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OJB CONVERGENT SEQUENCES IK AUT (F)

Abstract. For a natural definition of oonvergency and an infini­
te product in Aut(F) the necessary and sufficient conditions for 
a sequence of automorphisms to have the limit and the product in 
Aui(F) are given here.

Let P be the free group of countable rank on free generators 2U, iel,
where I is the set of natural numbers. Let Autf (F) be the subgroup of
Aut(F) generated by the elementary Nielsen transformations. By theorem 
4«1 [li the subgroup Aut^,(?) is dense in Aut(F) in the sense that if 
DL,...,tJ are elements of F and « fc Aut(F) there exists^ £ Aut^(?) such 
that a i»1,2,...,n.
Definition 1

A sequence of automorphisms <x̂, KS I is called convergent to an endo­
morphism b if Vm £ I, 3I^S I such that a k;xi = oc x^ for i£ m whenever' 
K^Kjj. lie shall «/rite then k= lim cs.̂« IjS does not depend obviously on 
choise of free generators.

From the above theorem it follows that V « e  Aut(F) there exists a se­
quence «K, K6I, « K 6 Aut^J? such that « ■» limaK. It is enough to de­
fine a K to coincide with «on x±, U K .  Let .us note however that a li­
mit of a convergent sequence of automorphisms is not necessary an auto­
morphism. Indeed, let K 6 I  be defined by ct ̂ x^ m x^x^^ for i< Kj 
“ k*! ■ *i for i > K ' ThenKK 6Antf(F), KB I, lim«K -« , where« xl-xî l+1 
for all 16 I. Obviously «. is not an epimorphism as in gpjax^, 16 If every 
element has an even x-length.
Definition 2

Sequence fg, K6 I, S"K 6Aut(F) is called a sequence of partial pro­
ducts for some sequence “g, K6 I, Aut(F), if 3Tj ■*
(here (/»«) x {«*))• li the sequence K6 I is convergent then T m 
* lim 5rK is oalled a product of the sequence «K , K e J„

We will give now an example of a (convergent to identity) sejquenoeBg,
K6 I, a K6Aut(F) that has no produet. Let « K be defined by <*¡^k^^^k+i • 
otgXi - xt , i/K, i,K6 I. Then V^xy - a.,*., = x.,x2. Suppose jr^x-fx^*...*^ 
then 3TkZi - « K^K_1x1 - « V  * ••***-" j V j j V  ♦ * * * * * ‘̂ + 1 *

 mi
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It means that for ra » 1 in def 1 Kj does not exist, hence the sequence 
ice I  is not convergent.
For automorphisms /8 K, ft"K, we denote by A^m), Bj.frn), BK (m),
(m) respectively the sets of indexes ie I of generators x.̂  in a re­

duced form of words RKxm» ^ m *  tK1xb‘ For ^  S£I we <3eQOteAK(s) “
U Agio), me S. Notice here that “ aK“K-1*‘"* °1 f°ll°ws

Bĵ im) l£ Aj.(A^_^ (••• (Â  (n))•••)) (1)

In the set IxfT define a partial order by (K,!)<(!,;)) if and only if 
(K<1) (i< j). Let K 6 I  and/3k, K 6 I  be two convergent sequences
of automorphisms, lim « K = 0C, lim^g = /5 . Denote J fK ^  = a K^i*
Lemma 1

For every increasing sequence J'EI x I the sequence y (K,i)eJ
is convergent and l i m ^  « lim lim = a.ft.

For any me I lim f, ̂  «$ implies the existence of im such that/S^x^ =
= and hence B.̂  (m) = B(m) whenever i> im- The set B(rn) i3 obviously
finite then lima^ «ft implies the existence of K(m) such that ftgX^ ” a xj 
for all j£B(n) whenever KiK(m). We will show now that j ^  
whenever (K,i) 2* (K(m), im) which implies by def 1 our statement. Suppose 
^ XB = w (xj). jeB(m), then for K>K(m), i>im i(K,i)xm “ ^K^L^m “
= « K (/i1xni) «ftK (/Jxm ) « « K V(x.) « WCajjXj) « W(ftx3) «ft Wixj) - «C4^ )  -
«(ft/i)xm which was required.

Lemma 2
The limit of a convergent sequence of automorphisms is a monomorphism.
Suppose lim = «, ix^S Aut (F) and for some ve F, ftv = 1. Denote by

S the set of indexes of generators in the reduced form of v. Then lima^««
implies the existence of IC such that whenever K > K  ft,-x. = «x. holdsn i l
for all i6 S, which means «Kv « R v  ■ 1 and benoe v « 1.
Lemma 3 v

The limit of a convergent sequence K s l  ft.. f? Avt(F) is an automor­
phism if and only if the sequence « , K€ I is convergent.Moreover, it

—1 —1 follows that lim<*K «ft
Suppose tha-1- lim ft K «ft , lima^1 =/5 , then by lemma 1 for fit K = CT̂ 1,

K? I we obtain limy^K « limC«^,^) = e = lim ft K lim fi ̂  « ft , fi where
w K^K “ a “ e 611 identical automorphism. In the same way we can
state that e «¿a, hence «~1 « = limft^ and ft e Aut(F). Conversely if

— 1 —1liraotj, »ft.SAut(F) we will show that ft m limotj, . Using lemma 1 for



(5̂  - a -1, is I, limidjj«”^) = lim<*K . lim«“"* = « a ”1 » e. By def 1 it 
implies that V^, 3 ^  such that whenever KisK^, * xm - Nowet”^xm=
= («k «-1 )xffl = a g1 whenever K > K ffl which means lim«^1 = « ”1.
Corollary lim = e if and only if lim<*“  ̂ =, e.
lemma 4

The product ̂  of a sequence « K, Kel, ot^e Aut(F) if existent is an 
automorphism if and only if lim = e. «1 -1Let lim 3Tk = T  he an automorphism, then by lemma 3 limT^' = 3T '.Since 
°K s3rK , t K-1 £ ° H owa by lemma 1 that lim = lim JfK . limsr^^ =
» ir ,3T“  ̂ = e which was required. Conversely since lim «K = e it follows 
by previous corollary that limOg 1 = e and by def 1 V m  3Km tb§t for
K > K m ftic1 xm * xm ho:Lds- Now for K ^ Km T l \  m ^K-1 a ^*K^xm^=
*» k— ** meana that seqqence T > K e l  is convergent, hence by le­
mma 3 v  is an automorphism.

Notice here that the condition of lim <*K = e is not sufficient for 
the existence of the product as it is shown in example following def 2.
Lemma 5

If lim »g ■ e, « K e Aut(F) and there exists convergent subsequence 
^K(l)» is 1 in a sequence of partial products, then there exists T = 
«•‘lim 3 T ■ lim^jj»

Every ^  K can be written in the form of ̂ "K 3 *K(i)+1,rK(i) whe_
re K(i+1) > K 3>K(i).
If we denote lim X K(i) “ ,r'then by def 1 it implies that V m  3 1^(1) such 
that j3Cb ■ ST’Xjh whenever K(i) > K m (i) and hence PK ( i ) ^  “ P(n) for
K(i) > Kjjii). Since lim = e and P(m) is finite there exists by def 1
a K such that = xi for all ie P(m) whenever K> K. If we denote
that Km = max 0^(1), Kj then for all it follws that *  ̂  =

=*aK * - ftK(i)+j5rK(i)xm - V - - ' iXK(i)+irx m “ 3rxm which m9an8 that 
T =  lim ^he product of the sequence «g, K« I.

So find the necessary and sufficient conditions for sequence K e l  
having product we need two more definitons.

Por a given sequence otĵ, Ks X and m si we denote T^ (m) ■ (m),
T£ (m) » ak (Tk_1 (m)) and T(m) ■ U TK (m).

K ® I
Definition 3

Sequence K s I is called regular if V  me J T(m) is finite.

T.amma 6
Let sequence r .., K*I he regular and lin *jj- e, it warrants existence 

of a product JT fox this sequence.
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We have to show that the sequence *K, K* I of partial products is con­
vergent. Since’’jj ■ etg WK-1***‘* a 1 we obtain B^om (1)

PK (a)£ TK (m)C T(m) (2)

We see now that*K+1xm - («K+1*-K )xa - «K+1 ( x ^ )  where by (2) * is a
word in x^, ie T(m) Since T(m) is finite and lim ■ e it follws that 
there5; exists a £ such that whenever K> K *K+1xi “ xi holds for all 
ie T(m). Hence T K+1Xm “ X Kxm whenever K > K  which means convergency of 
the sequence Jr K-e X.

Notice that we did not need <*£, Ke l  to be automorphism in lemmas 
5, 6. Notice as well that condition lim ■ e in lemma 6 cannot be wea­
kened for the convergency of K e l  only. Indeed consider automorphism 
a, where a x^ * X1X2’ w x i ” xi» i 1* We will define suquence « g, Kel 
by*K =«, K«I. This sequence ie obviously convergent to * and is regu­
lar since T(1) =<1,2>. T(m) = < m >  for m t 1. However f  “ X1X2
implies that sequenceTK Ks I is not convergent.

Vie will now state that the condition for sequence ® j., K e I to be re­
gular is not a necessary one for ¡existence of a product of this sequence.
Let us define automorphism 1 * 1  by k - xixi+i> ii*l
Let now - e, for K ■ 21 and aR for K ■ 21 + 1.
Obviously lim K& s e Consider the sequence of partial products for 
Ke !■ Tg = otg a for K = 21 and ^k-1 1 for K=21+1.
Naturally this sequence is convergent to e and hence «K, K e l  has a 
product e. Show however that the sequence <*K, Ke I ie not regular 
since e.g. T(1) Is infinite. Using induction shows that T21 (1 ) C 1 ,2,..., 
,..,,1+1>. Indeed, for 1 = 1 T2 (1) = A g ^ C D )  = B., (1) = <1,2>. let
T2 (1 _1 )(1) " < 1,2.... 1>  then (1> - A21 ( A ^  (T£ (1+1 } (1)) ) .
- A2i(A2i_1(C1,2,...,;l») » Bi(B"ii<1,2,...,l> )) = Be (<1,2,... ,1> ) -
■ <1,2,..., 1+1 >  . hence our sequence K e l  is not regular.
Definition 4

We say that sequence fl> g, K e l  is-obtained from sequence « K, Ke I by 
blocking if for some increasing sequence of naturals r(1)< r(2)< r(3)<*• *
1̂ “ °r(1) *'* a 2°S* ^K “ “r(K) •** Br(K-1)+1* K > 1 » I s I '

The sequence of partial products *"K, Ke I for /b̂ , K e I is obvious­
ly a subsequence of that for K t l  as T K > ^(k)' K 1 8113 liffi 
follows lim
lemma 7

Suppose that sequence cc P  Kel, ot^e Aut(P) has a product V e Aut(P), 
then V  is a product of a regular sequence /9£, Ke I, fî e Aut (P) obtai- 
nf by blocking » K, Ke I.
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To prove the statement we need to define sequence r(1)<ri2}< ... and 
to check.the regularity of obtained fiK, K« I. By def 1, lim x a ir implies 
the existence of K(1) such that for K>K(1) = or and hence (1 )«
= P(1). According to lemma 4 we have lim«K = a then by def 1 such a K(1) 
exists that for K>K(1) c c ^  = xi for all i e P(1) and hence AK (i) = <£>, 
is P(1). let us denote r(1) = max (K(1), ¿(1)) then fi = 3rr (1). T-,0) -
B 1 O) = pr (1 )(1) = P(1)> Moreover A£ (i) = <i> for. is ^(1), K > r (1)•
Let r (1) < r(2)< ...< r(ra) be defined so that for s ^ m  two conditions 
hold»
1° Tm (s) » Ts(s)

2° AK (i) =< i >  for i s T B (s), K>r(s)

We can see that independently from the choice of r(m+1) 1° holds for
s m+1. Indeed for s = m+1 it is trivial. For s$ m using 1°, (1) and 2°
Tm+1 -s) ” Bm+1(Tm (s)  ̂“ Bm+1(!rs^s^  c Ar (m+1) ̂  * * (Ar(m)+1 (Ts ^  =
- Ts(s).

We have to define r(m+1) to have 2° for s =• m+1. If r(m+1) is defined, 
then ̂ m+1 = r r(m+1)^ 1(m)- and by (1 ) Tffl+1 (m+1) = Bm+1 (Tjm+1) )-+G

?r(m+1)^Prlm)^Tm^n)+1̂ ^* The set Pr(m) ̂Tm^m+1 ̂ ^  “ 8 is known and is fi" 
nite. By def 1 lim t  = r implies the existence of K(m+1) such that if
r(m+1)s K(m+1) then Jrr (m+i):!Cs ” ^  xs for all se S hence Tffl+,j (m+1)£ 
Pr(m+1 )(S) = P(S) for any r(m+1) > K(m+1) Now by def 1 lima^e implies 
the existence of some K(m+1)’such that for K>1i(ra+T) = x^ for
is p(S). Let us define r(m+1) = max(K(m+1), ¿(m+1), K(m)+1) the for
K> r(m+1) AR (i) = < i > ,  ie P(S)> Tm+1 (m+1) We can conclude now that
1° holds for every ms I which imply that T(s) = ^8 (e)> " B e l  is fini­
te, i. e. sequence Ke I is regular.
Theorem

An automorphism f is a product of a sequence «g, Ke I, «^ cAutfF) if 
and only if lim t*K = e and sequence K e l  can be blocked to a re­
gular on with the product T .

IfW S Aut(F) is a product of « K, Ke I, e*K eAut(F) then by lemma 4 
limWjr = e and by lemma 7 sequence ctg, K e I can be blocked to a re­
gular sequence Ke I with the product W .

Conversely, let lim(*K = e and a regular sequence A ̂  Ks I obtained
by blocking « K, Ke I have the product w- then by lemma 5 and 4 it
follows that W is the product for Ke I and T  e Aut(F).

f
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0 ZBIEŹH7CH CIĄGACH AÜTOMORPIZMÓW

S t r e s z c z e n i e
W grupie automorfizmów grupy wolnej P przeliczalnej rangi wprowadza 

się pojęcie zbieżności ciągu automorfizmów i pojęcie iloczynu nieskończo­
nego. Dane są warunki konieczne i wystarczające dla istnienia granicy i 
iloczynu dowolnego ciągu automorfizmów.

0  CX0JCHM0CTH nOCJIEJ¡OBAJTEJIt>HOCTH ABTOM0Pt>H3HO3 

P e a t> u e
B rpynne aBT0M0p$H3M0B CBoCogHog rpynnu cneTHoro paHra onpe^ezaeTcn cxo- 

flHuocTi nocJteflOBaiejibHOCTH aBTOMopijiHSMpB h nx GecKOHe<raoe npoH3BexeHHe. Ja­
sica HeoOxoAHMue h aociaToaHue ycaoBaa ,pn cynecTBOBaHKa npe^eza h npoH3Be- 
AeHaa m b  nocaeaoBaTeJiŁHOcTH aBTOMop$HSMOB.


