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ELECTROMECHANICAL CONVERTERS LINEAR,
CYLINDRICAL AND SPHERICAL -
PART I - ELECTROMAGNETIC FIELD ANALYSIS

Summary. The paper deals with the problem of electromagnetic field analysis for linear,
cylindrical and spherical electromechanical converters taking into account region
anisotropy. The electromagnetic field is determined analytically with the help of
separation method for each problem. The boundary conditions are formulated for
electromechanical converters linear, cylindrical and spherically shaped. The results
obtained can be used as test tasks for electromagnetic field numerical analysis and
force/torque calculations (part II).

PRZETWORNIK ELEKTROMECHANICZNY LINIOWY,
CYLINDRYCZNY | SFERYCZNY -
CZESC 1- ANALIZA POLA ELEKTROMAGNETYCZNEGO

Streszczenie. Artykut przedstawia rozwigzania analityczne pola elektromagnetycznego
dla przetwornika elektromechanicznego o symetrii liniowej, cylindrycznej i sferycznej
z uwzglednieniem anizotropii $rodowiska. Analityczne rozwigzania réwnan pola elektro-
magnetycznego uzyskano korzystajac z metody separacji zmiennych. Sformutowano
warunki brzegowe oraz przedstawiono rozwigzania problemow. Wyniki analizy pola
elektromagnetycznego moga by¢é wykorzystane do oceny rozwigzan numerycznych oraz
zostang wykorzystane do obliczenia sit i momentéw elektromagnetycznych (czes¢ I11).

LINTRODUCTION

The determination of forces induced by electromagnetic field in electromechanical
converter is important problem. Modem technologies enable to construct electromechanical
converters with parts occurring wide range of properties between them anisotropy. Especially,
the electromechanical converters (e.g. induction motors) - linear, cylindrical and spherically
shaped contain magnetically anisotropic parts. The intention of this paper is to present the
analytical solutions of electromagnetic field equations for linear, cylindrical and spherical
induction motor, that will be further used for electromagnetic force calculation [part Il].
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2. ELECTROMAGNETIC FIELD EQUATIONS

The first pair of Maxwell equations [1, 3, 5] take the well-known form

curlE=-S a divE =o. (1)
The second pair of Maxwell equations can be presented in vector notation as follows
divD=p a curl# =j+D . (2)
Constitutive relations for electromagnetic field vectors for non-hysteresis medium [eé, 7] are
Hu = vuBYv, 3)
DU=emEv, (4)

where cwdenote dielectric permittivity, vm are magnetic reluctivity,u,v meannumber of
curvilinear system co-ordinate (summation due to twice appearing indices isaccepted). For the
three considered cases of electromechanical converters only one component of magnetic vector
potential does not vanish, it was denoted as third component i.e.

o for linear problem (Cartesian co-ordinate system 1-x, 2-y, 3-z, ix x iy = iz, Lx=Ly=Lz=\)

A= AZ= Aziz = Aiz " (5)

« for cylindrical problem (cylindrical co-ordinate system 1-r, 2-a, 3- z, ir Xia = iz, Lr=1,

La=r, 4=1)
A=AZ=AZZ = Aiz "
e for spherical problem (spherical co-ordinate system i-r, 2-¢p, 3-0, ir x ip = ig, Lr=\,
L,p= rsirO, LO=r)
A = Ag = Agig = A\g "
Table 1

Lame coefficients for Cartesian, cylindrical and spherical co-ordinate systems

Co-ordinate L | |
System ' 2 s
Cartesian
. 1
(xi=x, x=y, x3=2) ! !
Cylindrical
(x,=r, x2=a, x31) ! r !
Spherical 1 rsin0 r

(xi=r, x2=<, x3=0)

The Lame coefficients are grouped in Table 1. The assumed magnetic vector potential
placement is due to the shape of magnetomotive force pattern and adequate co-ordinate system
placement. The accuracy of such assumption for magnetic vector potential symmetry results
from the technical construction of each mechanical converter i.e. linear, cylindrical and
spherical [part II]. The magnetic flux density of vector magnetic potential can be presented as
follows [s, 9]
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@24 . dA
, (8)

X ~ yck

V34 r dA
B=" ©)

r da
dA i drA

B = o (10)

-r sin0 dtp r dr
The equations (8)-(10) can be rewritten in unified form with the help of numbered Lame
coefficients as follows
i adl, SAL
L2L3 dx2 LX3 okx (11)

This notation simplifies the analysis for three cases considered. It must be underlined that the
numbers do not denote tensors components [4, 5]. The magnetic field strength components due
to equation (3) for the anisotropic region can be shown in the form of

H, MW\B\ +viza2, (12)

H2~ v2\B\ +v2.2 > (13)
because the third component of magnetic field strength disappears B3=0 due to equation (11).
The Maxwell equation for conducting region if electric displacement current vanishes
(small field frequency) takes the form of

curl(//y =j = yE = -yA (14)
and for third component leads the following relation
1 cL2H2 dLxH x
=-y43=-yA. (15)
LX2 dcx ¢k2

Combining Eqns (12), (13) and (15) it is obtained equation for vector magnetic component

! ¢ [L2v2Bx+L2v22B2)- ! "Z{vaxxBx+va)QBZ):-yA. (16)
X

fjf2 dcx LX2d
hence
a ( a4 L~vz2 OAL2 d vx dA vX dAL3'
v = -L 2yA, a7
ckxy,  dx2 L3  dxx ck2 m L3 dxx )

where it was taken into account that for all three cases (see Table 1) it is satisfied

—2-—0 and Lj=\. (18)
dx2
For homogeneous region magnetic reluctivities are spatially constant, thus
d 1A d L2 cAL3 ddA d dAL3
m-v,, -V, V), .= -L2yA. (19)
ckxdx2 dcx Zs  dxx dx2 L2dx2 dx2 L-,dxi
The equation (19) leads to relation for the linear converter (Cartesian co-ordinate system)
d2A d 2A d2A .
- +TW) N T +DK—T =TA- (20)
W odc2 (y\y 19?(()dcdsr R—Tr =1A

for the cylindrical converter (cylindrical co-ordinate system)
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vaa d aA  Vra+Vgr a2A Vir a2A .

rodr  a- r (Fda r2da2
for the spherical converter (spherical co-ordinate system)
82rA 82A V  82A v 82rA _

yk- (22)
r dr2 r2sin20 dtp2 rsin0 drdcp r2sin0 dtpdr

At complex analysis the time-partial derivative of A as presented as multiplication of the

operand ico (i means imaginary unit) and the complex magnetic potential A at the steady state

for time-sinusoidal varying fields [9] as follows

A —icaA, (23)
where cmeans field pulsation. The magnetic vector potential since now is complex.
Table 2
Separation method chosen for equations (20), (21) and (22)
Co-ordinate System A=A(X,, X2, x3) Function
Cartesian _ _ B
(X=X, X2y, X3=2) A=X(X)Y(y) Y(y) = cxp(-Ty)
Cylindrical _ ;
= S(a) =exp(-ipa
(xi=r, x2=a, x32) A=R(r)S(a) (a) p(-ipa)
Spherical A=R(1)F(<p, 0) F((p,6) = exp(//j(*sin 0)
(x,=r, x2=cp, x3=0) ’

The equations (20), (21) and (22) will be solved with the help of separation method [1, s, 9].
The separated functions for all problems are collected in Table 2. These equations take the
forms as given below.

¢ For the linear converter (Cartesian co-ordinate system)

d2X Vty+VyidX
——+ik/\~y—ﬂd—-oqx:o. (24)
dx* Vyy X
where
i vV +V
yeol X yx ki (25a,b)
vyy vyy 2v)<r
A2 — al "bal » (26)
¢ = ki(vxy+vyx)/2vyy, (27)
with the solutions in the form of (Tables 3, 4)
X(x) = aaexp(A,x) + baexp(/l2x). (28)

¢ For the cylindrical converter (cylindrical co-ordinate system)

d R (1-20)dR
R, -2 R =0, (29)

dr dr
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where

=-pi(vra+var)l2vaa, P =7"iojyl/vaa , (30a,b)

PB =Ve2 +P2vrrhtaa > (31)

with the solution in the fonn [2, p.362] (Tables 5, 6)
R{Pr) = aa(J3r)clpB(pr) + ba(pr)cK pB(pr) . (32)

For the spherical converter (spherical co-ordinate system)

f 2
d2rR
mip 7 dR | vrpdrR PV a icoy R (33)
dr2 r dr r2 dr
with the solution [2, p.363] (Tables 7, s)
R(r) = (pr)i (aals (pr) + baKd(pr)), (34)
where it was denoted
P2~ (35)
V
h=ip)e 1Ver (36)
ZVW
S=s\(h-\y24 " VTEIPV (37)

r2v

For the non-conducting region (y=0) and isotropic region i.e. air-gap region it is satisfied
for the linear converter (Cartesian co-ordinate system)

N4 --k2X =0 . (38)
dx~
with the solutions in the form of
X(x) = as exp(fcc) + bs exp(-foc). (39)

e For the cylindrical co-ordinate system

(40)
dr2 -2
with the solution in the form
R{r) = asrp +bsr p (41)
For the spherical co-ordinate system
d2rR
{k +X)k— =0 (42)

dr2
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with the solution
R{r) = asrK + bsrKI, (43)

where kT k2denote the solutions ofsquare equation
{k +\)k = p 2. (44)

The solutions presented should be combined with the boundary conditions.
3. BOUNDARY CONDITIONS FOR ELECTROMAGNETIC FIELD PROBLEMS

There are defined four conditions for electromagnetic field vectors [1, 3, 7, 9], that enable
to calculate the four unknown constants aa, ba, as, bs (Tables 4, 6, 8). The boundary conditions
will be interpreted physically in the part Il.

The magnetic field strength disappears at the inner layer surface

H2=v2\Bx+v22B2 =0. (45)

(For cylindrical and spherical converters that results form the fact that magnetic reluctivity of
rotor core is infinite).
The continuity for normal magnetic flux density

Bsl = Bal, (46)

and for tangential component of magnetic field strength
VoB82 = v22Ba2 +VI\Ba\ m (47)

The magnetomotive force induced by converter currents leads to the condition for
tangential component of magnetic field strength at the rail/stator surface [part 11] as follows

VoBS2 = > (48>

which is derived under the assumption that the magnetic field strength vanishes on the outer
side of winding surface (infinitely magnetic reluctivity) [7, 9].

4. SOLUTIONS FOR ELECTROMAGNETIC FIELD PROBLEMS

The analysis of electromagnetic field due to the relations presented above (#2) and
boundary conditions (#3) complete the analytical solution for field problem. For the three
problems chosen the unknown constants are calculated, easily. The solutions are grouped in
Tables 3, 5, 7.

4.1. Cartesian co-ordinate system - linear problem

Solutions of the Eqns (24) and (38) are given in Table 3. The four unknown constants aa,
ba, as, bs can be evaluated by formulating the boundary conditions and are grouped in Table 4.

The solutions presented in Tables 3 and 4 enable to finish electromagnetic field analysis,
that will be used in part Il.
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Table 3
Solution of the differential equations
Region anisotropic carriage (index a) air-gap - (index 5)
Solution X(x) = aaexp(/l]X) + baexp(A2x) X(x) = ag cxp(kx) + bg exp(-fcx)
constants ba as bg
Table 4
The boundary conditions for magnetic field
Boundary Field excited by stator Constants for solutions
condition currents
(Fig.l - part 1)
Rail mmf _ aa=0sv~]{Ue"(at+g) -WeVa+g)y I
_ V,,Bg, = oo
y=a+g o x
_ Vxy+Vyx ki
Carriage BSx = Bax T T —
= 2W
surface yy
_ yoBSy = VyyBay + VyxBax i
y=a 1.2 vxx vyia
a0 -J k -t i
Inner layer V
surface VyyBy + VyxBx =0 A2 = + a0
y=0

ba=-aaS, ag - aaU , bg = aaW
YA, + V,,rKi ,

5 = y , Q~e "' Se?2
VA2 F VyxM

P=Wy (AMNT SA2eX°)+
bya

+ 1Wx (eXa Se”a),
vo

U=A{P +Q)e-ka, fV=j(Q-P)eka

4.2. Cylindrical co-ordinate system

The solutions of the Eqns (29) and (40) are given in Table 5. The four unknown constants
aa, ba, as, bs can be evaluated by formulating the boundary conditions and there are grouped in
Table s .
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Table 5
Solution ofthe differential equations
Region anisotropic layer air-gap
(index a) (index 5)
. R{z) = aaz°1pB(z) + bazcK pB(z)
Solutions
for R(2) c=-0.5pi(var +vra)/va R{r) = asrp + bsr~p
z=pr
_. P 2N +c2
PB=i Yaa
constants
as bs
Table 6
The boundary conditions for magnetic field
Boundary Field excited by stator Constants for solutions
condition currents
(Fig.3 - part I1)
Stator current aa=0sv0'{URsp-WRs-V
mmf r=R+g=R,, 1 &S
voBsa - -
Rs da ba=-aaS’'aS =aaU -h5=aaW
Bgr = Bar > » Vaal'pB (Ma ) + ~arlpB(M a )Wa
Rotor outer

surface r=R  vV0Bga ~"aaBaa vca-Bar vaakK 'pB (PRa) + VarK pB(PRa)wa

wa =ipR~x, w = ipR~]
Inner layer
surface vaaBa + VarBr - o P = -Jiioy/vaa ,
r=R-a=Ra

P=ET°2-(r (J3R)-SK'PB(J3R))+~ ~
pvO ' pva

Q = IpB(J3R)-SKpB(j3R)
U

0.5(PR~P+L + QR ~P)
W = 0.5(- PRpH +QRP)

The solutions presented in tables 5 and s enable to finish electromagnetic field problem
analysis, finally.

4.3. Spherically shaped spherical electromechanical converter - spherical co-ordinate
system

The solutions of the Eqns (33) and (42) are given in Table 7. The four unknown constants
aa, ba, as, bs can be evaluated by formulating the boundary conditions and there are grouped in
Table s. The analytical solution for the spherical motor can be presented in terms of separated
function R(r) and F(cp,0) obtained with the help of separation proposed.
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Table 7
Solution of the differential equations
Region anisotropic layer - (index a) air-gap - (index 5)
Solutions R(z) = aazh~ s (z) + bazh~Kg(z)
R(z =
z:(p)r. h=0.5/n(V +vro)lv, - R(r) = asrKl+bsrk2
s=+p-j) §+R2vr +iP Vro
\% rv f9
constants da ba as bg
Table s
The boundary conditions for magnetic field
Boun_d_ary Field excited by Constants for solutions
condition stator currents
(Fig.3 - part
1)
Stator
current V2 dos aa="-{U (1+kx)RVL.1 +WCI + K2 )R r2-1)}-1
mmf ?- ’ K
r=R+g=Rg Sa Résiné? d(p
ba=~aaS» aS=aaU > bS =°aW
Rotor
SS‘rthgge BS = Bar » . Vepawl 1s(wa) + Wt 4Ja (Wa)]- ipV 1S(Wa> 1
r=R VoBS¢ = v, [nw{Ks(wa)+w{+IKs(wa)]-ipVp.Ks(wa)w{
—qBap “prBar f=h-\, n=f +1 wa=/3Ra, w=PR
p =”"icorivap
Inner layer
surface N,B(p+v@Br=o P=—/7[nwfls{w)+w"/*w)- S[nwfKs{w)+ wnKs{w)\\
r=R-a=Ra \o
iPVmr
-Q-1-Z-
Vo
Q= wf [Is{w) - SKs(w)}
v  Q(k2+\)—P w P —Q(kx+1)
(k2 ~ (*2 ~

The accuracy for two partial differential equations is checked (for conducting and
nonconducting region). Firstly, the boundary conditions fulfilments are checked for four
defined boundary conditions (45) - (48). Secondly, the solutions for ordinary differential
equation for separated functions Z( ) and D( ), that denote solution for vector magnetic
potential separated function R( ) for conducting region (yyO) and in air-gap (y=0), respectively.
LZ (RZ) means value of left-hand (right-hand) side of ordinary differential equation (33) for
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conducting region. LD (RD) means value of left-hand (right-hand) sides of ordinary
differential equation (42) for the air-gap region, respectively. The accuracy for both ordinary
differential equations are checked and presented in Fig.l, for exemplary data (for exact
solutions it should be satisfied LZ/RZ=1,and LD/RD=1).

r:=Ra+ 05a Accuracy for partial differential equations
LZ:= ——=2(3rn +— N Z(pry) RZ:= p2+ Z(p.n H = 100000
3r2 ro 3r v<r2
LD:= — —D(r) +--D (r) RD:=— — D(r) — = 1.00000
3r 3r r 3r r2 W5 RD

Fig. 1 Accuracy for partial differential equations solutions - spherical problem (program extract)
Rys. 1. Sprawdzenie doktadnos$ci rozwigzan - uktad sferyczny (fragment programu)

5. CONCLUSIONS

The electromagnetic field analyses for linear, cylindrical and spherical problems are
presented.

The separation method has been used for electromagnetic field analysis - Table 2. The
solutions for vector magnetic field potential are obtained and shown in Tables 3, 5, 7. The
boundary conditions are defined for considered problems.

For spherically shaped electromechanical converter the non-standard separation is
proposed that leads to the analytical solutions. The mathematical form of non-standard
separation is given.

The analysis of electromagnetic field will be used for electromagnetic force and torque
calculations - part IlI.
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