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SURFACE PATCHES M O D E LLIN G  AND CO M PUTATIO N 
OF G EOM ETR IC PROPERTIES

S u m m a r y .  S o m e  o f  th e  p ro b le m s  in  th e  c la s s ic a l g e o m e tr ic  th e o r ie s  c a n  b e  su c c e ss fu lly  
so lv ed  u s in g  C o m p u te r  G ra p h ic s  p ro c e d u re s  an d  re p re se n ta tio n s  o f  g e o m e tr ic  figu res. 
G e o m e try  o f  th e  C re a tiv e  sp a c e  o ffe rs  a  n e w  a p p ro a c h  to  se v e ra l p ro b le m s  ( in  [3 ], [5 ], [6 ]), 
b ased  o n  th e  c re a tiv e  r e p re se n ta tio n s  o f  g e o m e tr ic  f ig u res . C la s s ic a l w a y  o f  a  g e o m e tr ic  fig u re  

d e f in itio n  as a  su b se t o f  th e  th re e  d im e n s io n a l e x te n d e d  E u c lid e a n  sp a c e  „  E J d e te rm in e d  by  
th e  e q u a tio n  c a n  b e  su b s ti tu te d  b y  a  c re a tiv e  law  o f  th e  f ig u re  re p re s e n te d  in  th e  fo rm  o f  a 
c rea tiv e  r e p re se n ta tio n , f ro m  w h ic h  th e  p o in t  fu n c tio n  d e te rm in in g  th e  f ig u re  a n a ly tic a lly  can  
be ex p re sse d . T h e  in tr in s ic  g e o m e tr ic  p ro p e rtie s  o f  th e  c re a te d  f ig u re  c a n  b e  c a lc u la te d  w ith  

re sp ec t to  th e  D if fe re n tia l G e o m e try  o n  th e  b a s e  o f  th e  p a r tia l d e r iv a tiv e s  o f  its  re la te d  p o in t 

fun c tio n .

M O D ELO W A N IE I OPIS W ŁA SN O ŚC I G E O M E TR Y C ZN Y C H  PŁA TÓ W  
PO W IERZCH N I

S tre s z c z e n ie .  A u to rk a  p rz e d s ta w ia  je d e n  z  m o ż liw y c h  s p o s o b ó w  tw o rz e n ia  p ła tó w  
ró ż n e g o  ro d z a ju  p o w ie rz c h n i z a  p o m o c ą  m e to d  g ra fik i k o m p u te ro w e j. N a  p o d s ta w ie  

z n a jo m o śc i z a sa d  tw o rz e n ia  p ła tó w  w  p rz e s trz e n i w ir tu a ln e j m o ż n a  o k re ś l ić  ich  fo rm ę  

a n a li ty c z n ą  w  p o s ta c i fu n k c ji o p isa n e j z a  p o m o c ą  w s p ó łrz ę d n y c h  je d n o ro d n y c h  p u n k tu , k tó ry  
leżąc n a  p o w ie rz c h n i j e s t  z d e f in io w a n y  p rz e z  p a rę  w s p ó łrz ę d n y c h  k rz y w o lin io w y c h . P o c h o d ­
ne  fu n k c ji o k re ś la ją c e j p ła t  w z g lę d e m  o b y d w u  z m ie n n y c h  d e fm u ją  w e k to ry  s ty c z n y c h  je d n o -  
p a ra m e tro w y c h  lu k ó w  k rz y w y c h  p o w ie rz c h n i, p ła s z c z y z n ę  s ty c z n o śc i i w e k to r  n o rm a ln y .

W  p ra c y  s z c z e g ó ło w o  o m ó w io n o  n ie k tó re  ro d z a je  p o w ie rz c h n i p o w s ta ły c h  z  tra n s la c ji , 
o b ro tu , ru c h u  ś ru b o w e g o  i h o m o te tii  k rz y w y c h . R o z w a ż a n ia  z i lu s tro w a n o  p rz y k ła d a m i 
p o w ie rz c h n i u tw o rz o n y c h  z  p ro s to lin io w e g o  p rz e su n ię c ia  h ip o c y k lo id y  S te in e ra  i 

s in u so id a ln e j t r a n s la c ji  le m n isk a ty  B e m o u ll ie g o , o b ro tu  sp ira li A rc h im e d e s a  i a s te ro id y  o raz  
ru ch u  ś ru b o w e g o  w a lc o w e g o  c is so id y , a  ta k ż e  ru c h u  ś ru b o w e g o  s to ż k o w e g o  e lip sy . 

P rz e d s ta w io n o  ró w n ie ż  p rz y k ła d  p o w ie rz c h n i g e n e ro w a n e j p rz e z  z w ią z e k  h o m o te ti i  k rz y w y c h  

p o d s ta w o w y c h .
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1. INTRODUCTION

C re a tiv e  sp a c e  K  is  an  o rd e re d  p a ir  K  =  (U, G )  o f  U  (a  b a se )  a s  a  se t o f  f ig u re s  in the 

sp a c e  (su b s e ts  o f  th e  e x te n d e d  E u c lid e a n  sp a c e  „  E  3) a n d  G ( a  g e n e ra to r )  as a se t o f  

g e n e ra tin g  p r in c ip le s , G =  G P  ( „  E  3 )  u  L,  w h ile  G P  ( „  E  3 )  is a  g ro u p  o f  a ll p ro je c tiv e  

tra n s fo rm a tio n s  o f  X E 3 a n d  L is a  se t o f  in te rp o la tio n s  (a c c o rd in g  to  [4], [5]).

A n y  f ig u re  F  (a  n o n -e m p ty  su b se t o f  „  E  J) c a n  b e  in  K  sy n th e tic a lly  re p re se n te d  b y  its 

c re a tiv e  re p re se n ta tio n , an  o rd e re d  p a ir  (U, G )  o f  a  b a s ic  f ig u re  U e U  a n d  a  g e n e ra tin g  

p r in c ip le  G e G  w h ic h  a re  su c h , th a t  a p p ly in g  G  o n  U th e  f ig u re  F c a n  b e  c rea ted .

T h e  a n a ly tic  r e p re se n ta tio n  o f  a f ig u re  F  is  a  p o in t fu n c tio n  o f  o n e  to  fo u r  v a r ia b le s

r (u ,v ,w , t) =  (x (u ,v ,w , t), y (u ,v ,w , t), z (u ,v ,w , t), h (u ,v ,w , t))

d e f in e d  a t th e  re g io n  £2 (w h e re  x, y, z a n d  h  a re  h o m o g e n e o u s  c o o rd in a te  fu n c tio n s  o f  o n e  to  
fo u r  rea l v a r ia b le s  a t le a s t C 1 c o n tin u o u s  o n  Q ) , w h ic h  is a  lo ca l h o m e o m o rp h ic  m a p p in g  o f  

th e  re g io n  £2 o n  th e  f ig u re  F.  T h e  a n a ly tic  r e p re se n ta tio n  o f  a  f ig u re  is th e  p ro d u c t o f  the  
m u lt ip lic a t io n  o f  m a tr ic e s , w h ic h  a re  a n a ly tic  re p re se n ta tio n s  o f  th e  c re a tiv e  re p re se n ta tio n  
e le m e n ts  (a c c o rd in g  to  [4 ], [5]).

A  p o in t  ta k e n  fo r  a  b a s ic  f ig u re  c a n  b e  m o v e d  in  a  sp a ce  fo rm in g  th u s  a  c u rv e  se g m en t, 

w h ile  th e  g e n e ra tin g  p r in c ip le  - m o tio n  ca n  b e  re p re se n te d  as a c la s s  o f  g eo m etric  

t ra n s fo rm a tio n s . S im ila r ly  a  su rfa c e  p a tc h  cp can  b e  d e te n n in e d  b y  th e  c re a tiv e  law , in  w h ich  
a  c u rv e  se g m e n t as th e  b a s ic  f ig u re  is su b d u e d  to  a  g e n e ra tin g  p r in c ip le  in  th e  fo rm  o f  a  c lass  
o f  g e o m e tr ic  tra n s fo rm a tio n s . A  th re e -p a ra m e tr ic  so lid  ce ll c an  b e  c re a te d  f ro m  a  su rface  
p a tc h  su b d u in g  it to  a  m o v e m e n t in th e  sp a ce  an d  th e  m o v e m e n t o f  a so lid  ce ll fo rm s an 
a n im a tio n  se q u e n c e , fo u r-p a ra m e tric  su b s e t o f  th e  sp a c e  d e te rm in e d  b y  th e  p o in t  fu n c tio n  o f  

fo u r  v a r ia b le s  r (u,v,w, t), w h e re  t is  th e  tim e  co o rd in a te .
T h e  p a r tia l d e r iv a tiv e s  o f  th e  f ig u re  p o in t  fu n c tio n  r(u,v,w, t) w ith  re sp e c t to  th e  

v a r ia b le s  u, v, w, t , v e c to r  fu n c tio n s  r,„ r v, r u„ r„  th a t  d e f in e  ta n g e n t v e c to rs  to  the  
iso p a ra m e tr ic  c u rv e  se g m e n ts  o f  th e  f ig u re  in th e  g iv en  p o in t (a,b,c,d)e[0 ,1  ]4 , an d  the  
m ix e d  se c o n d  p a r tia l  d e r iv a tiv e s  r„v , rm , r„„ , r „ , , r v, , r w, th a t d e f in e  tw is t  v e c to rs  to  the 

iso p a ra m e tr ic  su rfa c e  p a tc h e s  o f  th e  f ig u re , an d  th e  m ix e d  th ird  p a r tia l  d e r iv a tiv e s  ruvw , 
r , „  , r uv, , rM th a t d e f in e  d e n s ity  v e c to rs  to  th e  iso p a ra m e tr ic  so lid  c e lls , r e sp e c tiv e ly  the  
m ix e d  fo u rth  d e r iv a tiv e  r uvw, , d e te rm in e  th e  in tr in s ic  g e o m e tr ic  p ro p e rtie s  o f  th e  f ig u re .

2. BASIC RELATIONS

L e t th e  su rfa c e  p a tc h  S  b e  c re a te d  fro m  a  b a s ic  f ig u re  in th e  fo rm  o f  a  c u rv e  se g m e n t 
su b d u e d  to  a  g e n e ra tin g  p r in c ip le  th a t is  a  c la ss  o f  g e o m e tr ic  tra n s fo rm a tio n s . A n a ly tic  

re p re s e n ta tio n  o f  th e  b a s ic  c u rv e  se g m e n t is th e  p o in t  fu n c tio n  p ( u )  o f  o n e  v a r ia b le  d e f in e d  at 

th e  u n it  in te rv a l 7= [0 ,1 ], w h ic h  is a  lo ca l h o m e o m o rp h ic  m a p p in g  o f  th e  in te rv a l I  o n to  th e  

c u rv e  se g m e n t. C la s s  o f  g e o m e tr ic  tra n s fo rm a tio n s  ca n  b e  e x p re ss e d  a n a ly tic a lly  b y  a 

fu n c tio n a l m a tr ix  T (v ), a  re g u la r  sq u a re  m a tr ix  o f  ra n k  4  w ith  e le m e n ts  in  th e  fo rm  o f  
rea l fu n c tio n s  o f  o n e  v a r ia b le  d e f in e d  an d  a t le a s t C 1 c o n tin u o u s  a t th e  u n it  in te rv a l / ,  w h ile  

th e  d e te rm in a n t |T ( v ) |  =  l fo r  a n y  v e / T h e  b a s ic  cu rv e  se g m e n t m o v e s  (a n d  d e fo rm s )  in  the
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space  fo rm in g  th u s  a  o n e -p a ra m e tr ic  sy s te m  o f  c u rv e  se g m e n ts . F ro m  th e  su rfa c e  c rea tiv e  
re p re se n ta tio n  a n d  d e f in itio n  th e  su rfa c e  p o in t  fu n c tio n  c a n  b e  o b ta in e d  in  th e  fo rm

s(n ,v ) =  p ( u ) . T ( v ) ,

and h o m o g e n e o u s  c o o rd in a te s  o f  th e  su rfa c e  p o in t  can  b e  c a lc u la te d  f ro m  th e  p o in t  fu n c tio n  

for th e  o rd e re d  p a ir  o f  p o in t  c u rv il in e a r  c o o rd in a te s  ( a , b )  e  [0 ,1  ] 2

s ( a , b )  =  p ( a ) . T ( b )

P artia l d e r iv a tiv e s  o f  th e  su rfa c e  p o in t  fu n c tio n  s(u ,v ) w ith  r e sp e c t  to  th e  v a r ia b le s  u  

and v th a t a re  v e c to rs  s„, s,, d e f in e  ta n g e n t v e c to rs  to  th e  iso p a ra m e tr ic  u - ,  a n d  v -cu rv e  
segm en ts lo c a te d  o n  th e  su rfa c e  p a tc h  in  th e  g iv e n  p o in t ( a , b ) e [ 0 , l ] 2 . T a n g e n t v e c to rs  s„, sv 
d e te rm in e  th e  ta n g e n t p la n e  x th e  c re a te d  su rfa c e  p a tc h  an d  c a n  b e  e x p re s s e d  in  th e  fo rm

s„(a, b )  =  p  ( a ) . T (6 ),

b )  =  p ( a ) . T'(Z>)

M atrix  T'(£>) is th e  v a lu e  o f  th e  f irs t  d e r iv a tiv e  o f  th e  fu n c tio n a l m a tr ix  T (v ) e x p re ss e d  fo r th e  
variab le  v =  b .  T h e  v e c to r  p ro d u c t o f  th e  tw o  ta n g e n t v e c to rs  is th e  n o rm a l v e c to r  to  th e  

su rface  p a tc h  in  th e  g iv e n  p o in t

n ( u , b )  =  s u( a ,  b )  x  s v(a , b )

C h o o s in g  sp e c ia l c la s se s  o f  g e o m e tr ic  tra n s fo rm a tio n s  fo r  g e n e ra t in g  p r in c ip le s  w e  can  
crea te  c la s s ic a l ty p e s  o f  su rfa c e s  w e llk n o w n  a n d  u se d  in  e n g in e e r in g  g e o m e try  a n d  w e  can  
find  a n a ly tic  re p re se n ta t io n s  o f  th e s e  su r fa c e s  in  th e  fo rm  o f  p o in t  fu n c tio n s  re p re s e n tin g  th e  
o rien ted  su r fa c e  p a tc h e s . In tr in s ic  g e o m e tr ic  p ro p e r t ie s  c a n  b e  c a lc u la te d  o n  c o m p u te rs  o n  th e  
base o f  th e  p re s e n te d  fo rm u la s . C re a te d  su rfa c e  p a tc h e s  c a n  b e  e a s i ly  v isu a lis e d  in  so m e  o f  th e  
av a ilab le  g ra p h ic a l sy s te m s  an d  p ro g ra m m e s , th e ir  v ie w s  in so m e  o f  th e  p ro je c tio n  m e th o d s  

can b e  d ra w n  as su ita b ly  d e n s e  n e ts  o f  th e  iso p a ra m e tr ic  c u rv e  se g m e n ts .
I llu s tra tiv e  f ig u re s  a re  in c lu d e d  fo r  s e p a ra te  s u rfa c e  ty p es .

3. T R A N S L A T IO N  S U R F A C E S

L et th e  a n a ly tic a l r e p re se n ta tio n  o f  th e  b a s ic  c u rv e  se g m e n t b e  th e  p o in t  fu n c tio n

p ( u )  =  ( x ( u ) ,  y ( u ) , z ( u ) ,  1)

sa tis fy in g  th e  re q u ire d  c o n d itio n s  o n  th e  u n it  in te rv a l / = [ 0 , 1].
T h e  g e n e ra t in g  p r in c ip le  in  th e  fo rm  o f  th e  c la s s  o f  tr a n s la t io n s  is  re p re se n te d  

a n a ly tic a lly  b y  th e  m a tr ix  fu n c tio n  T (v ) w ith  th e  d e r iv a tiv e  in  th e  m a tr ix  fo rm  T '(v )

f  1 0 0 O' '  1 0 0 oN
0 1 0 0

T ( v )  =
0 1 0 0

0 0 1 0 0 0 1 0

b ( v ) c (v ) I y ( V) b ' ( y ) c ' ( v ) o ,
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o f  th e  r e q u ire d  p ro p e r t ie s  o n  th e  u n it  in te rv a l / .  T h e  tra je c to ry  o f  m o v e m e n t o f  th e  b as ic  
s e g m e n t p o in ts  is  th e  c u rv e  s e g m e n t re p re se n te d  b y  th e  p o in t fu n c tio n

g(v) =  (a (v ) , b ( v ) ,  c (v ), 1) 
d e f in e d  o n  I  a n d  s a tis fy in g  re q u ire d  c o n d itio n s .

In  th e  c a se  o f  th e  m o v e m e n t o n  a lin e  se g m e n t ( in  th e  d ire c tio n  o f  a  v e c to r  (a , b , c )) the 
c o o rd in a te  fu n c tio n s  a re  in  th e  s im p le  fo rm s  a ( v ) = a v , b ( v ) = b v ,  c (v )= c v , a n d  th e ir  d e r iv a tiv e s  
a re  c o n s ta n ts  a ,  b ,  c .

S u rfa c e  p a tc h  a n a ly tic  re p re se n ta tio n  is a  p o in t  fu n c tio n

s (k .v )  =  p ( u ) . T (v ) =  ( * ( « ) ,  y ( u ) ,  z ( u ) ,  1) . T (v )

=  ( x ( u )  + a ( v ) , y ( u ) + b ( v ) ,  z ( u ) +  c (v ) ,  1 )

sa tis fy in g  re q u ire d  c o n d itio n s  o n  re g io n  [0 ,1  ]2.

T h e  p a r tia l d e r iv a tiv e s  w ith  r e sp e c t to  th e  v a r ia b le s  u ,  v a re  in  fo rm s

(w, v ) e [ 0 , l ] 2

°u (u ,v )  = p \u ) . T (v ) =  ( x  \u ),  y  X u ) ,  z  X u ) ,  0 ) .  T (v )=  ( x  Xu), y  Xu), z  Xu), 0 )

s ^ ,v ) - P(„). T '( v) =  ( 4 u ) , y ( u ) ,  z ( u ) ,  1) . T '(v )= ( f l  '(v), b '(v ), c  '(v), 0 ) (I)

N o rm a l v e c to r  ca n  b e  c a lc u la te d  as th e  v e c to r  p ro d u c t o f  th e  f irs t  p a r tia l  d e r iv a tiv e s , 
w h ic h  is th e  v a lu e  o f  th e  d e te rm in a n t D T

n (n , v) =  s,u(u , v ) . sv(u, v) : D T  =

i j  k

x \ u )  y ' ( u )  z \ u )

a ' ( v )  b ' ( v )  c ’(v )

C a lc u la tio n s  c a n  b e  p ro c e ss e d  w ith  re sp e c t to  th e  p re d e f in e d  v a lu e s  o f  th e  tw o  v a r ia b le s  u ,  

v s [ 0 , l ] .  In  th e  F ig . l  th e re  is  th e  i l lu s tra tio n  o f  th e  tra n s la t io n  su rfa c e  c re a te d  b y  th e  

m o v e m e n t o f  th e  L e m n isc a te  o f  B e rn o u lli  o n  th e  s in u so id a l t ra je c to ry  a n d  th e  su rfa c e  c rea ted  

f ro m  th e  S te in e r  h y p o c y c lo id  tra n s la te d  o n  th e  lin e a r  tra je c to ry .

Fig.l
R ys.l
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4. S U R F A C E S  O F  R E V O L U T I O N

S u rfa c e  o f  re v o lu tio n  can  b e  c re a te d  f ro m  th e  b a s ic  c u rv e  se g m e n t a n a ly tic a l ly  re p re se n te d  

b y  th e  p o in t  fu n c tio n  p ( u )  th a t  re v o lv e s  a b o u t an  ax is .
T h e  m a tr ix  fu n c tio n  re p re s e n tin g  th e  c la s s  o f  r e v o lu tio n s  ( fo r  th e  e a s y  fo rm u la tio n s  th e  ax is  
o f  r e v o lu tio n s  is lo c a te d  in to  th e  c o o rd in a te  a x is  z) is  a sq u a re  fu n c tio n a l m a tr ix  T (v ) o f  ra n k  4 

in th e  f o n n

T (v ) =

c o s 2 k v  s i n 2 ;rv 0  0

- s in 2 7 r v  c o s 2 k v  0  0

0 0 1 0

0 0 0 1

, w ith  th e  f irs t  d e r iv a tiv e  in  th e  fo rm

y

T '(v )  =

i  - I n s m l m  2 ^  co s  2  n v  0  0  

-2 7 rc o s 2 7 rv  - 2 7 r s in 2 ; r v  0 0

0 0 

0  0

d e f in e d  o n  th e  in te rv a l [0 , 1 ].

C rea ted  p a tc h  o f  th e  su r fa c e  o f  r e v o lu tio n  c a n  b e  a n a ly tic a lly  re p re se n te d  b y  th e  p o in t 

fu n c tio n

s ( u ,  v) =  p (k )  . T (v )  =  (x(w), y ( u ) ,  z ( u ) ,  1 ) .  T (v )  =

=  (x(m)cos 2 k v  - y ( u )  s in  2 k v , x ( u )  s in  2 n v  +  y (« )c o s  27tv, z ( u ) ,  1 ) ,  ( u , v ) e  [0,1 ] 2

P a r tia l d e r iv a tiv e s  o f  th e  p o in t  fu n c tio n  s ( u ,  v) w ith  re sp e c t to  th e  v a r ia b le s  u ,  v a re  in 
fo rm s (I) w ith  th e  c o r re sp o n d in g  m a tr ic e s  T ( v )  an d  T '(v )  a n d  th e  n o rm a l v e c to r  c a n  b e  

c a lc u la te d  as th e  v a lu e  o f  th e  d e te rm in a n t D R ,

s v i  =  P -(„). T (v )  =  ( x  ' ( u ) ,  y  X u ) ,  z  X u ) ,  0 ) .  T (v )  =

=  ( x  X u ) c o s  27tv - y  '(n )s in  2 n v , x  '(u )s in  2 n v +  y  '(« )c o s  2 rtv, z '(« ), 0 ) =

=  ( S '( k .v ) .C '( « ,v ) . z '( « ) ,  0 )

Sl(u. v) - p(h )  T  (v) =

=  (-27i.(x(w )sin27tv + y (w )c o s  2 ttv ), 271.(-x(u)cos2tiv  + y ( n ) s in  2 n v ) ,  0 , 0 ) =

=  -2 n  (x (n)sin27 iv  + y ( n )c o s  27iv, x (n )cos27 iv  - y (w )s in  27tv), 0 , 0 ) =

=  -2 k  ( 4 (« ,v ), C X u ,v ) ,  0 , 0 )

D R  =  2k

i j  k

£'(m,v) C ' ( u , v )  z ' { u )

- £ ( k , v )  £ ( u , v )  0

w h ile  th e  c u rv il in e a r  c o o rd in a te s  o f  th e  p o in ts  lo c a te d  o n  th e  su rfa c e  c a n  b e  c a lc u la te d  as in 

the  p re v io u s  ty p e  o f  su rfa c e s .
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S u rfa c e  o f  r e v o lu tio n  c re a te d  fro m  th e  A rc h im e d e a n  sp ira l b y  th e  c la s s  o f  re v o lu tio n s  
a b o u t th e  c o o rd in a te  ax is  y  an d  a n o th e r  o n e  g e n e ra te d  fro m  th e  A s te ro id  b y  re v o lv in g  it ab o u t 
th e  c o o rd in a te  a x is  z  is p re se n te d  in th e  F ig . 2.

Fig.2
Rys.2

5 . H E L I C A L  S U R F A C E S

H e lic a l su rfa c e  p a tc h  can  b e  c re a te d  fro m  th e  b as ic  c u rv e  se g m e n t d e te rm in e d  by  the  
p o in t fu n c tio n  p(w) b y  th e  h e lic a l m o v e m e n t ab o u t an  ax is .

T h e  m a tr ix  fu n c tio n  re p re se n tin g  th e  h e lic a l m o v e m e n t a n d  its  d e r iv a tiv e  ( fo r  th e  easy  
fo rm u la tio n s  th e  ax is  o f  c y lin d r ic a l h e lica l m o v e m e n t is lo c a te d  in to  th e  c o o rd in a te  ax is  z )  a re  
in fo rm

'  C0S27TV sin  2 m 0 0^ 2 ^ s i n  2 m 2 ;rc o s2 ;z v 0 o N

-  sm  2 m c o s  2 m 0 0
i T '(v )  =

-  2 n  co s  2 m -  2 n  s in  2 m 0 0

0 0 1 0 0 0 0 0

, o 0 a v K V 0 0 a o ,

w h e re  a = 2 n r ,  w h ile  r  is th e  re d u c e d  p itc h  d e f in in g  th e  h e lica l m o v e m e n t.
A n a ly tic  r e p re se n ta tio n  o f  th e  h e lic a l su rfa c e  p a tc h  is th e  p o in t fu n c tio n

s(w, v )  =  p ( « ) .T ( v )  =  ( x ( u ) ,  y ( u ) ,  z ( u ) ,  1) ,T (v )  =

=  (x(w )cos 27tv - y { u ) s in  2 rtv , x ( u )  s in  27iv + y (« )c o s  2 rtv , z ( u )  +  2 n r v ,  1), ( u ,  v ) e [ 0 , l ]2

P a r tia l  d e r iv a tiv e s  w ith  re sp e c t to  th e  v a r ia b le s  i t an d  v fo r  th e  v a lu e s  f ro m  th e  in te rv a l 1 

a re  c a lc u la te d  a c c o rd in g  to  (I), w ith  th e  c o r re sp o n d in g  m a tr ic e s  T (v ) an d  T '(v )  a n d  th e  n o rm al 

v e c to r  c a n  b e  c a lc u la te d  as th e  v a lu e  o f  th e  d e te rm in a n t D H
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*„(“ > v) =  P '(« ) • T (v ) =  (x \ u ) ,  y  '0 ), z '(« ), 0 )  . T (v ) =

=  0x'(m )cos2tcv -y '(z 0 s in 2 7 iv , * '(u )sm 2 7 tv +  y  '00cos27 tv , z ' ( u ) , 0 ) =

= ( 4 ’(k .v ),£ '(w.v )»z '(«),0)

sv(«, v) =  pO O .T '(v ) =  (-27t(;r00sin2Ttv +  yO O c o s27tv), 27t(x(w)cos27rv - j0 0 s in 2 7 tv ) ,  a ,  0) 

=  2 j i(-£ (k , v), Q u ,  v), r ,  0 )

D H  =  2 ti

i j  k

4 > , v )  z ' ( “ )

- £ ( h , v) f ( » , v )  r

In th e  F ig . 3 th e re  is an  i l lu s tra tio n s  o f  th e  h e lic a l s u rfa c e  p a tc h  c re a te d  f ro m  th e  bas ic  
curve  s e g m e n t in  th e  fo rm  o f  a  c is so id  b y  a  c y lin d r ic a l h e lic a l m o v e m e n t an d  a  p a tc h  c rea ted  

from  th e  e llip se  b y  th e  c o n ic a l h e lic a l m o v e m e n t.
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6 . H O M O T H E T I C A L  S U R F A C E S

H o m o th e tic a l su rfa c e  c a n  b e  c re a te d  f ro m  th e  b a s ic  c u rv e  se g m e n t p (« ) b y  th e  c la ss  o f  

h o m o th e tie s  ( sc a lin g s )  to  th e  c e n tre  in th e  g iv e n  p o in t S = ( a , b , c , \ )  d e te rm in e d  b y  a 
n o n z e ro  c o e f f ic ie n t  h .

T h e  m a tr ix  fu n c tio n  re p re se n tin g  th e  c la ss  o f  h o m o th e tie s  an d  its d e r iv a tiv e  a re  in  fo rm s

'1 -v h 0 0 0 ^ f - h 0 0 O'
0 1 - v h 0 0

T"(v) =
0 - h 0 0

0 0 1- v h 0 0 0 - h 0

v ahv bhv chv 1J ah bh ch 0 J

T ( v ) :

S u rfa c e  p a tc h  a n a ly tic a l re p re se n ta tio n  is th e  p o in t fu n c tio n

s ( u ,  v) =  p ( « ) .T ( v )  =  ( x ( u ) , y ( u ) ,  z ( u ) ,  1) .T (v )  =

=  ( ( \ - v h ) x ( u )  +  a h v ,  ( \ - v h ) y { u ) +  b h v ,  ( 1-v/i) z ( u ) +  c h v ,  1), (« , v ) e [ 0 , l ] 2

P a rtia l d e r iv a tiv e s  w ith  re sp e c t to  th e  v a r ia b le s  u  a n d  v fo r  th e  v a lu e s  f ro m  th e  in te rv a l 
[0 , 1 ] a re  c a lc u la te d  a c c o rd in g  to  (I)

v )  = p \ u ) .  T (v ) =  (x \ u ) , y \ u ) , z \ u ) , 0 ) .  T (v )=  (1 - v h ) ( x \ u ) , y \ u ) , z \ u ) ,  0)

sv(m, v )  = p ( u )  T '(v )=  ( x ( u ) , y ( u ) ,  z ( u ) ,  1). T '( v ) =  - h ( x ( u ) + a , y ( u ) + b ,  z ( u ) + c ,  0)

T h e  n o rm a l v e c to r  ca n  b e  c a lc u la te d  as th e  v a lu e  o f  th e  d e te rm in a n t D S .

D S  =
i j k

x ’(u) y '(u )  z '(u )
x (u )  + a y (u )  + b z(u ) + c

H o m o g e n e o u s  c o o rd in a te s  o f  th e  p o in ts  lo c a te d  o n  th e  su rfa c e  ca n  b e  c a lc u la te d  o n  c o m p u te rs  
f ro m  th e  p o in t  fu n c tio n  d e te rm in in g  th e  p o in t c u rv ilin e a r  c o o rd in a te s .

Rys.4
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I l lu s tra tio n s  a re  in  th e  F ig . 4 , t ru n c a te d  p y ra m id a l su rfa c e  c re a te d  f ro m  th e  b a s ic  p e n ta g o n  
su b d u e d  to  th e  c la s s  o f  h o m o th e tie s  w ith  th e  c o e f f ic ie n t  h <  1 a n d  a  d o u b le  c o n ic a l su rface  
c re a te d  f ro m  th e  F o liu m  o f  D e sc a r te s  b y  th e  c la s s  o f  h o m o th e tie s  w ith  th e  c o e f f ic ie n t  h >  1, 

w h ile  c e n tre s  o f  th e s e  h o m o th e tie s  a re  in  th e  su rfa c e  v e rtice s .
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A b s tr a c t

T h e  p a p e r  d e a ls  w ith  so m e  o f  th e  p o ss ib le  s tra te g ie s  fo r  g e n e ra tin g  d if fe re n t  k in d s  o f  
su rface  p a tc h e s  u s in g  c o m p u te r  g ra p h ic s  m e th o d s . O n  th e  b a s e  o f  th e  su r fa c e  p a tc h  c re a tiv e  

law  th e re  c a n  b e  d e r iv e d  its  a n a ly tic a l r e p re se n ta tio n  in th e  fo rm  o f  a  p o in t fu n c tio n  
rep re sen tin g  h o m o g e n e o u s  c o o rd in a te s  o f  an y  p o in t  lo c a te d  o n  th e  s u rfa c e  p a tc h  a n d  d e fin ed  
by  a  p a ir  o f  th e  c u rv il in e a r  c o o rd in a te s . D e r iv a tiv e s  o f  th e  su rfa c e  p a tc h  p o in t  fu n c tio n  w ith  
resp ec t to  b o th  v a r ia b le s  d e f in e  ta n g e n t v e c to rs  to  th e  su rfa c e  p a tc h  iso p a ra m e tr ic  cu rv e  

se g m en ts , ta n g e n t p la n e  a n d  a  n o rm a l v ec to r .


