
ZESZYTY NAUKOW E POLITECHNIKI ŚLĄSKIEJ 
Seria: GÓRNICTWO z. 246

2000 
Nr kol. 1480

J. M. MONTES
Universidad Politécnica de Madrid, Madrid

RISK AND EXPECTED UTILITY VALUE IN THE EVALUATION 

OF MINING PROJECTS

Summary. Expected NPV (Net Present Value^ and standard deviation are applied for the 
evaluation o f  projects under uncertainty and setting acceptance limits. Expected Utility Value 
(EUV) is introduced and used for project ranking based on economic value and risk.

RYZYKO I OCZEKIWANA WARTOŚĆ UŻYTKOWA W OCENIE 

PROJEKTÓW GÓRNICZYCH

Streszczenie. Na podstawie obliczonych zaktualizowanych wartości netto i ich od­
chylenia standardowego wyznaczono wskaźnik Oczekiwana Wartość Użytkowa (EUV) i 
zaproponowano jego wykorzystanie w  ocenie projektów opartej na analizie ekonomicznej i 
ryzyku inwestycyjnym.

Quite often, uncertainty and risk are major factors in the feasibility appraisal o f mining 

projects, therefore requiring the application o f the adequate quantitative tools for integrating 

these elements into the analysis. It is apparent that a risk level high'enough can turn unaccept­

able a project o f high expected economic value. The question we are thus faced with is setting 

criteria for:

1. Discerning whether a given project is acceptable or unacceptable.

2. Ranking a set o f acceptable projects in accordance with a consistent order o f preference.

This sets the problem o f handling both profitability and risk together in a consistent quantita­

tive fashion on every step o f  the analysis [1 ,2 , 3]. To that purpose, we are going to make use 

of Net Present Value (NPV) as the basic economic criterion. Owing to the uncertainty inher-
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ent to the various input data, NPV is in fact a random variable. Its expected value p  and stan­

dard deviation ct can be computed through Monte Carlo simulation, making use o f  existing 

software [4 -  12]. Therefore, any given project may be identified by a pair (p, a ) , which can 

be plotted on a suitable diagram (figure 1). As a  is inherently positive, all the points represent­

ing projects will lie on the upper half-plane. As a rule, only the projects lying on the first 

quadrant are taken into account, as those on the second quadrant would have negative NPV 

and should not be acceptable. This mapping is a useful simple way o f  handling and displaying 

profitability and risk together. Potentially acceptable projects are thus plotted on the first 

quadrant, with increasing expected economic value as moving to the right and decreasing un­

certainty when going downwards (figure 1).

Figure 1

There are several useful loci on the plane (p, ct) [13]. On the ensuing calculations, it will 

be assumed that NPV is a normal random variable N(p, ct), as it usually happens to be the 

case to a reasonable approximation. We will compute, in the first place, the probability of 

negative expected NPV or probability o f  loss. I f  we represent the random variable NPV by X 

and make the change o f  variable s = (x - p)/<r for introducing the standardised normal distri­

bution N (0 ,1), we get

P (X  < 0) = ( f f x ) d x =  i  - ^ e x p = <&(-— ) ,
V 2 tr 2  a (1)
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where <t>(s) represents the standardised normal distribution function. This result implies that, 

if p/cr is constant, P(X<0) is also constant and conversely. As a consequence, the locus o f  the 

points representing projects with equal probabilities o f  loss is a straight line passing through 

the origin, as shown on figure 1. On table 1, several typical cases are displayed.

Table 1

Lines o f  equal probability o f  loss

P(VAN<0) p/a a /p  = tan 0 0

0 ,0 5 " 1,65 0,606 31°

0,10 1,28 0,781 38°

0,50 0,00 oc 90°

0,67 -0,44 -2,273 114°

0,90 -1,28 -0,781 142°

Lines with P(X<0) < 0,5 have positive slopes and lie on the first quadrant, while the ones 

with P(X<0) > 0,5 lie on the second quadrant, owing to the fact that p /a  has the same sign as 

p, and P(X<0) is less or greater than 0,5 when p  is greater or less than zero.

There is another question that may be raised: When NPV is negative, given this fact, 

which will be its expected value? This is the problem o f finding the conditional expected  

value Z = E( X | X<0 ):

f  x  f  (x )d x
^    J -  oo________

j° f x(x )dx
J-oo

If we make use o f eq. (1), we get

a  cr

and
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a
(2)

a

where <p(s) represents the standardised normal probability density function. Given a pair 

(p, a ) , eq. (2) determines the conditional expected value Z. I f  a certain fixed value is assigned 

to Z, eq.(2) determines the locus o f the points (p ,a ) o f  equal Z. The resulting curve BC is 

drawn in figure 1. The point (Z,0) belongs to this curve, as p must be equal to the expected 

value Z when cr = 0.

Let us consider a possible way o f  using (p ,a ) mapping for decision making in connection 

with mining investment [13, 14]. If  the decision-maker considers acceptable, for instance, 

P(X<0) < 10%, any point under the line OA, which corresponds to P(X>0) = 10% (figure 1), 

represents an acceptable project. The decision-maker may also want to set a limit Z for the 

conditional expected loss E( X | X<0 ) w ith the help o f  curve BC. Any project plotted within 

the hatched area has a probability less than 10% o f  having negative NPV and, given that the 

NPV were negative, its expected value could not be less than Z and is therefore feasible. Proj­

ects on the first quadrant, but over the hatched area, are not acceptable in principle, though 

having positive expected NPV, as the probability o f  loss is deemed excesive. They may de­

serve some further prospection and evaluation work for reducing the uncertainty and trying to 

get them into the acceptance region. Projects to the left o f the cr axis have negative expected 

NPV and are unacceptable, but if  the probability o f  loss were not too high, it might be advis­

able to keep them on standby, for later analysis. In figure 1, for instance, the line for 

P(X>0) = 67% has been drawn as a possible limit. Finally, projects on the left o f  such a line 

shall be definitely unacceptable and not worth o f  any additional expenditure.

So far, we have made use o f  (p ,a ) mapping for deciding on the acceptance o f  projects 

and setting an area o f  feasib le projects. Once within this acceptance area, there remains the 

problem o f project ranking  in compliance with the actitude o f the decision-maker towards 

profitability and risk. The utility (or preference) function  is a very convenient resource for 

introducing this into the analysis [15 - 18]. A typical utility function is depicted in figure 2, 

showing the utility u  versus money amounts x. The concave shape o f  the curve corresponds to 

a risk-averse decision-maker, which is the most frequent one in business environments. With 

the help o f  this function, converting N PV ’s into utility values becomes an easy task. The NPV
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probability density function fx(x) o f a given project is drawn on the figure. As it is assumed to 

be normal, it will have a symmetrical shape, with an expected value p.. Through the applica­

tion of the preference function  U(x), the probability density function f„(u) for utility is ob­

tained. Owing to the curvature o f  the preference function, f„(u) is no longer symmetrical

Figure 2

but negatively skewed. Therefore, the expected utility E(U) corresponds to a monetary value 

lower than p. This monetary value is the certainty equivalent o f  the project’s NPV. The cer­

tainty equivalent is the immediate certain amount o f  money deemed equivalent to the random 

NPV by the decision-maker. For a risk-averse preference function, the certainty equivalent is 

always less than the expected NPV. The difference is the risk premium, i.e. the amount o f 

money the decision-maker is ready to give up for not taking the risk involved in the project. If  

the uncertainty on the NPV increases, the probability density function fx(x), with the same 

mean p, will have a greater standard deviation a ,  E(U) will decrease and so will do the cer­

tainty equivalent, bringing about a greater risk premium.
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The method just shown assigns an Expected Utility Value EU V  to each project submitted 

to economic and risk analysis, thus solving the problem o f  project ranking. In order to ease 

decision making, a set o f  “iso-preference curves” may be drawn on the (p, ct) plane with the 

help o f  a computer. On such a diagram, the EUV can be measured immediately and the prob­

lems o f  ranking and choice under uncertainy are readily solved. On figure 3, in addition to the 

boundary lines for the acceptance area, several iso-preference curves have been drawn for 

equally spaced utility values. The certainty equivalent cA o f project A, for instance, is the ab­

scissa o f point M  (or intercept o f  the U2 preference line), corresponding to the certain mone­

tary value with utility u* =  uA. Project B, o f  expected NPV pB < pA , is however preferable to 

project A because its EUV ub = u3 is greater than uA. The certainty equivalent cB o f  project B 

is o f  course greater than cA too.

Figure 3

We may conclude that it is possible to carry out a quantitative analysis o f  the feasibility 

and relative value o f  investment projects under uncertainty when the expected values and 

standard deviations o f  their N P V ’s are known and the attitude o f  the decision-maker towards 

risk is stated in term s o f  an utility function.
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Abstract

Expected economic value and risk are the two basic elements in m ining project evalua­

tion. This sets the problem o f handling both factors together in a consistent quantitative fash­

ion on every step o f  the analysis. A double purpose must be served: Discerning whether a 

given project is acceptable and ranking any set o f  acceptable projects in a consistent order of 

preference. N et Present Value (NPV) is the economic criterion o f  choice used. Owing to the 

uncertainties in input data, NPV is in fact a random variable. Its expected value p  and stan­

dard deviation a  may determined through Risk Analysis. Therefore, any given project may be 

identified by a pair (p ,o), which can be plotted on a suitable diagram, thus providing a simple 

way o f  displaying and handling expected economic value and risk together. The determination 

o f an acceptance region on this diagram is a fairly straightforward task that can be readily 

done according to the criteria set in advance, with the only simplifying assumption o f  gaus- 

sian or normal risk profiles. Once within an acceptance area, there remains the problem of 

project ranking in compliance with the decision-maker’s attitude towards risk. The Utility 

Function has been chosen as a convenient mean for introducing this factor into the analysis. A 

set o f constant utility curves can be plotted on the (p,cr) plane. With the help o f  such a dia­

gram, the risk-weighted Expected Utility Value (EUV) o f  any project can be determined and 

the problem o f project ranking under uncertainty is thus readily solved.


