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TRANSITIVE MAPS FOR TIME-FREQUENCY SIGNAL
REPRESENTATIONS

Summary. Time-ffequency representations are applied to analysis and synthesis of non-
stationary systems and signals. Relations between different groups of these representations
are called transitive maps. The paper deals with transitive maps between generalized
Wigner representations introduced by Cohen and the others and representations in the
form of instantaneous amplitude and frequency as well as wavelets. Theoretical
considerations have been illustrated by an example.

TRANSFORMACIJE PRZEJSCIA CZASOWO-CZESTOTLIWOSCIOWYCH
REPREZENTACIJI SYGNALOW

Streszczenie. Reprezentacje czasowo-czestotliwo$Sciowe stosowane sg do analizy i syn-
tezy deterministycznych uktadéw i sygnatow niestacjonarnych. Relacje zachodzace po-
miedzy r6znymi grupami reprezentacji czasowo-czestotliwosSciowych noszg nazwe
transformacji przejscia. W artykule opisano transformacje przejScia pomiedzy uogélnie-
niami reprezentacji Wignera wprowadzonymi przez Cohena i innych a reprezentacjami
sygnatow w postaci amplitudy i czestotliwosci chwilowej oraz reprezentacjami
falkowymi. Rozwazania teoretyczne zilustrowano przyktadem.

1. INTRODUCTION

Contemporary methods of non-stationary systems and signals synthesis and analysis are
based on time-frequency representations [3, 6, 8, 9]. Three main groups of these representa-
tions can be distinguished:

- instantaneous amplitude and frequency introduced for analytical signals [1],
- wavelet representations [7, 11],
- Wigner representation and its generalizations [8].

Relations between different groups of time-frequency representations (Fig. 1) are called
transitive maps. They enable direct conversion of one representation into another one and after
that comparison of systems or signals in the new feature space. Some of the transitive maps are
known. In particular, transformations between wavelet representations and instantaneous
amplitude and frequency are given in [2, 10], Transformations between Wigner representation
and instantaneous amplitude and frequency are also known [5, 8].
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Fig. 1. Time-frequency representations and transitive maps
Rys. 1 Reprezentacje czasowo-czgstotliwosciowc i transformacije przejscia

Thepaper dealswith transitive maps between generalized Wignerrepresentations
introducedby Cohen and the others and representations in the form of instantaneous amplitude
and frequency as well as wavelet representations.

2. BASIC TIME-FREQUENCY REPRESENTATIONS

For real valued and finite energy signals x(t) e L2(R), an associated analytical signal z(t)
is introduced as [1]:

() =*() +yH {x{th = A (t)en "\ (1)
where:
H{x(t)} - Hilbert transform of the signal x(t)\
H {x{)}=(VP)- 1 X*dT, (2)
n J:thT

A(t), (fit) - instantaneous amplitude and phase for an analytical signal z(t).
Instantaneous amplitude, phase and frequencyf(t) are expressed as follows:

A0 =V*2(0+(h WO})2, 3)

(p(t) = arctg H (0 , 4)
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m_ = f ~ | 5
2n at ®)

Therefore, analytical signal can be represented in the Gauss plane by a vector rotating
with time-varying angular speed 2if(t). Its amplitude is also varying with time.

Continuous wavelet transforms can be used for signal decomposition using a set of basis
functions called wavelets [11], The direct Wand inverse W1 wavelet transforms are defined
as [8]:

1

X (x,8)=W {*()} = ~j= VoPri— )dt, (6)

1 0 j
X(t) =W -1{X(T,s)} =— \ j X(t,8)-= T(— )4 dr, 7
c* 1l -i Vi N b

where:
TV/) - abasic wavelet that generates a set of wavelets by scaling with factor 5 and
translation along time axis by t (* denotes the complex conjugate),
Cy - constant calculated on the base of admissible condition [11].
The time-ffequency representation of a signal depends on the choice of basic wavelet
m
Discrete wavelet transforms are of great importance if multiresolution analysis has to be
performed. It consists in signals decomposition into sum of details obtained using dyadic set of

scales {2j},je(-a>, oo) [7], [11]:

X« = Z (8)

j =-00 k=-co
where:
(*,*)- innerproduct in the space L~(R),
¥jk(t) - awavelet defined by:

yaw= oyl ©
v/27
For the given resolution level function x{t) is a linear combination of fine as well as coarser
representations.
The generalized time-frequency representation C(t,co), introduced by Cohen and
developed later also by Claasen, Mecklenbrauker and Jansen [4], [6], for a signal x(t) is

expressed as:
W co

C(tco) = — - J | \x*(u-0.5T)x(u +0.5T)A(e,T)e~jQt-dm+j&ududTd@, (10)
-00 -00 -00
where:
i>(0, t) - a kernel function.

The representation (10) may be considered as Fourier transform of two-dimensional local
correlation function of a signal x{t) multiplied by weight function <TX© x).

Properties and what follows applications of the representation (10) depend on the kernel
function <b(0, x). If A(@, x) =1 then formula (10) expresses classical Wigner transform. The
other well-known transforms that can be obtained from (10) were developed by Margenau-Hill,
Rihaczek, Bome-Jordan, Page, Choi-Williams, Zhao and the others [5].
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The signal x(t) reconstruction on the base of C(t, co) can be carried out by means of the
following formula [5]:

x(0=- 1- f ffC%'» eim+m,"-°-5)dt'dco d& . (1)
ZA(VO) rc% 705]70% )(S©7'O
Thus, unambiguous reconstruction of the signal x(t)requires information about its value
for t = 0 (x(0)"0) and is possible for regions where the kernel function <b(©, x) takes non-zero
values.

3. TRANSITIVE MAPS BETWEEN INSTANTANEOUS AMPLITUDE AND FREQUENCY
AND GENERALIZED TIME-FREQUENCY REPRESENTATIONS OF SIGNALS

3.1. Particular case G>(©x) = 1

In that case equation (10) defines classical Wigner-Ville representation of an analytical
signal z(t) expressed by formula (1):
1 (o]
Z(t,co) = 2— Jz*(t-O.Sr)z(t +0.5r)e~-"wrc/r , (12)
n
—00

and subsequently [5], [8]:

AQ) =,j je(t,fo)da> = jz(t,co)da>, (13)
y-00 y-00

jcoC(t, a>)dco  jcoZ(t,cu)dco

14
j C(t,co)dco 14

3.2. General case

Transitive map (A(t), cp(t)) — C(t, co) can be developed by direct substitution of formulae
defining analytical signal (1) into equation (10):

C(t, co) = J i A(u- 0.5t)A(u +0.5r) <D(0, dudrdQ
- —@ @
(15)
Inverse transitive map C(t, co) —» (A(t), cp(t)) can be obtained by substitution of given
representation C(t, co) of the signal x(?) as well as the representation of Hilbert transform
H{C(t, co)} into equation (11):

A{t)="a2{t) +f52(t), (16)

cpft) = arctg (7)
a

®°
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where:
a(t)y=— — [ ffC(,>) ej<m+m’'-05)dt'dco d®, (18)
2Py oD 1)
B(t) =(VP)~ (19)
n Jt-T

Instantaneous amplitude and phase determination on the base of C(t, co) representation
requires information about the value of the signal x(t) for t = 0.

4. TRANSITIVE MAPS BETWEEN GENERALIZED TIME-FREQUENCY REPRESENTA-
TIONS AND WAVELET REPRESENTATIONS

4.1. Continuous wavelet transforms

Maps X (t, s) -> C(t, co) are obtained as a result of superposition ofeq. (7) and (10):

] joOO0OO0OO0OCOO0OO0OO0OOOOO0OO

C\teo) = — JPF T VT inute.s,ve.A)dudTdedsdvdeds, (20)
4T T 9 9-9-9-9-9 -9
where:
Q(u,r,0,W <f)=X(v,s)V\U~Q5T~V)X(C,¢)V(- — - T~t-)<i>(Q,T)e-J@- i ™+I&u 1
* S ASCS G
(21)
Similarly, superposition ofeq. (6) and (11) gives:
A(v,s) = — = f f r f C(? ¥*(— )ej<0+@il'->-5,)dt'dco d@ dt, (22)

4.2. Discrete wavelet transforms

As in the previous section, the superposition of maps (8) and (10) results in the map
(x, OfijkeN ~ C(f. Q.

C(t,co)= f] X (x,Vjk)UTjk0! co), (23)
7=-co A'=-00
where:
r# (t,®)=— - J | iV k(u-0.5r)Vjt(u+0.5r)<IX(&r)e-j&-ImI®udu drd@ . (24)

4n -00 —e0 -00

Taking into account (8) and (11), the inverse map C(t, co) — (X, VrKjkeN may be
expressed as follows:

Ay= X (25)
y=-Ccok=-m
where:
Eik=—1—- f f f f~jk(t) eia*+m,'-°u)dt'dco d® d t. (26)
1 2®C(0) 70‘]0 ro‘:!) rolo f!o $(©'7)7
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5. EXAMPLE

Let’s apply proposed in the paper conversion formulae to an EEG signal presented in
Fig. 2. It belongs to a healthy object and was acquired using standard EEG system of electrodes
called 10-20 which was introduced by International Federation of Electroencephalography and
Clinical Neurology. The sampling frequency fswas set to 200 Hz. The length of the analyzed
signal segment is equal to 256 points.

First the instantaneous amplitude and frequency have been calculated using formulae (3)
and (5), Fig.3. Next, the Wigner-Ville and Cohen’s representation for cone-shaped kernel
function [12] have been obtained, Fig. 4. Cohen’s representation for cone-shaped kernel

function, which has the form 0(0, r) =g(r) |r|(a©r)“" sin(aQr), is called Zhao-Atlas-Marks

representation. Finally, the wavelet transform (Fig. 5) has been calculated using mexican hat
basic wavelet [11], The results have been presented using 3D graphs as well as x-y projections,
Fig. 4-5. Representations shown in Fig. 4 and 5 have been obtained on the base of formulae
developed in chapters 3.2 and 4.2.
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Fig. 2. EEG signal ffom electrode F4 (system 10-20)
Rys. 2. Sygnat EEG uzyskany z elektrody F4 (system 10-20)
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Fig. 3. Instantaneous amplitude and frequency of the EEG signal
Rys. 3. Amplituda i czestotliwo$¢ chwilowa analizowanego sygnatu EEG
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Fig. 4. Wigner-Ville and Zhao-Atlas-Marks distributions ofthe EEG signal
Rys. 4. Rozkiady Wignera-Ville’a oraz Zhao-Atlas-Marksa analizowanego sygnalu EEG
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Fig. 5. Wavelet transform of the EEG signal
Rys. 5. Transformata falkowa analizowanego sygnalu EEG

6. CONCLUSIONS

The transitive maps between time-ffequency signal representations, including
instantaneous amplitude and phase, wavelets and generalized Wigner representations, have
been given in the paper. They enable comparison of signals and systems properties from
different points of view.
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Having first time-frequency representation calculated, the second one can be calculated

directly on the base of signal or indirectly using formulae proposed in the paper. Generally,
these two approaches are equivalent. The choice, which one should be used, may be made by
comparison of computation times as well as the other specific numerical requirements.
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