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CLASSIFICATION OF SUBGROUPS AND FACTOR GROUPS
OF THE FREE NILPOTEUT GROUP or CLASS 2 WITH TWO GENERATORS

Summary, In the pape«- « description of all subgroups of a normal 
discrets Heisenberg's group No is given. Moreover centre» of fac­
tor groups ars ¿ascribed.

I n t r o d u c t i o n ;  The purpose of this paper is to determine 
subgroup* and factor groups of the free nilpofent grcup N2 of class 2 
with two generators x and y. The basic notions are contained in the
lionogrsphy [2].

In section I classification of subgroups of N? is presented as well 
• ¡» classification of normal subgroups.

In section II présentation of N,, is assigned and nest taking advan­
tage of the theoren 2.1 [2], presentations of all factor groups of the 
group N2 end thairs centers are given.

Définition

The free nilpofent group PL, of class 2 with two generators x and y 
is the set

2 ” [*' V jf
J

in which the group operation is defined in the following wey:

X*yAt 9 . X*VPzf' ;m 1-t' +X'p>

Here

I. CLASSIFICATION OF SUBGROUPS OF THE GROUP N„

From lemme 1.9 of ¡1 j is follows that each subgroup of ft, is finitely 
generated.
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L a n a  1

Each subgroup of N2 la generated by at moat three elements:

z*°, x*1 «*1 . x ^ A  io + 0. <*,* 0. h  4 0.

Proof: Thera is a central sequence (see theorem 1.8 [l]) 

n2 . C0 »  Gi »  g2 »  G3 - 1

such
La

that Gt /Gi are cyclic and Gj * j r 2 , x i, G2 » r 2 . T 2 « 2 . N2J .
t H i  Nj, than the sequence t J

H - H0 ^  H± S- H2 >  H3 » i

is a central asquanca of the subgroup H where » H P  G^, i ■ ~0.li
2,3. The factor groups are also cyclic, we can choose an ele­
ment x4 e such that H1_ 1 » |Hi . XjJ. Since Hj « HP <! j, Gj »

- ( x * 1 z^1 : if.«*) and H . H P T , ,  T 2 - |z* s <f«*|.and ao there
I f ?X ttnl f t 3!

exists an element z « H _ , <Jn # 0, such that h 2 - -j H,, z I. There
cef if. ( f J *i ii'i

also exists an element x z « H1 , oCj f 0, such that Hj-jHg.x z j. »

■ | h 3 . z ^°, x*> z M  as well as sn element x 2 y^2 z^2 « H, ^  * 0,

such that H - | H lt x*2 y^2 zi2|. Finally H » gpjz^0 . x*1**1 .* 2^ * ^ r £  

and lemma 1 follows.

Among all subgroups of the group N2 we can distinguish seven separa­
te classes »6,, 1 i  i í  7.

1.1. Class at.   wf>.

Class atj consists of subgroups of the form H « gp(z °) , £Q « X,
f0 f 0. Let ue notice, that subgroups belonging to class ^ a r e  subgroups
of the centre of N2 and tharefore thay are normal aubgroupa of Ng.

1.2. Claes aeg

Claes Jt2 consists of subgroups H - gp(x 1z*®1) , where oCj, ‘¿fj c X,
ctj i1 O. All elements of «2 are cyclic. It can be easily noticed that no­
na of the groups of class V2 is normal. Indeed, since

- 1  « 1 ffl * 1  , * 1 $1.y 1 o x z o y » x z e H » gp(x z )
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If and only If “ Tj • we 888 ti,ai “ 0 , contrary to our as­
sumption on ac2 .

1.3. Class at.

The class Is defined as a set of all groups H of the fora H >

« gp(x y z ), where «j, fj e 1 , f>x f 0.
Let ue consider the following product

- 1  * 1 fii ?i « 1 f>\ fi * flix o x y z © x « x  y z .

/ /̂ i $ lIt belong* to the group H » gp(x y z x) if and only if ^  + A  - 
It follows that - 0. which is iapossible because of the definition
of the class Jfj, and thus none of alaaent of S?3 is noraal.

1.4. Class
{*■ Of-

Class 9f4 consists groups of th* fora H « gp(z , x z ), -gQ f 0,
dfj + 0. Each of the eleaant of class 95̂  is determined by the triple
(‘¡¡'o* *ji)* Jt turned out that this correspondence is not 1-1. We have

Leaaa 1.4.1

Let the group* H » gp(z^°, x 1 z^1) , Hj » gp(z^°, x 1 z ) belong to 
class aê . Then H » if and only if one of the following conditions
is satisfied:

(1 ) to * #1 ■* , Ti ' ffi (Bod tfo5 '

(II) ip " to* OCi '• -Oj , ffi - (-^)(aod yQ ),

(III) * -fro’ «1 - <xx . ?i 1■ ffi ("od ‘3o) '

(IV) #0 - -to- 5 1 » -Oj • tfi - i- ^) (mod JfQ ).

Proof. yf h .■ Hl* then that generators of one of
sed by generators from the other, and conversely. Therefore there exist 
integers n, a such that

. „ « %  ,-ft • ■ f. (1-4 „

and integers n1# a1 such that

X* 1 J l  . xnla l a"l*l + "lft. (1.4.2)
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Hence n « 0 and

t0 ’ "*0

OCj ■ (i.4. 3)

tl - "l?i + »ifo- 

On the other hand there exist numbers a,,, n^, >3 £ Z where

to “ *2^0

*1 “ ”3°%. (1.4.4)

%  ' n3 fl + m3^0*

It follows from (1.4.3), (1.4.4) that

t0 * «^flb

1 * n *s

hence m m *2 a 1 or k » « -1.
From the second equations of the simultaneous aquations following that

*1 ■ nl n3 *1 

1 .

hence ni “ n3 “ 1 or ni * n3 " _1*
We infer from our previous considerations that one of the following

four cases must be sstisfied:

Case I {« n ■ 1. hj « ■ 1).

In this csss we get

,, «J - CCj

tl ' tl * Klto 

fl “ Hi. * "300*

(1.4.5)
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Hance (mod f Q ).

Case XI (m ■ «2 » i, n1 “ n.j ** -l).

It follows from the equations (l.4.4) that <y0 • f̂0 , * “fa*
Hence

Si * -fa + m\to

?i “ “fa + *3^0'

which is equivalent to the relation ^  ■■ C-^) (mod ‘Jq ) .

Case III (m = m2 « -1, nt ■ n3 ■ l).

For this case » *fo> * oCj end

«1 " fa ~ mlto 

fa * fa + "sfa)'

which is equivalent to the relation « (flj) (mod $q ).

Case IV (m = m2 « -i, ni “ n3 "

In the last case we obtain ■ -#q , and

fa * "fa - Bifa) 

fa ■ -fa + fatti*

(1.4.6)

(1.4.7)

(1.4.8)

which is equivalent to the relation ^  « (-fa) (mod #0 ).
On the other hand if the triples (<J0 , a^, (ftQl c^, fa) satisfy

one of the conditions from (i) to (iv) , then the groups H and are
identical. Indeed, we have, for example, if ft0 = ftQ , fa = fa and fa » fa 
(mod fa,), then

and

J o  . x0al z°fa + to

* 1 Jfl a l fa ” mifa)
X Z -  X z

zfa „ x0fa z°fa +
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<*1 «1 *1 Si + alSo
X Z  a x  Z

and thia Means that H • gp(z^°, x 1 z^*) « gp(z^°, x 1 z^1) » Hj. Other 
cases are analogous.

Theorem 1.4.1

mf. c*,.
The subgroup H » gp(z , x z ) e 3t4 is a normal if and only if

So I «I* •
Proof. It is clear that H is normal if and only if

y- 1  o x* 1 z K  y e H

i.e.

« 1  . ( «1 zti," . ( > ) -  . x"a l z"*l +

n, a, and theorem i.4.1 follows.

Corollary 1.4.1

All normal subgroups of N2 to from the class aC4 have the form H » 

gp(z^°, x zr). 1. <j0 e N. 0 <  r < < j 0 - 1.

i.5. Class W 5

The class s«5 consists, by definition, of all groups

H » gp(z^°, x 1 y 1̂ z^1) with j 0, ¡i± f 0.

Lemma 1.5.1 

Let groups H . gp(z^°, x“ 1 y^1 S ' ) .  - gp(z^°, x* 1 z*1) « Mg,
then H » Hj if und only if one of the following conditions is
fled :

(I) So ■ So' 5 1 * ^ i - A  * fli- \ - (mod flQ )

(II) So “ So' “ 1 * -<*1-1*1 ~ -i\-ti ■• ("Si ♦ « i ^ )  ("O«1 So5

(III) So ■ “So* * 1 - oe1 ,/?1 - / V  Si - Si (»°<J S o 5

(IV) So ■ -‘So­ a x * -ai-fix m - h - t i ■ ("Si + a i A ) ("od So>*
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Proof. Suppos# that H « H^. Then generators of the group H can be 
expressed as a word In generators of the group Hj, and conversely. There 
sxist numbers a, . p c Nt n, q e Z such that

%  “Si n A  "Vo * ""Jl + (1.5.1)z * x y 2

J o  . X- PW1 / PA  z q *0 - p«l * (1 5>2)

and numbers k, s e Zi 1, t e N such that

x y z - x y z 1 ¿ 1*1 (1 .5.3)

. * 1  y f i  , h  .  / ' 5 i  v - ' h  / i .  -  * *  *  < T » i 4  ( l  5  4 )

It follows from the equalities (l.S.l) and (l.5.2) that a » p - 0 and 
n - q. Taking into account the relations (1.5.3), (l.5.4)we get the fol- 
lowing equalities

= 1 <x̂

i\ = (1 .5 .5)

il • ktf0 + Xfl * (2)Sl/\

®1 " “ tC*l

»i - -tfo

*i ’ •*> - *ïi + (t2 1 )Sift*

(1 .5.6)

Similarly there exist numbers a1# p1# 1 , tj « N; n.. q., k,. s. e Z 
such that
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and

and

jo . X-Pl*l jlto - pl*l ł (1>S#8)

*1 /*1 il 11<X1 1l^l kl’o * 11^1 + ^2 ^*1^1 (, 5x y z ■ x y z ti.o. 9)

*1 / l  2?1 . x’*!*! j fo ' *1^1 + ( * (1.5.10)

i get the following equalities

■ Pj ■ 0, n^ » q^ (l.5.1l)

#1 ■ ljdtj

\  - lj/ij (1.5.12)

1 ,
fll * klio * ll*l * (2 )cCl h

or

^  - - t ^  (1.5.13)

*1+1
%  - * 1 %  - *1*1 + ( 2 )CC1 Ik

and thus it follows froa the aquelitiss z^° ■ z and z^° » z that
nnj » 1 , n ■ n^ ■ 1 or n ■ n^ » - 1 .

Let ua consider two cases 1

Case I. The equalities (1.5.5), (1.5.12) are satisfied and fro« these
equalities we infer that 1 ■ 1^ » 1 and ^  ■ k#0 + and ^  » kjlfo ♦
+ «j1. If n - nA - 1, then - fQ and fj - (sod y0 ) , if n . nj - -1,
then • -tf0 and ^  ^  (sod ^Q ). Hence we can state the condition

(i) or (ill) is fulfilled.
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Casa II. The equalltias (1.5.6), (1.5.13) are aatiafiad. It follows 
that t - tj - 1 and ̂  - stf0 - * o c ^  and ^  - s ^  - fa ♦ cc^.
If n - nt ■ 1. then <Jo - and ^  - (-flj ♦ o C ^ )  (aod ftQ). Ae way
be easily seen that a - a1. In caaa when n ■ - -1, then fQ • and
^  - ( - ^  ♦ (■«<! • Hence we see that the condition (il) or (IV)
are eatlefled.

Other two caaes, as nay be easily verified, lsed to a contradiction. 
It la clear that if one of condition (i) - (iv) ie aatiafiad, then • H 
and leans 1.5.1 followe.

Theorea 1.5.1

t* A.
The subgroup H « gp(z , x y z ) e # 5 la noraal in Ng If and

only If T0 | and ff0 | ¡\.

Proof. Let ua observe that H ■ gp(z^°, x 1 y^1 z^1) la noraal In Ng

If and only if x 1 o x**1 y^1 z 1̂ • x * H and y" 1 o x 1 y^1 z^1 o y e H.
This la equivalent that there exist integars n, a such that

- 1  *1 fa. *1 «1 h  * ^lx o x y z ® x ■ x y z

• nd

-i ®i \  n  «i fix *t0 * txy • x y z • y « x  y z

which. In turn, la equivalent to the atateaent ^  + fii « nfQ * f i and

^1 “ a l “ "to * Thu* “ ncto a,,d “* 1  " ""To and th#or,B i - 5*1 fol­
lows.

Corollary 1.5.1

The group H - gp(z*°, x*1 y^1 zr) « 9tg la noraal In N2 If and only
if oci m 1^0 , fl1 . ki0 i le N, k e 2, 0 <  r <  fQ - 1 , <j0 « N.

1.6. Claaa 3<e

Let ue define the clase as the set of all groups

/ * 1 "̂ 1 0t2 $2. ^2»H » gp(x z , x y z ) where otj f 0, fa f 0.
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Lena» 1.6.1

«. if, ct2 fl2 ^2.
The group H ■ gp(x z . x  y z ) e ae6 la equal to the group N2

if and only if oê  ■ —  1 and ■ —  1 .
t ^1 ftl î2 ^2» aProof. Let H - gp(x z , x  y z )e sC6 , h » Ng. There exiat

nuabers n, k e Z, a c N such that

noCj + a«2 a/^ mf2 * * "fi " k<* i ^

notĵ  - act2 -a/^, -af-2 + + n ^  - k o C ^

Henca If follows that In both cases a ■ 0 and no^ - 1. Thus n ■ <x̂  « 1 
or n ■ 0Cj « -1. Slallarly, there also exist nuabers n^, k ^  Z, at e N 
such that

a,
ni<*i ♦ n̂ oc2 *i/^> + * 1^2 * 2̂ °̂̂ 2̂  ” ^1^ 1 ^

y « x y z

a,*l
nX0Cl ~ * 1^2 ”* 11̂ 2 n 1  ̂ 2 )'̂ 2 ¡hg - k^cZj/^

y » x y z

Hence ■ 1 or ~mifiz “ 1 and consequently Oj = ■ 1 or "i ■
■ (K̂  ■ - 1  or Oj * 1 and /$2 « - 1  or Bj ■ - 1  and fl2 » 1 .

Let us consider the following ceees i

Case I (ctj « /?2 « 1). Then H « gp(x z . x  y z ) and the follow­
ing equelities ere true

fl
X m X Z  •  Z

/ fl, _a2 “*2 #2 *2*1 “ 2̂y ■ (* z ) x y z • z

—l fl df— —
Case II (cBj m m -l). Then H « gp(x z , x y z ) and the 

following equslltlea ere true



y > (x-1 z V * 2 . (x*2 y-1 z^2)- 1 « z*2*1 + * 2 + * 2.

Case III (c^ « 1, /?2 " ~1)* Then H ■ gp(x z^1 , x*2 y~1 z^2) and tha
following equalities are true

/ * •

y - (, y*1 )“ 2 . f,” 2 y ' 1 » V 1 • z'” 2 4  * h  * “ 2 .

Case IV oSj = -1, « 1. Then H = gp x_1 z, x y z end the follo­
wing equalities are true

X = ( x - 1 z V 1 -  z * 1

I -1 *2 ^2 “® 2 " ^2y » (x z ) . x  y z  z * -1

In each of the above cases N2 cr H, and this means that H =■ n 2.

Theorem 1.6.1

Class does not include proper normal subgroups of the group N2<

Proof. Suppose that there exists a normal, proper subgroup H in the 
class SKg. Thus H = gp(x * z"̂ 1 , x 2 y^2 z^2 ) and at the same time the 
equalities are not with satisfied j -  1 or f - I. We have

-1 a2 1*2 $2 a2 i*2 %  + <*2x o x y z » x » x  y z «

_ * na2 zn ^  + ah  * (2)0c2^2 - ktrl ^

for some n, k e Z, m s N. Hence

oe2 = na^ + mo^

/?2 - «ip2

Clarification of subgroups and factor... 209

f2 * fi2 - "tfi + "tfj, * - k*l / V
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Solving this system of equations we get m = 1, n = 0 and ct ̂  » 1 or
-1 a2 $2 *Î2 n*l ” mix2 ~mflz n ^l» -1. In the case when x « x y z « x » x  y z

- mfo + * koc./̂ 2
we obtain the same result.

Let us consider the product y-1 x 1 z^1 y e H, there exist numbers

n, k e Z. m 6 N such that

at. %  - oc. not ♦ mat- m/î. n ^  + m^2 + (” )a2 (^ " kai/̂ 2 
x z « x y z

As we can see in both cases the coefficient m = 0. Similarly

«1 ft* - a, net n ^  - k a ^  
x z = x z

Hence n * 1, and ft2 • 1 or ft2 “ -1. which is a contradiction.

1.7. Class a£ -,

The class $ 7 comprises all subgroups of the N2 of the following

form: H » gp(z^°, x*1 z^1 , x 2 y^2 z^2 ) . $0 f 0, f 0, /?2 = 0. Each e-
lement h e H can be presented in the form

h = (z'°) n , «1 tfl.m / œ 2 h  J z ć k  ,o (x z ) o ( x  y z )  o Iz )

Let us+ -<3C1 T * 1 $1 *2 /̂ 2 5f2l
n. m, t e Z, k e N. £ > -  1 . z = [x 2 • x y z J
denote by d = g.c.d. (tfo,aV ^ '  then thers exist numbers p, q e Z  such
that p<}0 + qc^/3g * d - Hence if follows that each element h e H is of the
form

h . (zd)n . (x*1 zn )m . (x*2 y'52 z*2)fek.

iL if« CCo An iio
Let * gp(z , x z , x y z ) € 96^, by we denote g.c.d.

5o '

Lemma 1.7.1

Two subgroups H. « at 7 are equal if and only if one of the follo­
wing conditions is fulfiled :



(i) dj « d . ocj « ccj, (mod d ) , « 2 » ce2 + qa^,

P>2 " 1*2 ' ?2 " ^ 2 * c»‘Zr1) (°od d ).

(II) dj “ d. (Jj - oci . iti " Jfi ("od d ) • *2 “ _a2 + q<xi*

P>2 “ "/%* ^2 * ( “ *2 + q#l + * 2^  ^"0d d ^'

(ill) dj ■ d, * —Qfj # « (-“Jj) («od d), «2 ■ ae2 + qoe1#

P>2 m P>2' 'h " ^ 2  + qil^ ^"od d ^'

(IV) dj, « d, «j ■ -otj. « (-flj) (»od d), a 2 * -q2 * qai'

/52 " -fe' ?2 " ^ 2  * q ^l * a 2&  ^"od d ^'

q e 2.

Proof. Let H, H^e a* 7 and H ■ H,, then there exlet numbers n, t,
p, q, r t l ,  w e N such that

z' 1 - zhd (1.7.1)

X5* zfl . zqd x*“ 1 ztVl (1.7.2)

(a) x“ 2 z*2 . zrd . xqWl z" * 1 . x" " 2 y " ^  z" * 2 +

°r (1.7.3)

L(b) x ^  f t  z *  - zrd . x*** zq?1 . x " " ^  y’" ^  z ' " * 2 + 

and there exlet numbera n j , ^ , px , qA , r1 « Z. N  such that

£laaeif^cati;on_of_au£2roiipa and factor... 211
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(rf) x“ 2 y ^  z ^  - x*1^  z^1 ' ^  . x" 1* 2 y" 1 ^2 z" 1 ^2 +
(1.7.6)

or w

(to x ^  *f2 - z^ 1 x^ * 1 • x" " 1* 2 v’" 1 ^  z""1*2 * ( *2 ^

Free the condition* (l.7.l) and (1.7.4) If follow* that n»n * 1, and 
fro« the conditions (l.7.2) and (1.7.5) wa infer that t-tj - 1. Let u*
point eut the fact that if the condition (1.7.3) (a) la aatlafled then the
condition (1.7.6) («0 i* aatlafled, tooj if the condition (1.7.3) (b) is 
fulfilled then the condition (1.7.6) (b*) 1* fulfilled. too and conversely. 
The conditions (a) and (b1) , (b) and (^) cannot be satisfied at tha same 
tiae, because is such cases we get disagreement.

So let n • n^ * 1 and t « tj « 1, then taking into conaideratlon the
conditions (1.7.1), (l.7.2), (l.7.4), (l.7.5) we obtain dj - d , 5^ . oc% . 
f - «Jj (nod d). If the conditions (1.7.3) (a) and (1.7.6) (a1) are ful- 
fielled, then 5 2 « « 2 + qocj. ^  and ï2 - (flj + 9 “̂ ) ("od d ) , when
the donditione (1.7.3) (b) and (1.7.6) (t/) are satisfied, then 5^ « +
+ 9 < V  fa » -?i2 and ff2 « (~f2 * q ^  + o t ^ )  (aod d). In case, when 
t ■ tj « - 1  fro« the condition (i.7.2) if follows « -o^ and ^»(-ÿj) 
(«od d) and fro« tha condition (1.7.3) we can sae that c»2 * cv,, ♦ q*i *
fa - #2 and tf2 « (fe ♦ qtfj) («od d) or <*2 - -ct, ♦ qo^. ffa - -fa. fa -

" (-f2 * q $l + * 2 ^  (®°d d)*
Suppose, that on of the conditions (i) to (iv) is satlsflsd. Let say

the condition (i). Then dj » d, -ctj, « ^  + pd, « 2 • fa ♦ qotj ,

fa " fa' ?2 “ ^2 + q ^l * rdî "haro P* 9. r e * .  Hence it l««ediately
follows that

<*1 %  *1 %  pdx z - x  z . ,

fa fa. fa rd qocl q %  fa fa fax y z - z  . x  z . x  y . z  .

On the other hand ïj “ Ï* “ Pdi* fa ■ fa “ 9«^. T2 “ ?2 + ^9P - O d j
- 9 ^ .  hence

- *d ‘ .

.** . ,5 ‘ , f‘

«2 fc |f2 (qp-r)d ~q* -q?- « 2 fl2 $2
x y z - 2  . x * 2  . x  y z .
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. To CCa <%o /5p $2\ i To
Therefore the groups H « gp(z , x z . x y z ) and ■ gp(z ,

fi 6̂ 2 ^2 ^2»x z . x  -y z ) are equal. We consider other cases In a siallar
way.

Colollary 1.7.1

Lat H « gp(z^°, x 1 z^1 , x 2 y^2 z^2)« #£7 . than H ■ if and only 
If <x̂  » —  1 and /ig » —  1 .

Proof. Let H • N2 = gp(x, y ) , then dĵ  » g.c.d. (0, 1), 5^ » 1 and
fi2 « 1. If follows fro« the leaaa 1.7.1 that » 1 or « -1 and 
(bz " 1 or /?2 « - 1  and d - g.c.d. (<y0 , » 1 .

Let H » gp(z^°, x*1 z^1 , x 2 y 2̂ z^2) e 9£7 such that a:, ■ —  1 and
^  -  1. Let ua notice that d » g.c.d. (f0< ffl̂ /»̂ ) * 1. then each ele-

n » ® ̂  ^
«•nt h € H is th® foro h * 2 . x zn . x* z ^  (x* 2 y z V k . n, a e Z, k eN,

i - i  1. It follows that x . A  . X A  y - z . x"*2 z" “2 *1
<-*2 2̂x y z Hence Mg ̂  H. Similarly H - Ng.

Theore« 1.7.1

The subgroup H « gp(z^°, x 1 z^1 , x 2 y^2 z^2)e & 7 , H <  Nj ii a nor- 
nal subgroup of the group N2 if and only if d| ctj, d| « 2 , d[/^; whare 
d » g.c.d. (tf0 .

-l #2 A
Proof. Suppose that H <  N2 , H <  N2 . Hence x . x  y z . x e H ,

- 1  a l Si - 1  ®2 $2 ^2y . x  z . y e t i ,  y . x  y z . y e H, this aeans there exiat
numbers n, ■ e Z, t e N  such that

«2 /*2 *2*A> ""l K V nd (x*2 y ^  z % Btx y z « x  z • '  y z ; (1.7.7)

and numbers «t , Z, t2 e N, i » 1 ,2 , such that

oc. %-«. ■.«. m.tf.+n.d
x z 1 » x 1 ^ z 1 1  1 (1.7.8)

«2 h. ^2_ «2 "2*1 " 2 % +n2d , a 2 &Z ^2x6 t 2x y z ^ - x ^ z V 1 z ( x y z )  z . (1.7.9)

£ • —  1. Hence we obtain the following systems equations:
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&  - */% (1.7.10)

t2 + " nd + * * 1fe + {2)0i2

«2 ’ "“l “ t0C2 

/*> ’ “«/%

f2 * - nd ♦ a ^  - ttf2 ♦ ( ' ^ « a f e *

(1.7. ioy

* 1 “ " 1*1
(1.7.11)

%  - «1 * "!<* + ■1 tC1 .

OCj - -2«! ♦

¿2 * *2 /^ (1.7.12)

2̂ - ocg " n2d + "2?1 + *2^2 + 2̂ ®̂2

or

«2 - «2«! - t2«2

fii - -*2/fe (1.7.12)1

*2*1
f2 “ “ n2d * *2d + *2^1 ” *2^2 +  ̂2 ^*2^12'v

Lat us nots thst It is enough to consider the systses (1.7.10), (1.7.11)
end (1.7.12). The systea (1.7.10)' is rsduced to ths systea (1.7.10) ba-
csuss t ■ - 1 . Analogously the systea (1.7.12)' is reducsd to the eyetea
(1.7.12). Froa the syetea (1.7.10) if follows that t » 1, a ■ 0 and *
* * nd ♦ f2. We have |%2 » n d , hanca d \fe. Froa the systea (1.7.11)
if follows that Bj ■ 1 and tfi “ a i • nid + Hencs <3̂  » -njd, thus
d 10̂ . Froa ths systea (1.7.12) if follows that t2 • 1, a2 <• 0 and f2 -
- otj • n2d ♦ Hencs oc2 ■ -n2d , thus d|®2.
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Now lot uo assuae that d| cc^, d| oc2 . d | /%2 i. o. ■ ljd, « 2 « lgd,
fiz * ljd for sooe 1^, 12> 13 e 2. Then each eleaent of the group H can 
be preeented as follows

(zd)n . (*lid z V  . (xl2“ y ^ “ z V l

n. ■ « Z. t e N, £ - —  1 . Obaerve that

- 1  ^2d *3d $2 *2d *3d ^2 *3dx . x  y z . x » x y z . z

- 1  Xld *1 Xld fi "1 itiy . x  z . y - x  z . z

-1 12d Xld $2 12d 13d ^2 "12dy . x  y z . y ■ x y z . z .

Thus H ie noreal in N2 and theoree 1.7.1 follows.

Corollary 1.7.2

The eubgroup H e 3t7 la a nonaal subgroup of the group if and on­

ly If H - gp(zd , xrd z*1 . xkd y ad z^2) , d. r. k, s e  N. 0 «  ^  sS d-1. 
1 - 1 .2.

II. Factor groups of N2 .

2.1. Presentations of factor groups of the group Ng.

We start with the very known theorsn (cf. [2]).

Theoree 2.1

Let G has a presentation G - < a .  b, c,...; P, Q, R,...> and let H 
is a noreal subgroup of G generated by the words s(a,b,c....), T(s,b, 
c,...),... Then the fector group G/H has the presentation <a,b,c....j 
P. Q. P....# S. T ,... .

It is clear that N2 has a presentation

N2 - <a,b,cj caba“ 1b"1 , a-1c"1ac. b- 1c_ 1b c >

under the mapping

x— a, y ^ b ,  z — -c

and therefore we have
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Corollary 2.1.1

If H < N2 , H e se^, then the group Ng/H hae the preeentatlon

< a ,  b, c; caba”1b”1 , a"1c“ 1ac, b-1c“1bc, c^° >  (2.1 .1 )

tfg « Z. (under the napping x H — .-a, yH — b, zH — -c; of couree). 

Corollary 2.1.2

If H « Ng. H e a(4 . then the group Ng/H hae the preeentatlon

«ce, b, cj caba"1 b“1 , a” 1c”1ac, b"1c“ 1bc, c^°, a cr >  ,

(2. 1.2)

l. î o 6 N - To ’ *•

Corollary 2.1.3

If H <  N2 , H e  5 then the group Ng/H has the presentation

<e, b, c; caba'1b“1 , a” 1c“1ac, b"1c“ 1bc, c^°, a b cr>  (2.1.3)

1, jf0 e N, k e Z. 0 ^  r <  fQ - 1.

Corollary 2.1.4

If H <j N2 , H e  Xj, then the group N2/H has the presentation

<s,b,c; caba-1b- 1 , a“1c"1ac, b“ 1c"1bc, cd , ard c^1 , akd b*d c^2 >(2.1.4)

d, r. k. s e  N, Oig f± d - 1, i - 1,2.

This together with part I ef our paper give coaplete description of 
factor groups of N2 .

2.2. The centers of factor groups of the group N2 

Let a group 6 have the following presentation

< a ,  b, cj caba- 1b”1 , a“ 1c“ 1a c , b-1c- 1bc, P. Q, R,...>

We denote by s(p,Q,R,...) the group generated by tha words P,Q,R....and 
by s ( c K  tha group generated by the word c. Let d ■ Bin j 1 > 0 ;  c^eSÎP, 

and d « 0  if s(p,Q,R,... ) n s(c) « f  . Let us point out that 
if s(P,Q,R,...) fl S(c) f i , than wa can replace relators P,Q,R,... by a 
set of relators cd ,P',Q',R',... such that aaong the relators p',Q',R',... Share 
I



Classification of subgroups and factor.. 217

ere no ralators of the fora cp . p « N. Then the group C has the pre­
sentation

<  a ,b.c j caba“1b"1 , a-1c“ 1ac. b"1c“1 be, cd ,P’.Q’.R',...> . (2.2.1)

The following leaaa 1st easy to check.

Lease 2.2.1

Let a group G have the presentation (2.2.1). The eleaent of G assig­
ned by the word a“ bf,c‘i belongs to the center c(g) of G If and only 
If cxm kd, /%- Id. l.k e Z.

Theorem 2.2.1

Let H be a noraal subgroup of Ng.

s) If H e stj, h - gp(z^°) and e H, then we hove

C(N2/H) « Z « Z « Z(tf0).

(i- 1^
b) If H e  ae4 , H « gp(z °. x ° zr) . e M and <fQ >  1, 1 e N,

0 <  r ̂  t0 ~ 1 and 1^o " P^1 »*” <Pkk » Pi f Pj 1 f J. then we
have

C(N2/H) « Z - Zip*1)» ...» Z(p^k).

c) If H e  365 . H . gpiz*0 , x^ 0 ykf° zr) . fQ , 1 e M. k e Z,

11 ̂  r <  f0 - 1 and q « g.c.d. (l,k,r,fl0 ), then for soae p e n  we
have

C(n2/H) S z(q) « z(pq) « Z

provided q f 1, and If q ■ 1, then the rank of the group C(n2/h) 
equils two and exists nuaber t e N  such that

c(n2/h) ff Z(t9q)- Z.
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d) If H e  * 7 , h - gp(zd , x*d z*1 . xkd yad z*2) . d, r, k, s e n ,

0 *£ d - 1 . i - 1 ,2 , and qt - g.c.d (d ,r ,k, » ,  fl2 ) f 1 , then

the rank of the group C(n2/H) equala three end there exlete numbers 
Pj^e N, 1 « 1,2, euch that

C(N2/H) !2(qj). 2(Plqj)» Zfp-jP^).

Proof, a) The elemente of the group N2/H belonging to c (n _/h ) are
n?rt ay «.

deterained by the words of the fora a b c, n, a e Z, 0 y - 1 . 
Thus c(n2/'h) is the direct product of the groups generated by the words
f* ft

a °, b 0 and c, and consequently C(n2/h) S Z * Z « Z(fQ ).

b) Every eleaent of C(n_/H) is uniquely deterained by the words
"So *

a b c“ with 0 <  n <  1 - 1 , a e Z, S < S o  ”1" Let u* notice
that C(n2/h) is the direct product of the groups » gp(b) and H2 «

« g p (e'0 , c). The group H2 is a finite torsion abelian group of order
ly0 , therefore it is the direct product. Thus c(n2/H) ■ Z « Zif/J1) * ...»
Z (p£k). Let us point out that if -JQ « 1, then we have c(n2/H) S Z«Z(l). 

If So ^  * and r “ °* *^on f°r every 1 e N  we have C(N2/H) S Z«Z(l)* 

% > ■

c) The group N2/H has the presentation (2.1.3). The centre of the 
group N2/H is an abelian group in which the elements are deterained by

the words a ° b 0 c , n, a e Z. - 1.

We denote by Aj a free abelian group of the rank three, then there 
exists a subgroup H of the group Aj such that C(n2/H) S A3/h. Let

H «  Aj be a subgroup genarated by the words xj xk x3 , xj°, then the group 
A3/ h has the following presentation

< a l'a2'*3s al a2 a3' a3 • X lX2Xllx2X >  • (2.2.2)

It can be easily noticed that c(n2/h) is isoaorphlc to the factor group 
A3/H and thus it has the presentation (2.2.2). The following matrix re­
lation is related to the presentation (2.2.2) of the group A3/h
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Tha k-th Invariant factors of tha matrix M are equal respectivelly: 

fjiM) - g.c.d. (1 , k , r , £2 (m) » g.c.d. (ktf0 . -lffQ ) 63(m) ■ 0.

It should be noticed (see theorem 3.6 of [2]) that the torsion numbers 

V 1 ‘ ^ 2  are e9ua  ̂ raspectivelly q and pq, where p € N, and 8etti num­
ber p equals one. Thus C(n2/h) > Z(q) x Z(pq)« Z. It can be easily no­
ticed that if q = 6j(m) « 1 and q « £ 2 (m) + 1 , then there exists a num­
ber t e n  such that q « t^0. Thue the rank of group C(n2/h) equals two 
and c(n2/h) £ Z(ttf0 ) « Z.

d) The group N2/H has the presentation (2.1.4). Let H be the sub­

group generated by the words x̂ j, x^x^1 . xk x* x^2 in the free abelian 
group Aj, then the group Aj/H has the presentation

<  al>a2 ,s3 ’ a3< aia31 « al a2 a32 ' X1X2X1^X2^ >  ■ (2.2.3)

JJ
It is easy to see that C(n2/h) - a^/h and thus c(n2/H) has the pre­
sentation (2.2.3). The matrix relation of the presentation (2.2.3) is the 
following

1f °
r k

M1 - 0 0 s

\l d ii *2

and tha k-th invariant factors of the matrix Mj equal:

^ ( M j )  * g.c.d. (d.r.k.s.'Jj.Ug) ,

fe2 (Ml) " g.c.d. ( - s ^ . s d . - f r ^ - k ^ )  ,-kd,rd,rs),

63(^1 ) * drs.

Let us notice that the equalities d = r - s = 1 are impoaible. The tor­
sion numbers r 2 , tr3 are equal ^  - q1 = ^( M j ) ,  tf2 = P1q1> t z =
* P2plq l* "here Pj <p2 * N, and Betti number p equale zero. Therefore

C(n2/H) £ Z(qt) x z(piqi) x 2(p2piqi).

If q^ “ 1 and q2 « £ a(Mj.) t !« than tha rank of the group C(n2/H) 
equals two and exists a number t e N such that C(n2/h) £ Ziq^«Z(tqA).

If ■ q2 “ 1 ' than the rank of tha 9rouP c(n2/h) equals one and
c(n2/H) if Z(drs). Theorem 2.2.1 is thus proved.



220 3. Kogut

REFERENCES

[1] Ph. Hall, Nilpotent groups, Canadian aathaaatical congrasa. auaaar ee- 
ainar. University of Alberta, 12-30 Auguat, 1957.

[2] Magnus W. , Karraas A . , Solltar D.: Coablnatorlal group theory. Inter- 
acienca Publishers, Naw York, 1966.

Recenzent: doc. dr hab. Ernaat Płonka

Wpłynęło, 02.07.1983 r.

kjiacckshkaujih  noArpyrin h s a c t o p  rpyrrn cbo bo ah oH hhjihiotehthoH 
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P e 3 a  u e

P a f i o i a  c o c T O H T  h s  o n a c a H H a  B c e x  H o p u a j ib H u z  n o ^ r p y n n  A H C K p e T H o S  r p y n n u  

r e f i 3 e H C e p r a  N2  a  T a i c s e  H3 o n u c a H H a  n e H T p o B  ( p a o i o p  r p y n .

KLASYFIKACOA PODGRUP I GRUP ILORAZOWYCH W0LNE3 NILPOTENTNEO GRUPY KLASY 2 
Z DWOMA GENERATORAMI

S t  r o s z c z e n i e

W pracy ta] zawarty Jest opia wezyatkich podgrup noraalnych dyskretnej 
grupy Halsenbarga N2 oraz opis centrów grup ilorazowych.


