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THREE-AXIAL CYCLICAL SURFACES OF REVOLUTION

Su m m ary. In the paper, there  are p resen ted  special class o f  surfaces, th ree-ax ia l cyclical 
surfaces o f  revo lu tion  crea ted  b y  the E uclidean  m etric  transfo rm ation  o f  a sim ultaneous 
revo lu tio sn  abou t th ree  d iffe ren t axes. F o u r specific  subclasses o f  surfaces are c lassified  w ith  
respect to  the superposition  o f  th e  th ree axes o f  revo lu tion . S pecial positions o f  axes are 
chosen  in  the coord inate  axes or in  lines paralle l to  the coord inate  axes, o r in  the general 
position . F o r every  case  tran sfo rm ation  m atrices o f  com posed  revo lu tions are derived. Som e 
tra jec to ries o f  the p o in t m ovem en t and  a lso  cyclica l surfaces crea ted  b y  tran sla ting  o f  a  circle 
a long  o f  these tra jec to ries  are v isua lised  from  th e ir vec to r equations.

TRZYOSIOWE, CYKLICZNE POWIERZCHNIE OBROTOWE

Streszczen ie . A rty k u ł p rzed s taw ia  specja lne  k la sy  p o w ierzch n i -  trzyosiow e, cykliczne 
pow ierzchn ie  ob ro tow e. C z te ry  specja lne  p o dk lasy  pow ierzchn i są  określone z  uw agi na 
superpozycje  trzech  osi obrotu . Specja lne  pozycje  osi s ą  w ybrane  w  osiach  w spó łrzędnych  
lub lin iach  ró w no leg łych  do  osi w spó łrzędnych , lub w  pozyc ji ogólnej. D la  każdej 
tran sfo rm acji tw orzone są  m acie rze  obro tu . N iek tó re  tra jek to rie  ruchu  punktu , a także 
pow ierzchn ie  cyk liczne  tw orzone p rzez  p rze łożen ie  okręgu  w zd łuż  tych  tra jek to rii s ą  
w izualizow ane z  ich rów nań  w ektorów .
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I. Introduction

C om position  o f  th ree revo lu tions abou t th ree d ifferen t axes in the space determ ines 

a m etric  tran sfo rm ation  deno ted  as the th ree-ax ia l revo lu tion  and  w e can  analy tica lly  

rep resen ted  it b y  a  reg u la r square m atrix  o f  rank  4 , w ith  en tries as a real functions o f  one real 

variab le . M atrix  can  be  derived  as the p ro d u c t o f  m u ltip lica tion  o f  m atrices rep resen ting  the 

consecu tive  revo lu tions.

T ra jec to ry  o f  the th ree-ax ia l rev o lu tionary  m o v em en t is a  space curve w h ich  rep resen ted  

th e  class o f  genera l revo lu tionary  m ovem en ts in  th e  space. L et 'o , 2o, 3o be th e  th ree d ifferen t 

axes o f  th ree  revo lu tions. T here can be  ch aracterised  fou r subgroups o f  m ovem ents w ith  

respec t to  the superposition  o f  th ree  axes o f  revo lu tions:

I. m ovem en t w ith  th ree para lle l axes ’o II 2o II 3o

1. a ll axes are located  in  one p lane

2. axes are n o t loca ted  in  one p lane

II. m ovem en t w ith  th ree in tersec t axes ' o x 2o x 3o

1. all axes in tersec t in  one p o in t and th ey  are perpend icu la r to  each  o ther 

' o n 2o n 3o =  O and ' o ± 2o J _ 3o

2. all axes in tersec t in  one com m on p o in t and  th ey  are situa ted  in one p lane

'o  n 2o n 3o = O  and  ]o, 2o, 3o c  xy

3. axes in tersec t in  th ree  d iffe ren t po in ts created  triangu lar A X Y Z  

'o  n  2o = X , 2o n  3o = Y , 'o  n  3o = Z

III. m o v em en t w ith  three skew  axes 'o  /  2o /  3o

1. axes o f  skew  lines have one com m on p o in t 'o  II x , 2o II y , 3o II z

2. ax is o f  skew  lines is one com m on line

3. axes o f  skew  lines are th ree d iffe ren t lines

IV . m ovem en t w ith  com binations o f  superpositions

1. tw o  axes are para lle l and  th ird  is in tersec t w ith  them  lo \12o, 3o x  'o , 3o x 2o

2. tw o  axes are para lle l and th ird  is skew  w ith  them  'o  II 3o, 2o / 'o ,  2o / 3o
1 ^

3. tw o  axes are skew  and  th ird  is in tersec t w ith  them  o x  o, o x o, o/ o

4. tw o  axes are in tersec t and  th ird  is skew  w ith  them  lo x 2o, 'o / 3o, 2o t 3o

A ll po ss ib ilitie s  o f  re la tiv  superpositions o f  th ree axes o f  revo lu tions are p resen ted  in

Tab. 1. Special positions o f  axes are chosen  in the coord inate  axes x, y , z  o r in  lines paralle l to
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them , o r in  the genera l p o sitio n  defined  by  d is tances o r angles. A ll triang les in  Tab. 1 are 

equ iangu la r excep ting  case  IV . 3.

T ab le  1
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2. Vector equation of the three-axial cyclical surface of revolution

L et curve A-be a tra jec to ry  o f  the p o in t A = ( x 0, y 0, z 0, l ) ,  w h ich  revo lves concurren tly  

abou t th ree d ifferen t axes ] o. 2o, 3o w ith  angu la r ve locities w , = m, v in  the d irections (right- 

h an d ed  o r le ft-handed) determ ined  b y  param eters  qj =  ±  1 fo r i =  1 ,2 ,3 .

L et us deno ted  the transfo rm ation  m atrices o f  p a rticu la r revo lu tions about three d ifferen t 

axes as T ^ w ^ q ; ) ,  then  general revo lu tion  com posite  from  these three revo lu tions w ill be 

rep resen t b y  m atrix  T123(v )= T 1(w 1,q 1).T 2( w 2, q 2) .T 1(w 3,q 3). T he tra jec to ry  o f  the po in t 

A  w h ich  is am enable  o f  th is th ree-ax ia l rev o lu tion  is the curve A defined  ana ly tica lly  by  

a vec to r function

r ( v ) = A .T 123(v )= (x 0, y 0, z 0,l ) .T 1(w 1 , q , ). T , ( w , , q 2) .T 3(w 3,q 3) ,  v e ( 0 > ) .

T hree-ax ia l cyclical surface o f  revo lu tion  w ill be  created  b y  tran sla tion  o f  the circle 

c =  (R, r )  a long  the cu rve A so  that the c irc le  is located  alw ays in  the norm al p lane  o f  the 

cu rve A determ ined  b y  p rincipal no rm al and  by  b ino rm al o f  A in  every  p o in t R  e  A , cc z  n b .  

T he c ircle  c is d e term ined  b y  vec to r function  c(w) = (0 , cosh, sinw , l ) ,  fo r u e  (0 ,27t) in 

coord inate  system  (O, x, y , z )  and a fter then  is transfo rm ed  in to  coord inate  system  (R , t, n, b ) . 

V ec to r equation  o f  the th ree-ax ia l cyclical surface o f  revo lu tion  is

P (w ,v )= r(v )  +  c (w ).M (v ), w e | 0 , 2 i ) ,  v e ( 0 ,2 ; r } ,  

w here  M  (v) is a  regu la r square m atrix  o f  ran k  4 , w ith  en tries as a real functions o f  one real 

vaqriab le  and it rep resen ted  the transfo rm ation  o f  the coord inate  system  (O , x , y , z )  into 

coord inate  system  (R , t, n, b ) iden tical w ith  tr ihed ron  determ ined  by  tangent, p rinc ipa l norm al 

and  b ino rm al o f  the curve A w ith  u n it vecto rs t ( v ) = ( t , , t 2, t 3) ,  n ( v ) = ( n , ,n 2, n 3),

b ( v ) = ( b , ,b 2,b 3):

M (v ) =

' t , 2̂ *3 o N
z

n l n 2 n 3 0
S-- '

b l b 2 b 3 0 cG
l o 0 0 K
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*(v) = ( t „ t i , t 3) = —

d r d 2r

dv > n (v )= (n , ,n 2 , n 3)= d v 2
d r d 2r
dv d v 2

b(v)=(b |,b ,,b ,)=
tx n  
tx n  I

: (0,27t) .

T he revo lu tions abou t th e  coo rd inate  axes x, y , z  a re  rep resen ted  b y  regu la r square 

m atrices o f  rank  4 T j (w i , q j ) ,j =  x ,y ,z  fo r i=  1 ,2 ,3 , the tran sfo rm ation  m atrix  o f  the

transla tion  w ith  vec to r ( a j , a 2 , a 3, l )  is rep resen ted  b y  m atrix  T ( a , , a 2 , a 3):

T x(w i , q i )=

( \ 0 0 0 ^ f COS Wj 0 q sin Wj oN

0 cos w a ,s in  w : 0 _ / \ 0 1 0 0

0
, T y(w j,q )=

0 00 - q ;sin Wj c o s w i -Qi sin  Wj COS Wj

,0 0 0 b V 0 0 0 b
/ COS Wj q ^ in  Wj 0 oN f  1 0 0 0 ^
_ q ;sin  Wj COS Wj 0 0

, T (a  j ,a  2,
\ 0 1 0 0

a 3)=
0 0 1 00 0 1 0

V 0 0 0 b . a i a 2 a 3 b

T z(w i ,q i )=

I f  the axis o f  any  rev o lu tio n  is p ara lle l w ith  any  o f  coord inate  axes x , y , z , then  the 

rev o lu tion  is rep resen ted  by  a  p ro d u c t o f  th ree  m atrices rep resen ted  tran sla tion  and  revo lu tion  

abou t co rrespond ing  coo rd inate  axis. F o r axam p le  i f  io  II x  in th e  d is tance  d , = | 1 o x then  

m atrix  rep resen ted  rev o lu tion  abou t th is ax is io  is 

Tj (v )= T (0 ,-  dj ,0 ) .T X (w ; ,q j ). T (0 ,d ; ,0 )  •

I f  the  axis o f  any  rev o lu tion  in te rsec t an y  coo rd inate  axis ang le-w ise  a ,  then  revo lu tion  is 

rep resen ted  b y  p ro d u c t o f  m atrices rep resen ted  tu rn  b y  ang le  a  and  revo lu tion  about 

co rrespond ing  coord inate  ax is. F o r exam ple  i f  ang le  be tw een  io  and  x is a ,  then  m atrix  

rep resen ted  revo lu tion  abou t th is axis io  is 

Ti (v )= T 1( a , - l ) . T x( w i ,q i ) .T I ( a , + l )  •

3. Transformation matrices represented three revolutions

T ransfo rm ation  m atrices rep resen ted  th ree  revo lu tions about axes w ith  superpositions e 

p resen ted  in  Tab. 1
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I. 1. T 1(w 1, q 1) = T ( 0 ,d 1,0 ) .T z ( w , ,q ] ) . T ( 0 , - d 1,0 ) ,  T 2( w 2, q 2) = T z(w 2,q 2),

T3 (w 3,q 3 )=  T (0 ,-  d 2,0 ) .T z (w 3)q 3). T (0 ,d , ,0 )

I. 2. T, ( w , , q, )=  T (0 , -  d, 0 ).T Z ( w , , q , ). T (0 , d , 0 ) ,

T 2(w 2, q 2) = T 2( a - l ) . T ( 0 - d , 0 ) . T z( w 2, q 2) .T (0 ,d ,0 ) .T z( a , l ) ,

'In
T3(w 3,q 3) = T z( 2 a r , - l ) .T ( 0 , - d ,0 ) .T z(w 3,q 3). T (0 ,d ,0 ) .T z(2 a :,l) , a = —

II . 1. T1(w 1,q , ) = T x (w 1, q l ) ,  T 2(w 2, q 2) = T y (w 2, q 2) ,T 3(w 3,q 3)=  Tz (w 3,q 3)

II . 2 . T , ( w , ,q , ) = T X( w , ,q , ) ,  T 2(w 2, q 2) = T z( a , - l ) . T x(w 2, q 2) .T z( a , l ) ,

T3(w 3,q 3) = T z ( 2 a , - l ) . T x(w 3,q 3) .T z( 2 a , l ) ,  a r

i l .  3 . T , ( w , ,q , )=  T ( - d , ,0 ,0 ) .T z(a ,+  l) .T x (w , ,q , ) .T Z(a  - l ) .T ( d , ,0 ,0 ) ,

T 2 (w 2, q 2 )=  T (0 ,- d 2,0 2 ).T X (ß ,+  l) .T y(w 2, q 2 ).T X ( ß , - l ) .T ( 0 ,d 2,0 ) ,  

T3(w 35q 3)=  T (0 ,0 ,-d 3).T y(y ,+  l) .T x(w 3,q 3).T y(y ,—l) .T (0 ,0 , d 3) ,

d ,  „ d 3 d,
a = a rc ta n — , B =  a rc ta n — , y = a rc ta n — . 

d , d 2 d 3

I I I .1 .  T1(w 1, q I ) = T ( 0 ,d I ;0 ) .T x( w 1)q , ) . T ( 0 - d 1,0 ) ,

T 2 (w 2-q 2 )=  T ( 0 ,0 , - d 2).T y(w 2, q 2) .T ( 0 ,0 , - d 2)

T3(w 3>q3)=T ( - d 3>0.° ) -T z(w 3»q3)-T ( - d 3>0 >0 )

I I I . 2 . T 1(w 1, q 1) = T ( 0 ,0 ,d 1).T x(w 1!q 1) .T ( 0 ,0 , - d ] ), 

T 2(w 2, q 2) = T z( « , - l ) . T x(w 2, q 2) .T z( a , l ) ,

T 3( w 3,q 3) = T z( 2 a - l ) . T ( 0 ; 0 , - d 2).T z( w 3>q 3) .T (0 ,0 ,d 2) .T z ( 2 « , l ) , « = y -

I n  T, (w ,,q ,. )=  T z ((i - l}y , - l ) .T ( -  d , ,0 ,0 ) .T z(a ,+  l) .T y (ß ,+  l).T x (w , , q , ).

. T y (ß, -  l) .T z (a , - 1 ) .  T ( d , , 0 ,0 ).T z( ( i- l ) y ,+ l ) , i  = 1 ,2 ,3  ’

Tr _ d ,  2tt
a  =  - ,  ß =  a rc tg —    , y =  —

6 2d , cos a  3

IV . l . T 1( w , ,q 1) = T ( 0 ,d 1,0 ) .T z (w 1, q , ) . T ( 0 , - d 1,0 ) ,  T 2(w 2, q 2) = T y(w 2, q 2) ,

T3(w 3>q3) = Tz(w 3>q3)

IV . 2. T, (w , ,q , )=  T (0 ,d , , 0 ).T Z ( w , , q , ). T ( 0 , -  d , ,0 ) ,

T 2(w 2, q 2)=  T ( - d , ,  0 ,0 ). T y (w  2, q 2). T (d 2,0 ,0 ) ,  T3(w 3,q 3)=  T z(w 3,q 3)

IV . 3 .T 1( w , ,q , ) = T x (w 1,q 1) ,

T 2(w 2,q 2) = T ( - d 1,0 ,0 ) .T y(a ,- l) .T x (w 2, q 2).T y( a ,+ l) .T (d „ 0 ,0 ) ,

T3 (w 3,q 3 )=  T ( 0 ,0 ,-  d 2 ) .T y (w 3,q 3). T (0 ,0 ,d 2)
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IV . 4. T, (w , ,q , )=  T (0 ,d , ,0 ) .T Z ( w ^ q ,  ). T (0 ,— d, , 0 ) ,

T 2 ( w 2 , q 2 ) = T ( - d l , 0 , - d 2 ) . T y ( w , , q 2 ) . T ( d I , 0 , d 2 ) ,  T 3(w 3,q 3)=  T z (w 3,q 3)

4. Display of the three-axial cyclical surfaces of revolution

D esign  o f  the cyclical th ree-ax ia l surface o f  revo lu tion  changes in  dependence  on 

superposition  o f  axes o f  revo lu tions, in  d ependence  on  position  o f  p o in t A  w ith  respec t to 

these  axes o f  revo lu tions and  a lso  in  dependence  on param eters  m „ q,.

W e w ill describe  the crea tion  o f  the cyclica l surface  w ith  axes in  superposition  III. 3. and  

its fo rm ing  b y  m o d ifica tion  o f  its param eters. A xes o f  revo lu tions are  skew  each  other, 

w hereas th ey  are d iagonals o f  side faces o f  r igh t triangu la r p rism  w ith  b ase  face  in  th e  p lane  

xy, w ith  cen te r o f  base  face in o rig in  and  one vertex  is in  the p o in t (d i, 0, 0, 1), d2 is h igh t o f  

the p rism  (Fig. 2). T he revo lu tions o f  one p o in t about axes 'o ,  2o, 3o are d isp layed  in figure 3. 

In  figure 4  there  is d isp layed  th e  cu rve k  c rea ted  by  rev o lu tio n ary  m ovem en t o f  the po in t 

A  com posit from  these th ree  revo lu tions, w here  all pa ram eters  mj, q, =  1.

Fig. 5
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In  figure 5 there  are d isp layed  th ree cyclical surfaces w ith  param eters m i, m 2, m 3 equal 

subsequen tly  from  le ft (1 ,1 ,1 ), (1 ,3 ,1), (3 ,1 ,1 ) and  qi, q 2, q 3 are all equal to  +1 in  add ition  to 

second  surface, w here  q2 =  - l .  I f  all param eters mi are identical, su rface has iden tical form . 

T hese su rfaces have  none nodal point.

In figure 6 th ere  are  d isp layed  tw o  cyclica l surfaces w ith  axes in  superposition  III. 1. A xes 

o f  revo lu tions are skew  each  o ther and they  are  para lle l w ith  coord inate  axes. P aram eters mi 

are subsequen tly  from  left (1 ,1 ,3) and (1,3,1). A lso  there  is d isp layed  the surface w ith  axes in  

superposition  III. 2  w h ih  have com m on ax is o f  skew  axes o f  revolu tions and  its param eters 

m; are (2 , 1,2 ) and  param eters  q; are ( - 1 , 1 - 1).

In  the case i f  axes o f  revo lu tions are in tersec t w ith  one com m on po in t (II. 1., II. 2 .), the 

cu rve k  is s itua ted  a lw ays on  the sphere w ith  cen tre  in th is com m on p o in t and  rad ius is equal 

to  the d istance the p o in t A  from  it.

In  figure 7 there  are d isp layed  the curve k, po in t A  and  axes o f  revolu tions situated  in  one 

p lane  x y  w ith  com m on p o in t in  o rig in  O , w here p aram eters m. are consequen tly  equal ( 1 , 1, 1) 

and  (4 ,2 ,1), p aram eters q, are all equal +1. T he cu rve k  is situa ted  on the sphere w ith  centre 

in  o rig in  O and  w ith  rad ius r ' = | A O | .  T here is d isp layed  the cyclical surface crea ted  b y  

tran sla tion  o f  the c ircle  a long  the curve k, situa ted  a lw ays in  norm al p lane  o f  cu rve k.

Fig. 6

.z

■2o

Fig. 7
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In figure 8 th ere  is d isp layed  the cu rve k, po in t A  and  axes o f  revo lu tions identical w ith  

coord inate  axes w ith  com m on p o in t in  o rig in  O , w here  param eters  mj consequen tly  equal 

(2 ,1 ,2 ), p aram eters qi a re  +1. T here are d isp layed  also  tw o  cyclical surfaces, w here  the first 

has param ete r q2 =  + 1  and  the second  one q 2 =  - 1 .

Fig. 8

In figure 9 there  are  d isp layed  fo u r cyclica l surfaces w ith  axes in  superposition  II. 3., 

w here  in tersec tion  axes has th ree com m on p o in ts  create  equ iangu lar triangel. The param eters 

o f  the first surface  are (1 ,1 ,3 ), o f  the second  are  ( 3 - 1 ,1 ) ,  the th ird  are ( - 1 ,4 - 1 ) ,  the fourth  are 

(2 , 1 ,2 ), w here sign  m inus rep resen t co rrespond ing  param ete r q; =  — 1 .

Fig. 9

In  Fig. 10 th ere  is d isp layed  cyclica l surface  w ith  axes in  superposition  I. 1, w here para lle l 

axes o f  revo lu tions are  situa ted  in  one p lane  y z  and  param eters m, are  (1 ,3 ,1), surface w ith  

axes in  superposition  I. 2 , w here para lle l axes o f  revo lu tions are n o t situa ted  in  one p lane  and  

th e ir in tersec ts w ith  p lane  xy  c reate  equ iangu lag  triangel, param eters mj are  (1 ,4 ,1), qs =  -1  

and  surface w ith  axes in superposition  I. 3 w here  para lle l axes o f  revo lu tions are situated  in 

one p lane, b u t 2o =  4o, so th e  surface is created  b y  four revo lu tions w ith  m; ( 1, 1,3 ,1).
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Fig. 10

A ll p reced ing  surfaces have  all axes o f  revo lu tions para lle l, o r in tersec t o r skew  to  each 

other. Surfaces w ith  axes in superpositions IV. have  d ifferen t re la tiv  superpositions o f  axes o f  

revo lu tions, as w e can  see in  Tab. 1. A ll fo u r com binations o f  re la tiv  superpositions o f  axes 

are app lird  on the su rfaces d isp layed  in Fig. 11. P aram eters o f  these surfaces are (1,—4,1), 

(1 ,4 ,1), (1 ,1 ,3), (1 ,6 ,1).

3o

5. Conclusions

T here ex is t in fin ite ly  m an y  d ifferen t fo rm s o f  th ree-ax ia l cyclical surfaces o f  revo lu tion  

and  th e ir fo rm s change in  dependence  on  superposition  o f  axes o f  revolu tions, in  dependence  

on  p osition  o f  po in t A  w ith  respect to  these axes o f  revo lu tions and  also  in  dependence  on 

p aram eters mi, q,. It w as illustrate  in  p rev ious text. It w ill be possib le  to  create various 

in teresting  and  beau tifu l fo rm s o f  these  surfaces w h ich  can  be  app lied  in design  p rac tice  as 

constructive  o r o rnam en ta l structural com ponents.
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O m ów ien ie

A rtyku ł p rzed s taw ia  specjalne k la sy  p ow ierzchn i -  trzyosiow e, cyk liczne  pow ierzchn ie  

ob ro tow e. C z te ry  specja lne  p o dk lasy  p ow ierzchn i s ą  ok reślone  z  uw ag i n a  superpozycje  

trzech  osi obrotu . S pecjalne pozycje  osi są  w ybrane  w  osiach  w spó łrzędnych  lub lin iach  

rów no leg łych  do  osi w spó łrzędnych , lub w  pozycji ogólnej. D la  każdej transfo rm acji 

tw orzone s ą  m ac ie rze  obrotu . N iek tó re  tra jek to rie  ruchu  punk tu , a  także pow ierzchnie 

cyk liczne  tw orzone  p rzez  p rze łożen ie  okręgu  w zd łu ż  tych  tra jek to rii s ą  w izualizow ane z ich 

rów nań  w ek to rów .


