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A NEW SOLUTION MODEL OF THE NONLINEAR DYNAMIC LEAST 
SQUARE ADJUSTMENT*

S u m m ary. The nonlinear least square adjustment is a head object studied in technology  
fields. The paper studies on the non-derivative solution to the nonlinear dynam ic least square 
adjustment and puts forward a new algorithm m odel and its solution m odel. The m ethod has 
little calculation load and is sim ple. This opens up a theoretical method to so lve the linear 
dynamic least square adjustment.

MODEL NOWEGO ROZWIĄZANIA NIELINIOWEGO DYNAMICZNEGO 
ZADANIA NAJMNIEJSZYCH KWADRATÓW

Streszczen ie . N ielin iow e zadanie najm niejszych kwadratów jest głów nym  tematem ba
daw czym  w  obszarze nauk technicznych. Artykuł dotyczy nieróżniczkow ego rozwiązywania  
nielin iow ego dynam icznego zadania najm niejszych kwadratów oraz określa algorytm iczny  
m odel i sposoby jego  rozwiązania. M etoda ta jest prosta i wym aga niewielkiej ilości obliczeń. 
Otwiera ona teoretyczne m ożliw ości rozwiązywania dynam icznego, lin iow ego  zadania naj
m niejszych kwadratów.

In the dynam ie data process o f  m odem  deformation monitoring, m odels o f  relation func

tions between measuring quantities and unknown m oving parameters are m ore nonlinear. So 

far, the classical linear least square theory is w idely used to process nonlinear m odels at 

abroad and hom e. O bviously this is not scientific and accurate. Under the condition o f devel

opment o f  high and new technology o f surveying and mapping, the data process and its accu

racy assessm ent o f deformation monitoring are stricter and stricter, and more and more accu

rate. Therefore the nonlinear least square data process, which is a new theory and method, has 

been a object to be studied in the field  o f  surveying and mapping. IAG has considered that the 

data process theory o f  nonlinear m odel is an important object that must be quickly solved.
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H ence it is very significant to study on the nonlinear least square adjustment m odel which  

includes the nonlinear dynam ic least square adjustment. In the m eantim e, w e must quickly 

solve the problem . So far, study on the nonlinear least square adjustment just starts. The cor

responding references are little. N o person studies on nonlinear dynam ic least square adjust

ment. N ow  existing nonlinear least square methods are all based on that nonlinear functions 

are continuous and derivative. Derivatives o f  target functions are solved. To m ake the nonlin

ear target function m inim um , w e can solve a group o f ideal parameters. This is com plicated to 

so lve the problem  and the calculation load is very large. The paper studies on a non-derivative 

nonlinear least square m odel and its solution method to so lve  the nonlinear dynam ic least 

square parameter adjustment. The nonlinear m odel has little calculation load and is sim ple.

1. Non-derivative solution model of the nonlinear dynamic least square 
adjustment

Suppose there are n m easurem ents L  w hose corrects are V  and w eight matrix is P. The 

m oving parameter d is unknown. Tao (1997) has given the nonlinear error equation as fo l

low ing

3II5>r d2 ... d ,) -L , P,

ii > di ■■■ dt ) - L 2 Pi

ii di -  d,)~  L„ P„

V -  / ( d ) -  L P
which can be written as

( i )

From formula (1) w e can find the fo llow in g  problem o f nonlinear dynam ic least square ad

justm ent

min f ( d ) = ' £ 1PiVl2
i=l

= (2)

= $ ,P , r f ( d )
1=1

= tp(d)T Pip(d)

There are now  som e solving m ethods to so lve  the problem (2), which m ust calculate the 

first derivative and the second derivative o f  target function. W hen repeatedly so lv ing the
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seeking direction, w e  must so lve  a s-dim ension high power equation group. The paper puts 

forward a non-derivative solution method.

According to the essential condition o f  extreme value, w e can calculate the stable point of 

nonlinear least square problem (2). Therefore w e can get

V F {d )=  0
which can be expressed as follow ing

Since

'3ip,(d) 3<p2(d) ¿<pM )
dd, dd, dd,

3<pM )  3<p2(d) 3<P„(d)
)= dd2 dd2 dd2

3<pM )  3<Pi{d) 3<Pn(d)
dd, dd, dd ,

‘ 09, (d) 3<p2(d) 3<P„(d)

3<P,(d) 3 < îw ) 3<P.(d)
3éî2 3<i2 dd2 =

3<p,(d) 3<p2(d) d(p„(à)
dd, dd, dd,

v M Ï

Then w e can obtain
V F(d)= JT<p(d) = 0

To sim plify the calculation, w e must calculate the linear function o f  vector function (p{d) 

in the vicinity o f  the initial point d (t*, that is

p,(d, d, ... d ?  ...

+ d ... ¿ ,)( _dm)+ +M (d t d, ... d.)fa _ dmj 
ad2 dd,

= q>Xd^  d f  ... di ••
dd,

M i di di - d2 ... w
9i/2 2 dd,

, d2 - O j  , dl - 9̂ 1 (̂ ! ¿2 ••
cW, 1 9if2 2 dd,

= b, +«12̂ 2 +

Therefore w e can get
l,(d)= b, +aud  | + and 2 + ...+ audx 

The sam e as the above process, w e can obtain

l2(d) = b2 + a2,d , +  a 22d2 +  . . .+ a 2,d ,
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ln (d ) = bn +  a„,d, + aii2d 2 + . ..+ a „ d ,

which can be written as fo llow in g

l ( d ) = A d  + b (3)

To drive the derivative o f  form ula (3), w e  can get

V /(d)= A  (4)

To substitute F(d)=l(dJPl(d)  for F (d)  in the vicinity o f  d^k\  w e  can obtain

V F (d ) =  V /(d )r /(d )  =  0  (5 )

From form ulae (3), (4) and (5), w e  can get

V F(d)= A T{Ad+b) = 0 

Let bt = / ,  (dl‘)) -  Atd ^  = <p(d^)- A ,d(,) and d =  then

d ^  = d {l)- ( A Tt At y  A Ti V [ d ^ )  (6)

in w hich A k m ust be satisfactory with the fo llow in g  formula

A <p, = A, A d, (7 )

where Ad, = [d '-d \k) d ^ - d ^  ... d] - d ^ J . in which d"  is the approximate value o f  optimal 

point; ?>«(<*')-?„(<*(0) ... <ph, ( d - ) - ^ ( d ^ ) J - ,  d * = [<  d\ ... d l J ;

d (,) = [d,(t) d f ] ... d f 1 f  • Form ula (7) only determines a n x s  matrix

A, = A<p, (A d ,)"' (8)

Let
= i’(d(*))_ A(5, (Ad,)"' (9)

in which is the initial value pre-given. Therefore the approximate linear function (3) o f  

q>(d) in the vicinity o f  d  ̂  can be expressed as

/,(d )  = A¥.,(A d,)-| ( d - - d “ ))+ ¥,(d(*))

From formula (8) w e can get
K  A, =  [(Ad,)"' f  Atpl Atp ,  (Ad, )“' (10)
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Since Acpk is o f  full rank, A Tk Ak is a positive define matrix o f  symmetry. From formula (10) 

we can obtain

[ K  A, T  = {Aq>l A<pt Y  A di  <">

According to the general least square method, w e can calculate the fo llow ing from formula 
(6)

To substitute formula (11) into the above formula, w e can get

d ^ ' ^ d ^ - A d ^ A t p l A t p ^ ' i & d j i i A d j Y A t p l t p ^ )  (12)

d ] = d M + [df-') - d f ))ej , in whichLet d^'’ = d (k\ in which j  = 1,2,..., s and

T
ei = 0 0 ... 0 1 0 ... 0 . In the meantime, let /¡<*>

trix as

r*,w
A dk =

Matrix A (pk is written as
-

A<P.i

Ap, =

in which

= k ( d (‘ l +  /i,l‘ )e | ) - ip , ( d <*)) <iPl (ii(‘ , +  ^ ' )e2)-<p,(<i(*)) ... <p,(d(‘ ) +  /i,<*)eI ) - lp,(<i(,))J;

=[<p1[ d ^  + hl')el )->p2{d(k)) <pk{ d ^ +  h ^ e i )-(p 1[d{k)) ... ç>2(d(,) + h^e ,)-< p2(dik))\.

A c p =[ip„(iil‘) + ft1(*)el)-ip„(d<t)) <pn[d^ + h^)e1)-<p„{d^k)) ... <p„ (d(t) + h ^ e ^ - ip ^ d ^ ) ] -  

The above formula can be rewritten as

Aipt =[<p(d{l)+ hi>)el ) - f ( d ik)) p(if(t) + h f>eJ)-p (if(*)) ... <p(dlt) +
= A <p{d{k) h(k))

Then we can get

Ak = A (pk (Adk )_1 =

^ (p (d (‘>+ /■<*>«, )-?(<*<*>)) j(<p(d{,) + h!?)e2)-<p(d{,))) ... -^{<p{dM + hlk)e,)-<p(d{k>))

(13)
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Com paring with formula (4), w e can find A k is a matrix com posed o f  the difference o f  

function cp(d),  which takes the place o f  the first derivative matrix A  o f  function (p(d)  in for

mula (4).

W hen h,(t> = /ij*1 = ... = h (k) = /i(*), then we can get

+ h\k)e\)-<p{dW) <p{dik) + hfe^-<p(d{k]) ... <p(d{k) +hik)e, )-<p(rf(,))] ^

= - ^ M d (k) /.“>)

T o substitute form ula (14) into formulae (10) and (6), w e can get the solution formula as

d {tk'] = d ik)- h (k)\A(p{d(k) h M J  A(p{d{k) h {k)$ ' A ( p ( d {k) h ik)}p{d{k)) ( 15)

2. Non-derivative solution processes of the nonlinear dynamic least square 
adjustment

Step 1: let the repeating number k = 1 and g ive the initial approximate value d {l) and the al

low able error e (e  > 0 ) .

Step 2: to calculate <p(d(k>)=  [«p,(d(i)) <p2(d(i)) ... <pn(d<k>) f  ■

Step 3: to calculate h{k) = o|<p(d(1)| ) =  )3||(p(d(i)| , in which p  e (o l).

Step 4: to calculate A¡p(d(4)

Step 5: to calculate d^k+' \

Step 6: If | | j _ A(?(d (0 d (*+'J is the optimal solution that is satisfactory with the

accuracy claim . O therwise d {M> replaces d M and let k = k +1 , then go to step 2. Repeat the 

above processes until the claim  is satisfactory.

The paper puts forward a non-derivative algorithm m odel to so lve  the nonlinear least square 

adjustment. It is an effic ient and sim ple m ethod to so lve  the nonlinear dynam ic adjustment. In 

each repeating step o f  the m ethod, it is not necessary to calculate the derivative o f  function to 

so lve the function value in the vicinity o f  d (k>. The m ethod is strict in theory. It opens up a 

new way to so lv e  the nonlinear dynam ic least square adjustment. It has a theoretical and 

practical significance.
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Podsumowanie

Artykuł przedstawia nieróżniczkow y m odel algorytmu rozwiązania n ielin iow ego zadania 

najm niejszych kwadratów. Jest to skuteczna i prosta m etoda rozwiązania n ielin iow ego dyna

m icznego zadania. W każdym  powtarzającym się etapie m etody nie ma potrzeby liczenia po

chodnej funkcji dla rozwiązania wartości funkcji w  sąsiedztw ie d tk). M etoda jest ścisła w  

teorii. Otwiera now ą drogę do rozwiązywania n ielin iow ego dynam icznego zadania najmniej

szych kwadratów. M a znaczenie teoretyczne oraz praktyczne.


