
Z E S Z Y T Y  N A U K O W E  P O L IT E C H N IK I  Ś L Ą S K IE J  

S eria : G E O M E T R IA  I G R A F IK A  IN Ż Y N IE R S K A  z.3
2000 

N r k o l. 1453

A n d rz e j K O C H
W y d z ia ł M a te m a ty k i S to so w a n e j 
P ra c o w n ia  G e o m e tr ii  W y k re ś ln e j 
A k a d e m ia  G ó rn ic z o -H u tn ic z a , K ra k ó w

RELATIO NS BETW EEN TW O  PLANAR FIELDS OF IM AG ES IN 
C E N TR A L-P O LA R  PROJECTION M ETHOD

S u m m a r y .  In c e n tra l -  p o la r  p ro je c tio n  m e th o d  [3] tra n s fo rm a tio n s  T  a n d  T '1 c o n v e r t 
r e sp e c tiv e ly  th e  f ie ld  o f  c e n tra l p ro je c tio n s  A Sj in to  th e  f ie ld  o f  p o la r  p ro je c tio n s  A b|. In  th e  

a r tic le  h a v e  b e e n  in v e s tig a te d  tra n s fo rm a tio n s  * T  =  n ( T )  a n d  *T "' =  n ( T ' )  ( f l  =  c o llin e a r  
t r a n s fo rm a tio n )  an d  in  th e  la tte r  5 c a se s  h a v e  b e e n  d isc u sse d .

A N A LIZA  N IE K TÓ R Y C H  PR ZEK SZTA ŁC EŃ  W O D W ZO R O W A N IU  
Ś R O D K O W O -B IE G U N O W Y M

S t re s z c z e n ie .  N a  w s tę p ie  p rz y p o m n ia n o  k ró tk o  z a s a d ę  o d w z o ro w a n ia  ś ro d k o w o  -  
b ie g u n o w e g o  O - S B  o ra z  je g o  a p a ra t p ro je k c y jn y  A  . P o d a n o  ró w n ie ż  d e f in ic je  p rz e k sz ta łc e ń  
T  i T ’ 1 o p is a n y c h  w  [3]. P rz e k sz ta łc e n ia  te  p r z e p ro w a d z a ją  o d p o w ie d n io  u k ła d  rz u tó w  

ś ro d k o w y c h  A si w  u k ła d  rz u tó w  A b, p u n k tó w  A; p rz y n a le ż n y c h  d o  p ła s z c z y z n y  a  
p rz e s trz e n i  {P} o ra z  u k ła d  rz u tó w  b ie g u n o w y c h  A bi w  u k ła d  rz u tó w  A s, p u n k tó w  A , . C e le m  
a r ty k u łu  j e s t  z b a d a n ie  w ła sn o śc i p rz e k sz ta łc e ń  *T  =  n  (T ) i *T"' =  n  ( T '1) w y n ik a ją c y c h  z  *A  

=  f i  (A ), g d z ie  jQ j e s t  p rz e k sz ta łc e n ie m  ś ro d k o w o -k o l in e a c y jn y m  [2]. W y k a z a n o , że  * T  m a 
c h a ra k te r  l in io w o  -  k w a d ra to w y , a  * T '' k w a d ra to w y . W  ty m  o s ta tn im  p rz e k sz ta łc e n iu , w  

z a le ż n o śc i o d  p o ło ż e n ia  p ła s z c z y z n y  g ra n ic z n e j p rz e s trz e n i {P} w z g lę d e m  p e w n e g o  s to ż k a  

S i s to p n ia  2 , w y ró ż n io n o  i o m ó w io n o  5 p rz y p a d k ó w  d o ty c z ą c y c h  o d p o w ie d n io ś c i  * A bt - »  

*A; e  * a  .

L e t u s  b r ie f ly  r e c a ll  th e  p r in c ip le  o f  C e n tra l -  P o la r  P ro je c tio n  (C -P P )  an d  its  
p ro je c tin g  a p p a ra tu s  A  w h ic h  h a v e  b e e n  d e s c r ib e d  b y  W .A .P ie k lic z  in  th e  a r tic le  [ 3 ] . 
T h e  p ro je c tio n  c a n  b e  a c c o m p lis h e d  in  th e  fo llo w in g  w a y  : th e  a p p a ra tu s  A  is d e te rm in e d  

in th e  fo rm  o f  a  sp h e re  K  an d  a  p la n e  x ta n g e n t to  K  a t p o in t T  . N e x t , p o in ts  A i ( i =  
l ,2 ,3 , . . . n )  o f  sp a c e  { P } a re  p ro je c te d  f ro m  th e  c e n tre  0  o f  th e  sp h e re  K  o n to  th e  p la n e  

x o f  p ro je c tio n . T h u s  , c e n tra l  p ro je c tio n s  ( im a g e s )  A s, o f  th e  p o in ts  A i a re  o b ta in e d  . T h en  

fo r  e a c h  p o in t  A  its p o la r  p la n e  a  w ith  re sp e c t to  K  is  fo u n d  a s  w e ll a s  th e  lin e  L , =
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a  n x  . T h e  p o in ts  A* a re  p ro je c te d  o r th o g o n a lly  o n to  c o r re sp o n d in g  lin e s  k ^  .T h u s , p o la r  
p ro je c tio n s  ( im a g e s )  A b, o f  th e  p o in ts  A i a re  a c h ie v e d  .

T h e  t ru th  o f  th e  fo llo w in g  s ta te m e n ts  (a n d  c o n v e rse  o n e s )  h a v e  b e e n  p ro v e d  [3] :

1. T o  e a c h  p o in t  A  e  j P )  o f  p ro je c tio n  p la n e  x c o r re sp o n d  tw o  p o in ts  A s a n d  A b w h ic h  
a re  c o ll in e a r  w ith  th e  p o in t  T  a n d  th e  lin e  A sA b is p e rp e n d ic u la r  to  k<,

2. T o  e a c h  lin e  p e { P }  o f  p ro je c tio n  p la n e  x c o rre sp o n d : a  lin e  p s a s  its  c e n tra l p ro je c tio n  
a n d  a  c irc le  p b w ith  d ia m e te r  T P  a s  its  p o la r  p ro je c tio n , th e  p o in t  P  b e in g  P = p ’n x  a n d  the  
lin e s  p  a n d  p ’ -  p o la r  l in e s  w ith  r e g a rd  to  K .

In  th e  a r tic le  [2] g e n e ra l iz a t io n  o f  C  -  P P  an d  A  h a s  b e e n  d e sc rib e d . I t c a n  b e  e x e c u te d  

b y  m e a n s  o f  c e n tra l - c o l l in e a r  tra n s fo rm a tio n  n  d e te rm in e d  b e tw e e n  sp a c e s  {P} an d  {*P }, 
w h ic h  c a n  b e  w ritte n  in  th e  sy m b o lic  fo rm  o f  th e  fo llo w in g  re la tio n s: 

n  ( C - P P  )=  * c - * p * p  a n d  n  (A) =*A
T h e  sp h e re  K  a n d  p ro je c tio n  p la n e  x o f  th e  a p p a ra tu s  A a re  t r a n s fo rm e d  in to  q u ad ric  

* K  a n d  p ro je c tio n  p la n e  *x o f  th e  a p p a ra tu s  *A r e s p e c t iv e l , th e  p la n a r  f ie ld s  (x) an d  (*x) 

h a v in g  c o m m o n  b a se  ( it  h a s  b e e n  a s su m e d  th a t th e  c e n tre  S o f  p e r sp e c tiv ity  b e lo n g s  to  x ).T o  

th e  p o in t  T  o f  c o n ta c t  b e tw e e n  x an d  K  c o r re sp o n d s  ta n g e n c y  p o in t  *T  o f  *x an d  * K  

a n d  to  th e  c e n tre  O  o f  th e  sp h e re  K  -  p o in t  * 0  b e in g  th e  p o le  o f  th e  v a n is h in g  p la n e  *£ e  
{*P} w ith  r e sp e c t  to  * .K .

T h e  p u rp o s e  o f  th is  a r tic le  is  to  in v e s tig a te  w h a t h a p p e n s  to  th e  p ro p e rtie s  o f  the  

tra n s fo rm a tio n  T  (a s  w e ll as th e  c o n v e rse  o n e  T ' 1) d e sc r ib e d  fo r  C - P P  i f  th e y  a re  c o n v e y e d  
o n to  *C  - * P * P ,  a n o th e r  w o rd s  to  c h a ra c te r iz e  th e  tra n s fo rm a tio n s  * T  = n  ( T )  an d  * T " ,= n  
( T 1) .

ANALYSIS OF TRANSFORM ATIONS T AND *T

Definition 1. T h e  tra n s fo rm a tio n  w h ic h  c o n v e r ts  th e  f ie ld  o f  p ro je c tio n s  ( im a g e s  ) A ;s 

in to  th e  f ie ld  o f  p ro je c tio n s  ( im a g e s  ) A jb o f  p o in ts  A j b e lo n g in g  to  an  a rb itra ry  p la n e  a  o f  

sp a c e  {P} w ill  b e  n a m e d  t r a n s f o r m a t i o n  T .
L e t  th e  p ro je c tin g  a p p a ra tu s  A b e  g iv e n  a s  w e ll as a  p la n e  a  an d  a  p o in t  A s m o v in g  

a lo n g  a  lin e  p s o f  th e  p ro je c tio n s  p la n e  x .T o  su b s e q u e n t p o s it io n s  A jS o f  th e  p o in t  A  
c o r re sp o n d  p ro je c tin g  ray s  O A jS g e n e ra tin g  p e n c il  ( 0 ) ,  th e  b a se  o f  w h ic h  is p ro je c tin g  p la n e  

in te rse c tin g  a  a lo n g  th e  lin e  p  w h ic h  in  tu rn  is th e  th e  b a se  o f  ra n g e  o f  p o in ts  ( A ; ) .

T h e  c o r re sp o n d e n c e  A jS-* A j is c e n tra l p ro je c tio n  , h e n c e  it is  lin ear.

T h e  p o la r  p ro je c tio n s  A ;b o f  p o in ts  Aj e  p  d e te rm in e  a  c irc le  p be x  b e in g  th e  p o la r  
p ro je c tio n s  o f  th e  lin e  p.

T h e re fo re , th e  c o r re sp o n d e n c e  A ,—>A,b is q u a d ra tic .T h u s  , th e  tra n s fo rm a tio n  T su c h  th a t 

A ;s (T) =  A ,b , w h ic h  is th e  p ro d u c t  o f  th e  a b o v e  - d e s c r ib e d  c o r re s p o n d e n c e s  is  o f  
l in e a r -q u a d ra t ic  n a tu re  [ 3 ] .

N o w  le t  u s  c o n s id e r  th e  n a tu re  o f  th e  tra n s fo rm a tio n  * T  . W e  c a n  a p p ly  s im ila r  re a so n in g  

as th e  p re v io u s  o n e  i.e . w e  c a n  se e k  th e  re su lts  th ro u g h  th e  a p p a ra tu s  * A  =  Ft ( A ) .  I t is 
su f f ic ie n t, h o w e v e r  , to  ta k e  th e  fo llo w in g  re la tio n s  b e tw e e n  th e  f ie ld s  o f  th e  p a irs  o f  

p ro je c tio n s  in  th e  p la n e  x [2 ] :

( * A jS ) =  n (  A is ) an d  ( *A ;b ) =  H  ( A ,s )
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F ro m  th e  a b o v e  it c a n  b e  im m e d ia te ly  c o n c lu d e d  th a t  *ps is  a l in e  a n d  * p b -  a  c o n ic  and  

th a t th e  c o r re s p o n d e n c e  *A jS —> *A; is  l in e a r  (c e n tra l p ro je c tio n  in * C - * P * P )  an d  th e  

c o r re sp o n d e n c e  *Aj -> * A ;b - q u a d ra t ic  .
T h e re fo re , th e  p ro d u c t o f  th e s e  tw o  c o r re sp o n d e n c e s , a n o th e r  w o rd s  th e  tra n s fo rm a tio n  

* T  , is a lso  o f  lin e a r  - q u a d ra t ic  n a tu re  .

A N A L Y S IS  O F  T R A N S F O R M A T I O N S  T  A N D  * T  1

D e f in i t io n  2 . T h e  t r a n s f o r m a t i o n  T ' 1 is  su c h  a  tra n s fo rm a tio n  w h ic h  c o n v e r ts  th e  fie ld  
o f  p ro je c tio n s  ( im a g e s )  A jb in to  th e  fie ld  o f  p ro je c tio n s  ( im a g e s  ) A ,s o f  p o in ts  A; 

b e lo n g in g  to  an  a rb itra ry  p la n e  a  o f  sp a c e  { P } .
L e t  a g a in  b e  g iv e n  th e  p ro je c tin g  a p p a ra tu s  A  , an  a rb itra ry  p la n e  a  a n d  p o in t  A b m o v in g  

a lo n g  a  lin e  p b o f  th e  p ro je c tio n s  p la n e  x. I t  is  k n o w n  th a t  in  th e  f ie ld  ( A ,b ) o f  p o la r  

p ro je c tio n s  to  e a c h  lin e  T A b is a tta c h e d  a t p o in t A b a lin e  lq, p e rp e n d ic u la r  to  T A b .
I t  m e a n s  th a t  th e  se t o f  th e  lin e s  lc, \ =  cq n  x fo rm s  a  p e n c il  (k 2 ) o f  2 nd o rd e r. T h e  

e n v e lo p e  o f  ( k 2 ) is a p a ra b o la  s w ith  its  fo c u s  a t th e  p o in t  T  a n d  th e  v e r te x  a t th e  p o in t 
o f  ta n g e n c y  w ith  th e  lin e  p b (fig . 1 ).

L e t  u s  c o n s id e r  th e  c o r re sp o n d e n c e  : A bj —» Aj e  a  . A s it  h a s  b e e n  p ro v e d  [3] th is  is  a  
q u a d ra tic  c o r re sp o n d e n c e . I t re su lts  f ro m  th e  fo llo w in g  re a so n in g  : le t  th e  p o la r  

t r a n s fo rm a tio n  w ith  r e sp e c t  to  th e  sp h e re  K  b e  a p p lie d  to  th e  se t  o f  l in e s  k<,i .T h en  a  n ew  

se t k ’0i is  o b ta in e d , th e  lin e s  k^i a n d  k ’a i

K o 7

Fig. 1. Parabola as the result o f  point A b m oving along line pb
Rys. 1. Parabola jako  wynik poruszającego się punktu Ab w zdłuż prostej p

b e in g  p o la r  lin es . N o te  th a t  th e  lin e s  k ’oi p a ss  th ro u g h  th e  p o in t  T  w h ic h  is th e  p o le  o f  th e  

p ro je c tio n  p la n e  x . T h u s , th e  a b o v e  -  m e n tio n e d  p o la r  tra n s fo rm a tio n  c o n v e r ts  th e  p e n c il  (k 2) 

o f  2 n d  o rd e r  in to  th e  b u n d le  (T ), th e  e le m e n ts  k ’oi o f  w h ic h  a re  th e  g e n e ra to rs  o f  a  c o n e  Si
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o f  2 n d  d e g re e  . In  th e  c o r re sp o n d e n c e  A b ->  Aj th e  c o n ic  p  =  S j n  a  is  th e  im ag e  o f
th e  lin e  p b , w h ic h  m e a n s  th a t  th is  c o r re sp o n d e n c e  is o f  q u a d ra tic  n a tu re .

N a tu ra lly , th e  lin e  p b o f  th e  p la n e  x is th e  p ro je c tio n  ( im a g e )  o f  th e  c o n ic  p  .

N o w  le t u s  ta k e  th e  c o r re sp o n d e n c e  A; —>• A s L - It is  c le a r  th a t  th is  is  c e n tra l p ro jec tio n . 
T h e  c o n ic  p  a n d  th e  c e n tre  0  o f  th e  sp h e re  K  a lso  d e te rm in e  a  c o n e  S 2  o f  2 n d  d e g re e  . 
In  th e  c o r re sp o n d e n c e  A; - »  A Sj th e  co n ic  p s =  S 2 n  x is th e  im a g e  o f  th e  c o n ic  p  o f  the  

p ro je c tio n  p la n e  x, w h ic h  m e a n s  th a t th e  c o r re sp o n d e n c e  is a lso  q u a d ra tic  .
T h e re fo re , th e  tra n s fo rm a tio n  T ' 1 su c h  th a t A b ( T ' 1 )  =  A Si b e in g  th e  p ro d u c t o f  the

a b o v e  -  d e s c r ib e d  c o r re sp o n d e n c e s , is o f  th e  q u a d ra tic  n a tu re  [ 3 ] .
In  lik e  m a n n e r  le t u s c o n s id e r  th e  tra n s fo rm a tio n  * T _1 . L e t th is  t im e , as th e  re su lts  o f  

tra n s fo rm a tio n  IT, b e  g iv e n  : th e  p ro je c tin g  a p p a ra tu s  *A , p la n e  * a  a n d  p o in t  * A b m o v in g  
a lo n g  th e  lin e  * p b b e lo n g in g  to  th e  p ro je c tin g  p la n e  *x . I t is  c le a r  th a t  th e  a b o v e  -  lis ted  
o b je c ts  o f  sp a c e  {*P } c o r re sp o n d  in p e rsp e c tiv e  c o llin e a tio n  to  th e  o b je c ts  o f  sp a c e  { P  } .

S im ila r ly  to  th e  p re v io u s  c a se  , to  e a c h  lin e  * T * A b a  lin e  *kCT at p o in t  * A b is a tta c h e d  . 

T h is  lin e , h o w e v e r , is n o t p e rp e n d ic u la r  to  * T * A b b e c a u se  th e  tra n s fo rm a tio n  f l  d o es  n o t 
p re se rv e  th e  r ig h t  a n g le  . It d e n o te s  th a t th e  se t o f  lin es  *k<,j =  *<jj n  * x  is  a  p en c il o f  2nd  
o rd e r  c ic u m s c r ib in g  a  c o n ic  s w h ic h , u n lik e  th e  p re v io u s  ca se , c a n  b e  a n y  o f  th re e  typ es 
r e s u lt in g  f ro m  th e  a f f in e  c la s s if ic a tio n  o f  th e  c o n ic  se c tio n s . N a tu ra lly , th e  ty p e  o f  th e  con ic  

*s  d e p e n d s  o n  th e  p o s it io n  o f  th e  v a n ish in g  lin e  g  o f  th e  f ie ld  (x) w ith  re sp e c t to  p a ra b o la  s.
N e x t, le t  u s  c o n s id e r  th e  c o r re sp o n d e n c e  * A b - >  *A, e  * a  .T h e  p o la r  tra n s fo rm a tio n  w ith  

r e sp e c t  to  th e  q u a d r ic  * K  c o n v e r ts  th e  se t o f  lin e s  *k„i in to  th e  se t o f  l in e s  * k ’a i • T h e  la tte r  
p a s s  th ro u g h  th e  p o in t * T  b e in g  th e  p o la r  o f  th e  p ro je c tio n  p la n e  *x . I t m e a n s  th a t th e  
p e n c il  ( * k 2 ) h as b e e n  t ra n s fo rm e d  in to  b u n d le  (* T ), th e  e le m e n ts  o f  w h ic h  a re  the  

g e n e ra to rs  o f  a  c o n e  *S i o f  2 n d  o rd e r  . T h e  in te rse c tio n  o f  th is  c o n e  a n d  th e  p la n e  * a  is a 
c o n ic  *p  w h ic h  in  th e  c o r re sp o n d e n c e  * A b —> *Aj is th e  im a g e  o f  th e  r a n g e  * p b on  * a  . 
T h e re fo re , it m e a n s  th a t th is  c o r re sp o n d e n c e  is o f  th e  q u a d ra tic  n a tu re  as w e l l .

H o w e v e r , th e  a b o v e  -  d e sc r ib e d  g en e ra l re la tio n s  can  in * C - * P * P  a s su m e  a few  
p a r tic u la r  fo rm s  b e c a u s e  th e  su c c e ss io n  o f  v a r io u s  c a se s  m a y  o c c u r  . D e p e n d in g  o n  the  

p o s it io n  o f  th e  v a n is h in g  p la n e  q  o f  sp a c e  {P} to w a rd s  th e  c o n e  S i an d  a s su m p tio n  th a t a  is 
g e n e ra lly  p o s it io n e d  w ith  re sp e c t to  it ,th e  fo llo w in g  ca se s  a re  p o s ib le  :

a) T h e  p la n e  q  in te rse c ts  S i in  n o n -d e g e n e ra te  co n ic

b )  T h e  p la n e  q  in te rse c ts  S i in tw o  rea l an d  d if fe re n t g e n e ra tin g  lin es

c) T h e  p la n e  q  in te rse c ts  S i in tw o  c o in c id e n t g e n e ra tin g  lin es  ( q  is ta n g e n t to  S i )

d )  T h e  p la n e  q  in te rse c ts  S i a t p o in t T  b u t is n o t ta n g e n t to  K

e) T h e  p la n e  q  in te rse c ts  S i a t p o in t T  a n d  is ta n g e n t to  K  .

A d  a) I t is  a  g e n e ra l c a se  .T o  th e  c o n e  S i in  *C  -  * P * P  c o r re sp o n d  : a  c o n e  * S i w ith  

p o in t  * T  as th e  v e r te x , to  th e  c o n ic  p  -  a  c o n ic  *p  =  n  ( p  ) o f  th e  p la n e  * a  an d  to 
th e  p a ra b o la  s -  a  c o n ic  *s = n  (s ) .

A d  b )  .T o  th e  c o n e  S i in  *C  -  * P * P  c o rre sp o n d s  a  h y p e rb o lic  c y lin d e r  * S i w h o se  

g e n e ra to rs  * k ’a j p a ss  th ro u g h  p o in t  * T "  , w h e re a s  to  th e  c o n ic  p - a  h y p e rb o la  *p o f  th e  

p la n e  * a  .

S in c e  th e  v a n is h in g  lin e  g  o f  th e  f ie ld  (x ) p a s se s  th ro u g h t p o in t T  b e in g  th e  fo cu s  o f  the  

p a ra b o la  s , th e n  th is  lin e  is se c a n t to w a rd s  s, w h ic h  m e a n s  th a t in  th e  f ie ld  (*x ) to  th is  
p a ra b o la  c o r re sp o n d s  a  h y p e rb o la  * s  .
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A d  c) . T o  th e  c o n e  S i in  *C  -  * p * p  c o r re sp o n d s  a p a ra b o lic  c y lin d e r  * S | w ith  v ertex  
* T "  , w h e re a s  to  th e  c o n ic  p  - a  p a ra b o la  *p .
S im ila r ly  to  th e  p re v io u s  case  an d  o n  a c c o u n t o f  th e  sa m e  re a so n , to  th e  p a ra b o la  s
c o r re sp o n d s  a  h y p e rb o la  *s in  th e  f ie ld  (*x) .

A d  d )  . T o  th e  c o n e  S i in *C  -  * P * P  c o rre sp o n d s  an  e ll ip t ic  c y lin d e r  * S i w ith  v e rtex  
*T ” , to  th e  c o n ic  p  - a n  e llip se  *p  , an d  to  th e  p a ra b o la  s - a  h y p e rb o la  *s .

A d  e) . In  th is  c a se  w e  h a v e  r) =  t . F o r  p ra c tic a l re a so n s  ( th e  im a g e s  o n  th e  p ro je c tio n  

p la n e  t a re  t r a n s fo rm e d  in to  e le m e n ts  a t in f in ity  ) th is  c a se  is n o t c o n s id e re d  .

L a s tly  le t us ta k e  th e  c a se  w h e re  th e  p la n e s  r) an d  a  a re  p a ra lle l  . T h e n  th e  h o m o lo g o u s  
c o n ic s  p  a n d  *p a re  c e n tra l ly  s i m i l a r .

F in a lly , le t u s  ta k e  th e  c o r re sp o n d e n c e  *Aj —» * A S; w h ic h  is c e n tra l p ro je c tio n  . T h e  co n ic  
*p a n d  th e  p o in t * 0  o f  th e  q u a d r ic  * K  d e te rm in e  a  c o n e  * S 2 o f  2 n d  o rd e r  ( a c y lin d e r  -  

in  p a r t ic u la r  c a s e  w h e re  O  e  q  ) . T h e  c o n ic  *ps =  * S 2 n  * t  is  th e  im a g e  o f  th e  c o n ic  *p e
* a  a n d  th e  c o r re s p o n d e n c e  in q u e s tio n  is a  q u a d ra tic  o n e  .

T h e re fo re , th e  tra n s fo rm a tio n  * T ' '  su c h  th a t *A jb ( * T _I ) =  * A Sj an d  b e in g  a
c o m p o s it io n  o f  th e  la s t -  c o n s id e re d  tw o  c o r re sp o n d e n c e s , is a lso  o f  th e  q u a d ra tic  c h a ra c te r  .
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A b s t r a c t

A t th e  b e g in n in g  o f  th e  a r tic le  th e  p r in c ip le  o f  c e n tra l -  p o la r  p ro je c tio n  (C -P P )  as w ell 
a s  its  p ro je c tin g  a p p a ra tu s  A  h a v e  b e e n  re c a lle d . A lso  d e f in itio n s  o f  tr a n s fo rm a tio n s  T  an d  
T "1 d e s c r ib e d  in  [3] h a v e  b e e n  g iv en . T h e  tra n s fo rm a tio n s  c o n v e r t  r e s p e c tiv e ly  : th e  p la n a r  
f ie ld  o f  ce n tra !  p ro je c tio n s  A Sj in to  th e  f ie ld  o f  p o la r  p ro je c tio n s  A b o f  p o in ts  Aj b e lo n g in g  
to  p la n e  a  o f  sp a c e  { P | a n d  th e  f ie ld  o f  p ro je c tio n s  A bj in to  th e  f ie ld  o f  p ro je c tio n s  A Sj o f  
p o in ts  Ai . T h e  p u rp o se  o f  th e  a r tic le  is  to  in v e s tig a te  th e  p ro p e r t ie s  o f  t ra n s fo rm a tio n s  * T  =  

FI (T )  a n d  *T " '  =  f l  ( T '1) re su ltin g  f ro m  re la tio n  *A  =  n  (A ) , w h e re  n  is  c e n tra l -  
c o ll in e a r  tra n s fo rm a tio n . I t h a s  b e e n  p ro v e d  th a t * T  is  o f  l in e a r  q u a d ra tic  n a tu re  an d  * T " ' is 
q u a d ra tic . In  th e  la tte r , d e p e n d in g  o n  th e  p o s itio n  o f  th e  v a n is h in g  p la n e  o f  sp a c e  ( P )  to w a rd s  
a c e r ta in  c o n e  o f  2 nd o rd e r, f iv e  c a se s  c o n c e rn in g  c o r re sp o n d e n c e  * A bj ->  *Aj 6  * a  hav e  
b e e n  s in g le d  o u t an d  d isc u sse d .


