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AN INFINITE NIELSEN TRANSFORMATION AS A LIMIT
OF A SEQUENCE OF FINITE ONES

Abstract. We consider here a natural notion of infinite Nielsen
transformation in a free group of countable rank. For a sequence of
transformations the notion of convergency is defined and it is shown
that every infinite Nielsen transformation is a limit of a sequen-
ce of Nielsen transformations of finite rank. Arf example shows that
the converse statement is not true. The necessary ana sufficient
conditions for transformation to be infinite Nielsen are given.

The notion of infinite Nielsen transformation could enable to
extend many known results for infinite caseif analogue of theorem
3-1.1, for infinite case were proved.

Let F be the free group of countable rank on freegenerators 5, i »
1,2,... . An endomorphism o of ? is determined by its effect on the x»,
i» 1,2,... Ifct GA) = y*xn), and is an automorphism, theny”, yg,....
freely generate F. Conversely, if (V.i, yg, -<=) is a set of words, then
the mapping«: X/~ -y"Cx”) determines a unique endomorphism a of F,
namely « : ufx”~— uCy”Xj)). Moreover, if the set (4}, y2,...) freely ge-
nerates F, then a 1is an automorphism. The mapping « 1is called a substi-

tution on the x», 1 » 1,2,..., and ify,, y2, ... freely generate F,
the substitution is called a free substitution on x*, i m 1,2, ... If we
have a second substitution”™ : XA- »zi (xf©), then the product fii'a is the
substitution

«* - N (*3(N5)

It is clear that u/»« . Inparticular, the group of automorphisms ofF
is isomorphic to the group of free substitutions on x~ i - 1,2, ... =
Any infinite countable set of freely reduced words in F we. call a
chain, and denote, for example, by W m W, w2, ...). The chain Of gene-
rators we denote by V * 1*x2” eee)e With each substitution oj :
(x™) we may associate not only an endomorphisma of F but also a
transformation Na of chains in F, that carries a chain W - (W.,, w2, ...)
into « (HW1> Kaw2> »ee). wliere ie 8 educed word obtained from
by substituting w* for x,y Shortly, Na replaces the i-th-entry
by the y+ - combination of the other“entries. 1f« is a free substitution
then N "is called an infinite Nlel sen transformation. Moreover if p
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another substitution then . 1t follows that the correspondence
«—~ H,, 1is Em anti - isomorphism of the group of automorphisms of P onto
the group of i,nifinite Nielsen transformations. A transformation E is
called invertible if there exists a transformation M such that M = MB= E,
where E is the identity trEinsformation. It follows now that a transforma-
tion E 1is an infinite Eielsen transformation if and only if it is inver-
tible. A standart Eielsen transformation E of rank n will be considered
as an infinite Nielsen transformation of rank n i.e. for i>n, = xn,
and for i< n B™M * @) with 3« n.

Let Hj, Eg» "ee= be a sequence of transformations. Tie say that this se-
quence is convergent to a transformation B, if for every m there exists
km such that for all k satisfying ksk”™, we have Nkxm = NxfiL

Theorem

E is an infinité Eielsen transformation if and only if E is a limit of
a sequence E. , k * 1,2, ... of Eielsen transformations of finite ranks
and sequence BRY, i > 1,2, ... is convergent.
Proof

Let E be an infinite Eielsen transformation and Exi=yi, i » 1,2, ...
Denote XQ = gp(X.,, ---,Xn), Yn - gp (ylt*..,yn)* Let lif Lt, (11 - 1) be
successively defined as the minimal numbers satisfying Y. c X. IC Y-_C

11 2
XTC ... . Every subset (y,,-.--,yn ) can be completed by Kurosh’s theorem
2 1 k

[Z] to a set of free generators in X-~ k>1, then Xj» = gp (X, ... ,X) =
gpiyi» + ~.._...a”). Denote by Bk, k>1 the Nielsen transfor-
mation of rank L™ that carries (X.j,-- -jJX?) into (yl y» , al +1,..

a. ), k>1. The sequence Ek, k » 1,2,... is obviously convergent to E
whhch was required. Ne shall show now that the sequence E”” is also con-
vergent, namely that E“* s lim B”1. Let E"1xm m w(Xi> X2* "*»xsh a
word in x», i<gs. By convergence of the sequence Ek, k = 1,2,._. to N

there exists k8 such that, for k?ts, we have E~x = Nx» for i< s. Then

each transformation Tk « E-1Ek (k> k0) carries xfl into  Tkzm“/7E_ITIk~xm™Ww
w(Hkx1,...,EkxB) « w(Bx1,...,Exs) « B-1(Bxm) = xm . Now B-1 (E-1xn )=
* A1 for k>k0, so that E-1 = Llim E“1 which completes the proof of
necessity.

Let now E = lim Nk for a sequence Nk,k m 1,2,... of finite Eielsen
transformations and the sequence Bk, Kk «1,2,... is convergentto a trans-
formation M. To show that E 1is an infinite Eielsen transformation it is
enough to establish that E 1is invertible. Prom our conditions we get
that for every m there exist k», 1" such that, for k>km, 1> Ifll, we ha-

ve Nk “m " Hkxm*“ Hxm and HI and Ki 17ja “ Ltem' O]m subsequence Tffl,
m m m
m-1,2,..., where Tm - B ) then T A~ - Bx”™ T“Ixt - Mxt (is m).
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Suppose that m first words Nx.,, Nx2,... Nxfl (and hence ~x,, ) are
expressed through i< s, for some s. lie can always take e> m. Then
Tel« (X.j, X2,...) -(Mx.j, Mkn, ygHl eee), TnT1i (x".Xg,...)

-(\ClIfcc,), ... HCMXjh), zm+1, ...)e Sinoe s>m, the Ffirst m elements
*mx 1 FRES AmA Nsx1l «*'"*» N8Y% ooinci(iei henoe the same is true for
W *Hexn W and V v Tswm Ffor any W - w2, ...)= Take W -

« T*“1 Vj then T™W a Tm (T'1V) and TsW» Ts(Tgl V - Vj hence H(Mx1)»-xi
for i~ m. Since this is true for arbitrary m we get.DM m E, and 1in a
similar way we get NM » E, which shows that N 1is an infinite Nielsen
transformation with N = M The proof is complete.

We give here an example of convergent sequence of Nielsen transforma-
tions .of finite rank with a limit that is not an infinite Nielsen trans-
formation. Define k;» . by

Hkv ™ X2XJ XkXk+1 *Xx+1 >*7*N>

Then Tim N m N for NV = (Xg, XgX*, ...). The correspondent substitu-
tion « > Xj_ — - xixi+l- d “ * 2,.«» is not s free one because in a
gp(x1Xg, XgXj, ---) avery element has an even x-lengtb, hence N is not an
infinite Nielsen transformation.
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NIESKONCZONE PRZEKSZTALCENIE NIELSENA JAKO GRANICA
CIAGU PRZEKSZTALCEN O SKONCZONEJ RANDZE

Streszczenie.

W pracy uogdélnia sie pojeoie przeksztatcenia Nielsona na przypadek gru-
py wolnej o randze nieskoniczonej i wprowadza sie nieskonczone przeksztal-
cenie Nielsena. Okre$la sie réwniez zbieznos¢ ciagu przeksztakcen. Poka-
zane jest, ze kazde nieskonczone przeksztakcenie Nielsena jest granica
ciggu przeksztakcen Nielsena o skonozonej randze.

Przyk¥ad pokazuje, ze warunek ten nie jest wystarczajacy- W twierdze-
niu podane sa warunki konieczne i wystarczajace na to by przeksztatoenie

by*o nieskoriczonym przeksztatceniem Nielsena.
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EE3KOHEHHOE 1 IPEOEPASOBAHHE HHJIDBCEHA

PesBue

B padole bboaetce noaaiae SecKOEevHoro apeo6pa30BaHHH Hmibcena, jcoiopoe
aBJiaeilCE ecieciseHHtiu oCodaeHHeu npeoSpa30BaHHfl KOHeuHoro panra. Bboxhtoe
laKse noEEiHe oxo”~hmocih aooxeAOBaTexLHociH apeo8pa30BaHH8. U0oKa3aHO, eto
Kaxfloe SeoKOHeuHoe npeoSpasoBaatie Ha.iboeKa ebeestoe npe.ne.TOM nocTesoBaTesb
HOoiH npeodpa30BaHEa KOHeaHoro paHra, OAHaico, KaK cnexyer hs npHMepa, ae
Kasfoe apeo6pa30BaEHe, EBaaiomeecH ape”eajou nocjie;;oBaTejibHOCTn npeo6pa30Ba-
hhé HxabceHa noHeuHoro paHra sBaaeTca BecKOHeaHtoi npeodpa30BaHneM HjuibceHa.
3 TeopeMe saHU Heo6xoxauue a AoeiaTouHue yejioBHH &jih loro mtoBh npeoOpa3o-
BaHlie Bhjio npeo8pa30BaHHeM HaJitceHa.



