decision  is 
m ade, depend ing  on the positions and courses o f  both ships. The resu lting  collision  avoidance 
m aneuver m ust fulfill the fo llow ing  conditions:

- the a lteration  o f  course m ust be large enough to  be apparen t to  ano ther ship -  at least 
15 degrees,

- the a lteration  o f  speed  should  on ly  be app lied  i f  necessary , tha t is, i f  the  a lteration  o f  
course alone does no t guarantee safe passage or course alteration  necessary  is too  large 
to  be accep ted  (econom ical reasons),
ships should  keep  a  safe d istance, w hile collision  avo idance  action  is taken.

In the situation  p resen ted  in the F ig .7 there  are tw o po ten tia lly  co llid ing  ships. A ccord ing  to  
the regu lations, the ship in the upper part o f  the figure is ob liged  to  a lter its course, so as to 
give w ay  to  the o ther one. A  route w hich includes such course alteration  is show n in the Fig.8. 
T he rou te  has been  determ ined  by the m odified  version o f  the p roposed  algorithm . T his 
version  add itionally  checks, w hether a  cell arrival tim e m ight be updated  w ith a new  value, 
tha t is, w hether a  cell is no t occupied  by  the o ther v esse l’s dom ain  [2] in  th is particu lar tim e 
unit T he num bers in the top  and bo ttom  part o f  the cells indicate cell arrival tim es - tim e units 
w hen the cells w ill be occupied  by  the g ive-w ay and  stand-on  vessels respectively .
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5.2. R O A D  R O U T IN G

A nother possib le  app lica tion  o f  the p roposed  algorithm  is road  rou ting  fo r vehicles 
w hen a start po in t and destination  are specified. It is assum ed here that changing  a road is an 
action  th a t m ay  consum e an add itional am ount o f  tim e as w ell as generate  som e stress. 
T herefore  it is penalized  w ith  an add itional tim e cost. T his penalty  is im plem ented  in the same 
w ay as the tu rn  penalty  in the generic  algorithm  (S ection  4.). F o r th is, the cell m ap structure 
requires an add itional da ta  field  w ith in  each cell, con tain ing  the num ber o f  the road  that the 
cell is a  part of. In the F ig .9 ., a rou te  determ ined  by an algorithm  w ithou t the feature o f  road 
change penalty  is show n. It is con trasted  w ith the route, w hich takes into account the road 
change penalty  (set to  an equ ivalen t o f  traversing  tw o cell units) tha t is p resen ted  in the 
Fig. 10. W hile the length  o f  the first route is considerab ly  sm aller (14 cell units vs. 17 cell 
units), th e  second  rou te  one w ou ld  be both  traversed  in a  shorter tim e (19  tim e units vs. 20 
tim e units) and easier to  follow .

Fig . 9. A  ro u te  d e te rm in ed  by  an  a lg o rith m  w ithou t 
the  fea tu re  o f  ro ad  c h an g e  costs

Fig. 10. A  rou te  d e te rm in ed  b y  the  p roposed  
a lgo rithm  w ith  ro ad  change  cost 
(pena lty ) se t to  an  eq u iva len t 
o f  trav e rs in g  tw o  cells

5.3. R O U T IN G  O N  A  V A R IE D  T E R R A IN

The division  o f  all cells into passab le  and im passable m ay som etim es be too  strong a 
sim plification . C ells m ight be passab le  bu t m ay have d ifferen t passage tim e or m ay be 
unfavourab le  due to  som e terra in  qualities. In case o f  the sea routing , the heavy  traffic in 
som e areas m igh t be such factor. In case o f  the road  routing, the quality  o f  the roads and their 
speed  lim its m ay sign ifican tly  increase the tim e spen t on traversing  a route. In the exam ple 
g iven (F ig .l 1 and  12), it is assum ed that the grey cells have the passage tim e tw ice  as long as 
the w hite ones due to  the road  quality  / speed lim its factor. T herefore  a route determ ined  by 
an algo rithm  w hich takes th is into accoun t (Fig. 12) is considerab ly  better than  the rou te  found 
by  an algorithm , w hich  ignores the afo rem entioned  issue.
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Fig. 11. R ou te  d e te rm in ed  b y  an  a lg o rith m  w h ich  
d o es  no t tak e  in to  accoun t varied  te rra in

F ig . 12. R ou te  d e te rm in ed  by  the  p roposed
algo rithm  w ith  a  va ried  te rra in  feature 
(g rey  cells  have a d o u b le  passag e  tim e)

T he exam ples presen ted  in subsections 4.1 -  4.3 do no t exhaust the po ten tia l fields o f  
application  o f  the algorithm . Furtherm ore, d ifferen t aspects and features p resen ted  in these 
exam ples m igh t be  com bined  w ith in  one rou ting  tool, depending  on the particu lar needs.

6. C O N C L U SIO N S

In the paper a  general search ing  m ethod  on  the raster plane w as presen ted . O w ing to  its 
new  data  structure , the algorithm  is capab le  o f  including costs o f  d irection  changes in the total 
cost o f  an  op tim al path , w hile keep ing  the linear com putational tim e and space com plexities. 
T herefore , w hen costs o f  the d irection  changes are sign ifican t, the benefits o f  using the 
solu tion  p roposed  here  m ight be considerab le  and  hence - the solu tion  - superio r to  those 
prev iously  know n. Such cases include sea rou ting  and road  routing  am ong others.
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