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ON QUADRUPLES OF GRIFFITHS POINTS

S u m m a ry . J. T abov  [1] has p roved  the fo llow ing  theorem : i f  po in ts A i, A 2, A 3, A4 are on 
a circle and a  line 1 p asses th rough  the cen tre  o f  the c ircle , then  fou r G riffiths po in ts G ], G 2, 
G 3, G 4 co rrespond ing  to  pa irs  (Aj,l) a re  on a line (A;, denotes the triang le  A jA kAi, j , k , l  *  /) .  In 
th is p ap e r w e  p resen t a strong  genera lisa tion  o f  the  resu lt o f  T abov. A n  analogous p roperty  fo r 
fo u r arb itra ry  po in ts A i, A 2, A 3, A 4, is p roved , w ith  the help  o f  th e  com pu ter p rogram  
“M athem atica” .

CZWÓRKI PUNKTÓW GRIFFITHSA

S tre szczen ie . J. T abov  [1] pokazał, że je ś li p u nk ty  A j, A 2, A 3, A4 le żą  na  okręgu, a  p rosta  
1 p rzechodz i p rzez  je g o  środek , to odpow iadające  p aro m  (Ai,l) cz te ry  punk ty  G riffith sa  G i, G 2, 
G 3, G 4 leżą  n a  p roste j (Aj o zn acza  tró jką t A jAkAj, j , k , l * i ) .  W  n in iejszym  artykule 
p rzedstaw ione  je s t  is to tne  uogó ln ien ie  w y n ik u  T abova. D ow odzi się z a  p om ocą  p rogram u 
„M athem atica” , an a lo g iczn ą  w łasność  d la  dow olnych  czte rech  p unk tów  A i, A 2, A 3, A4.

I .  Introduction

J. T abov  [1] has p roved  the fo llow ing  theorem : i f  po in ts A i, A 2, A 3, A4 are on a circle and 

a  line 1 passes th rough  th e  cen tre  o f  the c ircle , then  fo u r G riffiths p o in ts  G i, G2, G 3, G4 

co rrespond ing  to  pairs (A;,l) are on  a line (Ai,deno tes th e  triang le  A jAkAi, j , k , l  & i).
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2. Explanation

W hen  a po in t P m oves a long  a line th rough  the circum cen ter o f  a g iven triang le  A, the 

c ircum circ le  o f  the peda l triang le  o f  P w ith  respec t to  A passes th rough  a fixed po in t, called  

G riffith s po in t, on  the n ine-po in t circle o f  A. T he peda l triangle o f  P w ith  respec t to  A is the 

triang le  the vertices o f  w h ich  are foots o f  the perpend icu lars from  P to  the sides o f  A.

A  very  sim ple construction  o f  the G riffiths p o in t for a  p a ir (A,l) is g iven  in [2]. 

N am ely , w e p ro jec t o rthogona lly  the in tersec tion  po in ts o f  1 and  the c ircum circ le  o f  A on to  the 

sides o f  A. T he p ro jec tions o f  each  o f  these  po in ts  are co llinear and the com m on p o in t o f  the 

tw o  lines is the G riffiths p o in t associa ted  w ith  (A,l).

In  this p ap e r w e  p resen t a m u ch  stronger genera lisa tion  o f  the resu lt o f  T abov. W e 

consider fou r arb itra ry  p o in ts  A i, A 2, A 3,A 4, no  th ree o f  them  collinear. B y  Aj is deno ted  the 

triang le  AjAkAj, j , k , l * i .  1, is a  line passing  th rough  the circum cen ter o f  A; / = 1,2,3,4. 

F inally , Gj is the G riffith s p o in t co rrespond ing  to  (A;,l;} i =  1,2,3,4.

3. Theorem

I f  lines, li, I2, 13, U have a  com m on po in t at in fin ity  (every  tw o o f  them  are para lle l), then  

po in ts. G i, G 2, G 3, G 4 are collinear.

4. Proof

A s in [1] po in ts A i, A?, A 3, A4 are rep resen ted  by  com plex  num bers a, b, c, d, 

respective ly . W ithou t loss o f  generality , w e m ay  assum e that po in ts A i, A 2, A 3 are on the 

c ircle  o f  cen tre  0 and  rad ius 1, i.e. |a| =  \b\ =  |c| =  1. S im ilarly , w e m ay  assum e tha t lines lj , I2,

I3, I4 are para lle l to  the real axis. H ence [1] g 4 = ^ ( a  + b + c - a b c ) , w here  g, is the com pex

n u m b er rep resen ting  G riffith s p o in t Gi, i = 1,2 ,3 ,4 . It is easy  to  check  tha t i f  A i, A 2, A 3, A 4 are 

on the c ircle  o f  cen tre  0 and  rad ius R  instead  o f  1, then
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a b d ( l - \ d \2)
A fter sho rt ca lcu la tions w e find  the n u m b er C3 = -------------------——

a d  + bd  — d 2 -  ab\d\

rep resen ting  the c ircum cen ter C 3 o f  triang le  A 1A 2A4. N o w  w e in troduce a new  coord inate

system  b y  the form ula: z =  z ’ +  C3. In  the n ew  system , acco rd ing  to  (1),

1 ,  , . , , a'b 'c' x
g 3 =  -  (a +  b + c  -   -y )

r - c 3

T hen  in the fo rm er coo rd inate  system  w e have 

O n q u ad ru p les o f  G riffith s p o in ts

g J ,  I  (a  +  b  + d -  Ci -  ( J i z £ Æ z M É z £ à  ).
2

In  an  analogous w ay  w e  ob tain

a - c .

2 a - c .

g i - i  (a+b + d-c, -
2  |f l _C l|

In  o rder to p rove  tha t po in ts  G 2, G 3, G 4 are co llinear w e have  to show  [1] tha t the equality

.§3 ^4 _  ^3

§ 2 - g 4 8 2 - 8 4

holds. T his fact w as checked  w ith  the help  o f  the com pu ter p rogram  “M athem atica” . 

O bviously , in  an  iden tica l w ay  w e p rove  tha t po in ts  G i, G 2, G 4 co lline and so on. T his ends 

the proof.

5. Remark

T his p ap e r is very  short, bu t the com pu ter ca lcu la tions w ere ra th er long and com plicated .
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O m ó w ien ie

J. T abov  [1] pokazał, że  je ś li p u n k ty  A i, A 2, A 3, A 4 le żą  na  okręgu, a p ro s ta  1 p rzechodzi 

p rzez  je g o  środek , to  odpow iadające  paro m  (Aj,l) cz te ry  p u n k ty  G riffith sa  G i, G 2, G 3, G 4 leżą  

na  prostej (Ai oznacza  tró jkąt AjA^Ai, j . k . l  ^  i) . W  n in ie jszym  artykule  p rzedstaw ione je s t 

is to tne uogó ln ien ie  w yn iku  T abova. D ow odzi się za  p o m o cą  program u „M athem atica” 

ana lo g iczn ą  w łasność  d la  dow olnych  cz te rech  p u n k tó w  A j, A 2, A 3, A 4.


