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CLASSIFICATION OF SUBGROUPS AND FACTOR GROUPS
OF THE FREE NILPOTEUT GROUP or CLASS 2 WITH TWO GENERATORS

Summary, In the pape«- « description of all subgroups of a normal
discrets Heisenberg®"s group No is given. Moreover centre» of fac-
tor groups ars ¢ascribed.

Introduction; The purpose of this paper is to determine
subgroup* and factor groups of the free nilpofent grcup N2 of class 2
with two generators x and y. The basic notions are contained in the

lionogrsphy [2].

In section | classification of subgroups of N? is presented as well
ep» classification of normal subgroups.

In section Il présentation of N,, is assigned and nest taking advan-
tage of the theoren 2.1 [2], presentations of all factor groups of the
group N2 end thairs centers are given.

Définition

The free nilpofent group P, of class 2 with two generators x and y
is the set

2 7 [ Vijf
J
in which the group operation is defined in the following wey:

X*yAt 9 . X*VPzf" ;m 1-t° +X"p>

Here

I. CLASSIFICATION OF SUBGROUPS OF THE GROUP N,

From lemme 1.9 of jl1j is follows that each subgroup of ft, is finitely
generated.
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Lana 1
Each subgroup of

N2

z*°, X*1 «*1. x N A io + 0.

Proof: Thera is a central sequence

n2 . co» Gi» g2 » 63 -1

(see theorem 1.

3. Kogut

la generated by at moat three elements:

<* L% 0. h 4 0.

8 [ID

such that Gt /Gi are cyclic and Gj *jr2, x1i, G2 »r2.T2 « 2. N2 .
Lat H1i Nj, than the sequence t J
H - HO A~ H+ S-H2 > H3 » i
is a central asquanca of the subgroup H where »HP G», 1 = ~0.li
2,3. The factor groups are also cyclic, we can choose an ele-
ment x4 e such that H1_1 » |Hi. XjJ. Since Hj « HP 4, Gj »
-(x*1 z~1 if.«*) and H . HPT,, T2 - ]z* s <f«*].and ao there
1 f 2X tnl fe3!
exists an element z «H_, <h # 0, suchthat h2 - 4H,, z 1. There
: cef if. } 'S f J *i iiti
also existsan element x z« H1, o f 0, such thatHj-jHg.x z j »
m|h3. z"°,x*> z M as well assn element X2 y~2 z"2 « H, n * 0,
such that H - |HIt x*2 y*2 zi2]. Finally H » gpjz”0. x*1**1 _* 2N * A £
and lemma 1 follows.

Among all subgroups of the group

N2 we can distinguish seven separa-

te classes »5,, 11i ii 7.

1.1. Class at wi>.

Class atj consists of subgroups of the form H« gp(z °), £Q « X,
fO f 0. Let ue notice, that subgroups belonging toclass ”“are subgroups
of the centre of N2 and tharefore thay are normal aubgroupa of Ng.

1.2. Claes agg

Claes J2 consists of subgroups H - gp(x 1z*®1), where oCj, ¢ff c X,

ctj L 0. All elements of «2 are cyclic. It can
na of the groups of class V2 is normal. Indeed,
y']lo x<1 M, y » x1 z e H » gp(x*

be easily noticed that no-
since

1 z$1)
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If and only If “ Tj= we 888 ti,ai “ 0, contrary to our as-
sumption on ac2.

1.3. Class at.
The class Is defined as aset of all groups H of the fora H >

« gp(x y z ), where «j, fjel, & fO.
Let ue consider the following product

-1 *1  _fi _?i «1 B\_ fi * fli
X 0 X y z 0 X«X y z -
( MmN _$l - -
It belong* to the group H » gp(x y z x) if and only if ~ +A -
It follows that - 0. which is iapossible because of the definition

of the classJfj, and thus none of alaaent of S is noraal.

1.4. Class

o OF

Class 9f consists groups of th* fora H « gp(z , X z ), «Q fo,
df + 0. Each of the eleaant of class 9" is determined by the triple
qi0* *ji)* Jt turned out that this correspondence is not 1-1. We have

Leaaa 1.4.1

Let the group* H » gp(z™°, x 1 z~1), Hj » gp(z™°, x 1 z ) belong to
class a". Then H » if and only if one of the following conditions
is satisfied:

A) to * #1 % . 1 -« ffi (Bod tfo5"
an o o O *-00. g5 (-")(aod ¥Q),
arn * fror <l -9X. S wfA ("od 30)"

V) 4o - to- 51> 0. 5 - i-") (nod M).

Proof. yf h uHI* then that generators of one of
sed by generators from the other, and conversely. Therefore there exist
integers n, a such that

ca«% ,-ft e m F. (1-4 ,,
and integers nl# al such that

X1 J1 . xnlal a”I*1 + "Ift. 1.4.2)
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Hence n « 0 and

t0o ” "*0
Cj = (i.4.3)
tl - "1?i + »ifo-

On the other hand there exist numbers a,,, n®, >3 £ Z where

to * *270

*1 e 3oy, (1.4.4)
% " n3fl + m3°0*
It follows from (1.4.3), (1.4.4) that
t0 * «"flb
1 *n *s

hence mm*2 a1l or k » « -1.
From the second equations of the simultaneous aquations following that

*1 m nl n3 *1

hence ni“ n3 “1 or ni *n3 " _1*
We inferfrom ourpreviousconsiderations that one of the following

four cases must be sstisfied:
Case | {« n m 1 hj « n 1)

In this csss we get

,, «J - O

tl " tl * Klto
(1.4.5)

fl “ Hi. * "300*
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Hance (mod Q).

Case XI (m m «2 » 1, nl “ nj *-1).

It follows from the equations (1.4.4) that <0 - P, * cfg*
Hence

Si * -fa + m\to

(1.4.6)
?i “ “fa + *370°
which 1is equivalent to the relation ~ wmC-") (mod Jq).
Case Il (m =m2 « -1, nt = n3 = I).
For this case » *fo> *oCj end
«l " fa ~ mlto
1.4.7)
fa * fa + "sfa)"
which is equivalent to the relation « (F1j) (mod $q).
Case IV (m =m2 « -i, ni “n3 "
In the last case we obtain m -#q, and
fa * "fa - Bifa)
(1.4.8)
fa m -fa + fatti*
which is equivalent to the relation ~ « (-fa) (mod #0).
On the other hand if the triples &0, a®, @l cn, fa) satisfy
one of the conditions from (i) to (iv) , then the groups H and are

identical. Indeed, we have, for example, if fi0 = fifQ, fa = fa and fa » fa
(mod fa,), then

Jo . xO0al z°fa + to

JL,a o al fa ” mifa)

and

zfa ,, x0fa z°fa +
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<1« *1 _Si + alSo
z z

and thia Means that H e« gp(z™°, x 1 z**) « gp(z”°, x 1 z~1) » Hj. Other
cases are analogous.

Theorem 1.4.1

nf. c*

The subgroup H » gp(z , x z “)e 34 is a normal if and only if

So I «I* -
Proof. 1t is clear that H 1is normal if and only if

y-lo x1 z K y e H

«1 C(«l zti," . (>)- . x"al z"*1 +
n, a, and theorem i.4.1 follows.

Corollary 1.4.1
All normal subgroups of N2 to from the class &4 have the form H »

gp(z™°, X zr). 1. 40 e N. O0< r<<joO - 1.

i.5. Class W5

The class s consists, by definition, of all groups

H » gp(z™°, x 1 y™ z71) with j o, jit ¥ O.
Lemma 1.5.1
Let groups H . gp(z”°, X1 y™ S*). - gp(zn°, x*1 z*1) « Mg,
then H » Hj if und only if one of the following conditions is
fled :
(M so mso” 51 *7ri-A * fli- \ ° (mod 11Q)
(D) 5o « 50" w1 * _<*11%1 ~ —i\-ti w ("Si ¢ «i”) (0l So5

i So m “So* x1 -oel /1 - /V Si - Si (»°J So5

av) So m -So- aX * -ai-fix m -h-ti m ("Si +aiA) ('od So>*
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Proof. Suppos# that H « H*. Then generators of the group H can be
expressed as a word In generators of the group Hj, and conversely. There
sxist numbers a, .pc Nt n, ge Z such that

2% x ST NA Vo x Il (1.5.1)

Jo . XPM / PA zg*0 - p«l * (1 5>2)

and numbers k, se Zi 1, te N such that

X y z - X y z 1 e 1*1 1.5.3)

It follows from the equalities (1.S.1) and (1.5.2) that a » p - 0 and
n - q. Taking into account the relations (1.5.3), (1.5.4)we get the fol-
lowing equalities

i\ = (1.5.5)

il - kD + XFI * (2)SI/\

®1 " el

»i - -tfo (1.5.6)

*i 7 oe*> - *Ti o+ (€21)Sift

Similarly there exist numbers al# pl# 1 , tj « N; n.. q., k,. s. e Z
such that
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jo . X-PI*l jlto - pI*1 & (1>548)
and
X*l y/“l ziI . X11<XL yll’\l Zkl’o * 11N+ A2 AFIND %183 9)
*1 /1 2?1 . x**1*1 j fo " *171 + (* (1.5.10)
i get the following equalities
= Pj m O, n™ » gt (1.5.11)
and
#1 m 1jdyj
\ - 1j/ij (1.5.12)
1,
fll * klio * 11*1 * (2 )Xl h
or
O (1.5.13)
*1+1
% - *1% - *1*1 + ( 2 )Lk
and thus it follows froa the aquelitiss z"° m z and z"° » z that
nnj » 1, nen*ml or nmnt»-1.

Let ua consider two casesl

Case 1. The equalities (1.5.5), (1.5.12) are satisfied and fro« these

equalities we infer thatl m 1* » 1 and N om k# 4+ and ~ » kjlfo ¢
+ «ql. If n -nA- 1, then - fQ and fj - (sod y0), ifn.n - -1,
then e tf0 and » n (sod ~Q). Hence we can state the condition

(i) or (ill) is fulfilled.
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Casa Il. The equalltias (1.5.6), (1.5.13) are aatiafiad. It follows
that t - tj- 1 and ~ - stfO - *oc”N and ~ - s/ - fa ¢ cch.
If n - nt ml. then <b - and ~ - (-flj eoC”) (aod fQ). Ae way
be easily seenthat a - al. In caaa when n m - -1, then fQ = and
No= (=N e (<! Hence we see that the condition (il) or (1V)

are eatlefled.

Other two caaes, as nay be easily verified, Ised to a contradiction.
It la clear that if one of condition (i) - (iv) ie aatiafiad, then *H
and leans 1.5.1 followe.

Theorea 1.5.1

Liad A
The subgroup H «gp(z , x vy z )e #5 lanoraal in Ng If and

only If TO | and 0 | i\.
Proof. Let ua observe that Hwmgp(z"°, x 1 y~l z~1)la noraal 1In Ng

If and only if x 1o x*1 y™z~™e x *H andy"lo x 1 y™1 z™M o yeH.
This la equivalent that there exist integars n, a such that

X—l o X*lyfa_ Z*l ® X m x «1yh 5 * A
end

y—i - )é@iy\ Zn . y«x «iyﬁX Z*tO * X
which. In turn, la equivalent to the atateaent ~ + fii « nfQ * fi and
N “al “ "to * Thu* ““mto a,,d *1 "™ ""To and th#or,B i-5*1 fol-
lows.

Corollary 1.5.1

The group H -gp(z*°, x*1 y*1zr)« 9tg la noraal In N2 If and only
if ocim 170,11 . kioi le N, ke 2, 0< r< fQ- 1, 90« N.

1.6. Claaa 3<
Let ue define the clase as the set of all groups

"~ X02 y$2. 2A23

*1 -
H » gp(x z °, where otj £0, fa f 0.
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Lena» 1.6.1
«. if, c i N2,
The group H m gp(x z . X y z )e ab laequal to thegroup N2
if and only if o®» m - 1 and - 1.
N ;
Proof. LetH - gp(tx 1zftl,x y r\22 Azj)e 586, h  »Ng. There exiat

nuabers n, ke Z, ac N such that

noCj + a«2 a/~ nf2 * * nff o ket

mog - a2 -a/, -af2 + + n”~ - koC~”

Henca If follows that In both cases a m 0 and no® - 1. Thus n ®m <X « 1

or n = « -1. Slallarly, there also exist nuabers n”, k™ Z, ate N
such that

a,
ni<si ¢ noc2  *i/~> + FIN2 K N2 NN AINN
y « X Yy z
a, >l
nXxal ~ *172 7*1U™N2 nl N2 )2 - kihezZj/n
y » X y z
Hence m 1l or -~mifiz “ 1 andconsequently 0j = nl or "iom

s ®m-1 or 0 *1 and AR «-lor Bj m-1 and 2 » 1.
Let us consider the following ceees i
Case 1 Ctj « /2 « 1). Then H «gp(x z . X y z ) and the follow-

ing equelities ere true

fl
X m X Z -z

y u {* Zfl)_aZ X‘*Z y z #2 2*2*1 “ N2

Case Il (Bj m m-1). Then H « gp(x_l z ,x y z ) and the
following equslltlea ere true
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y > (x-1zV *2 . (x*2 y-1 z"2)-1«

Case 11l (¢ « 1, /2 ™ ~1)* Then
following equalities are true

VARS
y - (G y*1) 2. £,72 y* 1 » V 1le z"724 * h * «2.
Case IV o5 = -1, « 1. Then H =gp x 1z, x y z end the follo-
wing equalities are true
X = (x-12z VvV 1- z*1
y » tx'l z ) X2 A);z 20« " "2

In each of

Theorem 1.6.1

H m gp(x z"1, x*2 y~1 z"2)

the above cases N2 o H, and this means that

209

Z*2*1 + %2 + *2.

and tha

H ®mn2.

Class does not include proper normal subgroups of the group N2<
Proof. Suppose that there exists a normal, proper subgroup H in the
class SKg. Thus H = gp(x * Z"1, x 2 y*2 z”2) and at the same time the
equalities are not with satisfied j -1 or f - 1. We have
-1 a2 12 _$2 a2 _ m2_% +<2
X 0 X Yy z » X »X y z «
_ * na2 zn”™ + ah * (2)0@"2 - kol ”
for some n, ke Z, ms N. Hence

o2 = na™ + mo”

/.2 - «ip2

2 * fi2 - "thi + ", *

- k*17v
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Solving this system of equations we get m =1, n =0 and a”r» 1  or

$2 *12 n*l 7 mx2 ~mflz _n~I
z X y z

-1 a2
» =1. In the case when x "« X'y « » X

- mfo + * koc./"2 }
we obtain the same result.

Let us consider the product y-1 x 1 z~ly e H, thereexist numbers

n, ke Z. m6 N such that

a % - oc. not ¢ mt- mi. n”N + mr2 + (a2 " kaim2
X z « X y z

As we can see in both cases the coefficient m = 0. Similarly

«l ft* - a, net n®* - kan”n
X z = X z

Hence n * 1, and f2 < 1 or f2 “ -1. which is a contradiction.

1.7. Class & -,
The class $7 comprises all subgroups of the N2 of the following

form: H » gp(z"°, x*1 z~1, x 2 y*2 z"2).%$0 foO, f0, /2 = 0. Each e-
lement h e H can be presented in the form

h = (z'°)n o (x«1 ztSI'B] ( ){032 yh Q§Ck o’lz )
* *
n. m, tezz, keN. £>2 1. z.«1 =-[x12$lox2yﬁ\225f%' Let us
denote by d = g.c.d. (tfo,a& ~ * then thers exist numbers p, qe Z such

that pJ0 + qc™/3g * d- Hence if follows that each element h e H is of the
form

h . (zd)n . (x*1 zn )m . (x*2 y'52 z*2)fek.

iL ik CCo An iio
Let * gp(z , X z , X y z )€ 9", by we denote g.c.d.
50 "
Lemma 1.7.1
Two subgroups H. « at7 are equal if and only if one of the follo-

wing conditions is fulfiled :
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(i) dj «d. og «ccj, (mod d), «2 » 02 + gan,

P2 " P2 22 " A2 * o) (Sod d).

an dj “d. @ -oi. "I (od d)e *2 “ a2 + gxi*

P2« t/u* A2 x (%2 + q#l +*2~ Av0d dA

() dj = d, * —Qf# « (-9)) («od d), «2 m a2 + coel#

P>2 mP>2" *h " ~2 + qil® ~od dAN”

av) d, «d, «jm -otj. « (-flj) (»od d), a2 * -g2 * gai”

/2 " —fer 22 " A2 * gqAl *a2&  Atod dA”

q e 2.

Proof. Let H, H”e a*7 and H m H,, thenthere exlet numbers n, t,
p, g, rtl, w e N such that

z'l - zhd 1.7.1)
X5*zfl . zqd x**1 zVI (1.7.2)
(@ x“2 z*2 _ zrd . xgWl z"*1 _ x""2 y"~N z"*2 +
°r (1.7.3)
b) x~ Ft z* - zrd . x*** zgq?l . x"""N y’" A zZ'""*F2 4+

and there exlet numbera nj, ~ , px, gA, rl« Z. N such that
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) x2ynr zn - X*IN zALT A L XTLF2 Yy IN2 ZY 12+
(1.7.6)
or w
(to x~ *2 -z~ 1 xN*1 e X"MI*¥2 yrrAN ztt1*2 * (*2 A

Free the condition* (1.7.1) and (1.7.4) If follow* that n»n * 1, and
fro« the conditions (1.7.2) and (1.7.5) wa infer that t-tj - 1. Let u*
point eut the fact that if the condition (1.7.3) (a) la aatlafled then the
condition (1.7.6) («0 i* aatlafled, tooj if the condition (1.7.3) (b) is
fulfilled then the condition (1.7.6) @9 1* fulfilled.too and conversely.
The conditions (@) and (D, (b) and (*) cannot be satisfied at tha same
tiae, because is such cases we get disagreement.

So let nen® *1 and t « tj « 1, then taking into conaideratlon the
conditions (1.7.1), (1.7.2), (1.7.4), (1.7.5) we obtain dj - d,5" . odh.
f - « (nod d). If the conditions (1.7.3) (a) and (1.7.6) (ad are ful-

fielled, then 52 « «2 + gocj. ~ and 12 - (fj + 9) ("od d),when
the donditione (1.7.3) (b) and (1.7.6) (@) are satisfied, then 5" « +
+ 9<vV  fa » 22 and MM « (-f2 * g~ + ot”) (aod d). In case, when
tmtj «-1 Ffro« the condition (i.7.2) if follows « -o™ and ™»(-Vij)

(«od d) and fro« tha condition (1.7.3) we can sae that o2 *o,, ¢ q*i*
fa - #2 and W2 « (fe ¢ qgtfj) («od d) or <2 - —ct, ¢ gqoN. fla - -fa. fa -
"o(-f2 * g%l + *2~ (@®°d d)*

Suppose, that on of the conditions (i) to (iv) is satlsflsd. Let say
the condition (i). Then dj » d, -ctj, « N 4+ pd, «2 - fa ¢ qof,
fa " fa* 2?2 “ 72 + g™ * rdT "haro P* 9. re*. Hence it l««ediately
follows that

<1 % *1 % pd

«fa o fa _ rd gl g% yfa fa ,fa

On the other hand 71 “ T* “ Pdi* fa mfa “ 9«*. T2 “ 2?22 + 79P - 0d]j
- 9~ . hence

_ oxd =
kel . ,5¢ ,f"

«2 fc [R (qp-r)d ~q* -q?- «2 2 $2

X y z -2 . X *2 - X y z .
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Therefore the groups H « g'pe-zO ,xmaz . X 4)/?/ /sz $g\and

fi N2 "2 .
X z .x6(\2—y z 3 are equal_We consider other cases

way -
Colollary 1.7.1

Lat H « gp(z"°, x 1 z~1, x 2 y™2 z"2)« #£7 . than H =
If x*» — 1 and /ig »— 1.

213

i To
®gp(z ,

In a siallar

if and only

Proof. Let H e N2 =gp(x, Vy), thend® » g.c.d.(0, 1), 5° » 1 and

f « 1. If follows fro« the leaaa 1.7.1 that » 1 or
@ "1 or /2 «-1 and d - g.c.d. 0, » 1.

Let H» gp(z"°, x*1 z~1, x 2 y™2 z"2)e 97 suchthat a,
n - 1. Letua notice that d »g.c.d. (fo<

n

- n » N
«ent h€ H 1is th® foro h *2n . x*z ~ (X*2y z V k.n,

i-1i 1 1t follows that x . A . XA y -z
x<k2y zA2 Hence Mg~ H. Similarly H - Ng.

Theore« 1.7.1

The subgroup H « gp(z™°, x 1 z”1, x 2 y™2 z"2)e &7, H<

« -1 and

[ T and

ffry) * 1.then eachele-

ae Z, keN,

. x"*2 z"2 A1

Nj ii a nor-

nal subgroup of the group N2 if and only if d| ctj, d] «2, d[/*; whare

d » g_C_d. (tIO.

Proof. Suppose that H< N2, H < N2. Hence x - . X y z .xeH,
- i - N\
y 1 al_ xS'z .yeti, %/ x@ y$2 z 2 .y eH, this aeans there exiat
numbers n, ®me Z, te N such that
X«2 y/’? Z*2*A> «X""I ZKV nd ..(x*2 }//" E %;Bt 1.7.7)
and numbers «t, Z, t2eN, i » 1,2, such that
. %-«. m.«. m.tf.+n.d
Xz 1 »x 1~z 11 1 (1.7.8)
wox "
<2 }i/'n , 222Xl v 2k +n2d B2y & 72x612 (1.7.9)

£ « — 1. Hence we obtain the following systems equations:
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& - */% (1.7.10)

t2 + " nd + * *ife + {2)0i2

«2 7orel ot t2

S (1.7. oy
2 * -nd ¢ a” - 2 ¢ (""«afe*
*1 o« 1]
(1.7.11)

% - «1 * "<k + ml€l.

g - -2«! o

02 * *2 /N (1.7.12)

N2 -ocg " n2d + 271 + *27°2 + 72 "R2
or

«2 - «2«! - 12«2

fii - -*2 ffe (1.7.12)1

*2*1
y T2* “n2d * *2d + *2N1 7 *2N2 + A2 AENDDE

Lat usnots thst Itis enough to consider thesystses(1.7.10), (1.7.11)
end(1.7.12). Thesystea (1.7.10)" is rsduced toths systea (1.7.10) ba-
csuss t m -1_Analogously the systea (1.7.12)"is reducsd tothe eyetea
(1.7.12). Froa the syetea (1.7.10) if follows that t » 1, am 0 and *
* *nd ¢« f2_. We have PR » nd, hanca d\fe. Froa the systea (1.7.11)
if followsthat Bj m 1 and tA “ ai < nid + Hencs 3 » -njd, thus
d 10°. Froa thssystea (1.7.12) if follows that t2« 1, a2 <0 and f2 -
- otj « n2d ¢ Hencs o2 m -n2d, thus d|®2.
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Now lot uo assuae that d] cc®, d]l o2. d]| A2 1i.o. mljd, «2 « lgd,
fiz * Ijd for sooe 17, 12> 13 e 2. Then each eleaent of the group H can
be preeented as follows

(zd)n . (*lid zvVv .o x12e ynt oz vl
n. m« Z. teN, £ - — 1. Obaerve that
<1« ’\2dy*3d z$2 o » x> y*3(£ ~2 *3d
y—l _XXId 2*1 _y—xXId Zfi _Z"lili

-1 12d xid _ $2 l2d 13d ~2 *12d
y - X y z .y ®mX y z . z .

Thus H ie noreal in N2 and theoree 1.7.1 follows.

Corollary 1.7.2
The eubgroup He 3t/ la a nonaal subgroup of the group if and on-

ly If H - gp(zd , xrd z*1. xkd y ad z*2), d. r. k, se N. O« "~ sSd-1.
1 -1.2.

Il1. Factor groups of N2.
2.1. Presentations of factor groups of the group Ng.

We start with the very known theorsn (cf. [2]).
Theoree 2.1

Let G has a presentation G -<a. b, c,...; P, Q, R,...> and let H
is a noreal subgroup of G generated by the words s(a,b,c....), T(s,b,
C,.-.),--- Then the fector group G/H has the presentation <a,b,c....j

P. Q. P....# S. T,...
It is clear that N2 has a presentation

N2 - <a,b,cj caba*“lb"1, a-1c"lac. b-1c_lbc>
under the mapping
X— a, y~b, z—-C

and therefore we have
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Corollary 2.1.1

If H< N2, Hese", then the group Ng/H hae the preeentatlon

<a, b, c; caba”lb”l, a"lc“lac, b-1c“lbc, che > 2.1.1)
tfy « Z. (under the napping XxH-.-a, yH- b, zH--c; of couree).

Corollary 2.1.2
If H « Ng. H ead . then the group Ng/H hae the preeentatlon

«ce, b, cj caba"lb*“l, a”lc”lac, b"lc“lbc, c™°, a cr> ,

(2.1.2)
I. To6 N- To 7 *e

Corollary 2.1.3

If H< N2, Heb5 then the group Ng/H has the presentation

<e, b, c; caba"lb“1, a”lc*“lac, b"lc“lbc, c”°, a b cr> (2.1.3)
1, e N, ke Z. 0~ r< fQ - 1.

Corollary 2.1.4

If H < N2, He Xj, then the group N2/H has the presentation
<s,b,c; caba-1b-1, a*“lc"lac, b*“lc"lbc, cd, ard c”"1, akd b*d c"2>(2.1.4)

d, r. k. se N, O0ig ft d - 1, i -1,2.

This together with part 1 ef our paper give coaplete description of
factor groups of N2.

2.2. The centers of factor groups of the group N2

Let a group 6 have the following presentation

<a, b, cj caba-1b"1, a*“lc*“lac, b-1c-1bc, P. Q, R,...>

We denote by s(p,Q,R,...) the group generated by tha words P,Q,R....and
by s(cK tha group generated by the word c. Let d m Bin j1 >0; c”eSTP,

and d «0 if s(p,Q,R,-..)n s(c) «f . Let us point out that
if s(P,Q,R,...) fl S(c) f i , than wa can replace relators P,Q,R,... by a

set of relators cd ,P",Q",R",... such that aaong the relators p",Q",R",... Share
|
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ere no ralators of the fora cp. p « N. Then the group C has the pre-
sentation

< a,b.cj caba“lb"1, a-1c“lac. b"lc*“lbe, cd,P.Q>R",...> . (2.2.1)

The following leaaa 1st easy to check.

Lease 2.2.1
Let a group G have the presentation (2.2.1). The eleaent of G assig-

ned by the word a“bfci belongs to the center c(g) of G [If and only
If cxm kd, /% 1d. 1.k e Z.

Theorem 2.2.1

Let H be a noraal subgroup of Ng.

s) If He stj, h - gp(z™°) and e H, thenwe hove

C(N2/H) « Z « Z « Z(tf0).

€ 1
b) If He a4, H «gp(z °. x ©° zr). e M and < > 1, 1le N,
O< r~ t0o ~ 1 and 170 " P"M1»*” <Pkk» Pi f Pj 1 £ J. then we
have
C(N2/H) « Z - Zip*l)» - o» Z(pNK).
c) If He 365.H . gpiz*0, x™ 0 ykf° zr). fQ,le M. ke Z,

u~ r< f0 -1 and q « g.c.d. (1,k,r,fl0), then for soae p e n we
have

C(n2/H) S Z(q) « Z(pq) « Z

provided q f 1, and If g m 1, then the rank of the group Cc(n2/h)
equils two and exists nuaber te N such that

c(n2/h) Fz(t9q)- Z.
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d If He *7, h - gp(zd, x*d z*1. xkd yad z*2).d, r, k, sen,
0 *£ d -1. i-1,2, and qt - g.c.d (d,r,k, », f2) f 1, then

the rank of the group C(n2/H) equala three end there exlete numbers
Pje¢ N, 1 « 1,2, euch that

cN2/H) 12(qJ) . 2(Plgj)» zfp-jPn).

Proof, a) The elemente of the group N2/H belonging to c(_/h) are
n?rt ay «.
deterained by the words of the fora a b c,n ae?Z, 0 vy -1.

Tff])ys %t(nZ/'h) is the direct product of the groups generated by the words
a°, b0 and c, and consequently C(n2/h) S Z *Z « Z(fQ).

b) Every eleaent of C(n_/H) is uniquely deterained by the words
*

"So
a b c“ with O0< n< 1 -1, ae Z, S<So 1" Let u* notice

that C(n2/h) is the direct product of the groups » gp(b) and H2 «
« gp(e"0, c). The group H2 1is a finite torsion abelian group of order
ly0 , therefore it 1is the direct product. Thus c(n2/H) mZ « Zif/dJ) * ...»
Z (pEk). Let us point out that if - « 1, then we have c(n2/H) S Z«zZ(l).
If So~ * and r “ °* *non f°r every 1le N we have C(N2/H) S Z«Z(l)*

% > m
c) The group N2/H has the presentation (2.1.3). The centre of the
group N2/H is an abelian group in which the elements are deterained by

the words a °b Oc , n, ae Z. - 1.

We denote by Aj a free abelian group of the rank three, then there
exists a subgroup H of the group Aj such that C(n2/H) S A3/h. Let

H « Aj be a subgroup genarated by the words xj xk x3, xj°, then the group
A3/nh has the following presentation

<al"a2"*3s al a2 a3" a3 = XIX2XIIx2X > = (2.2.2)

It can be easily noticed that c(n2/h) is isoaorphlc to the factor group
A3/H and thus it has the presentation (2.2.2). The following matrix re-
lation is related to the presentation (2.2.2) of the group A3/h
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Tha k-th Invariant factors of tha matrix M are equal respectivelly:
fjiMm) - g.c.d. (1, k , r , £2(m » g.c.d. (tfo. -IffQ) 63(m) = 0.

It should be noticed (see theorem 3.6 of [2]) that the torsion numbers
V1”2 are e9ua” raspectivelly q and pq, where p € N, and 8etti num-
ber p equals one. Thus C(n2/h) > 7Z(q) x Z(pg)« Z. It can be easily no-
ticed that if q =6j(m) «1 and g «£2(m) + 1, then there exists a num-
ber ten such that q « t"0. Thue the rank of group C(n2/h) equals two
and c(n2/h) £ Z(ttf0) « Z.

d) The group N2/H has the presentation (2.1.4). Let H be the sub-

group generated by the words XY, x*x™ . xk x* x™2 in the free abelian
group Aj, then the group Aj/H has the presentation

< al>a2,s3” a3< aia3l« al a2 a32" X1IX2X1™NX2~A > m (2.2.3)

N}
It is easy to see that C(n2/h) - a*/h and thus c¢(n2/H) has the pre-
sentation (2.2.3). The matrix relation of the presentation (2.2.3) is the
following

P r k
M- 0 0 s
Yd i =2

and tha k-th invariant factors of the matrix Mj equal:

~(Mj) * g.c.d. (d.r.k.s."Jj.Ug) ,
em) " g.c.d. (-s”.sd.-fr~-k”) ,-kd,rd,rs),

63(~1) * drs.

Let us notice that the equalities d = r - s = 1 are impoaible. The tor-
sion numbers r2,u3 are equal ~ - ql =~(Mj), tHR =Plgql> tz =
* P2plgl* "here Pj<p2 *N, and Betti number p equale zero. Therefore

C(n2/H) £ Z(qt) x z(piqi) x 2(p2piqi).
If g~ “1 and 2 «£f£a(Mj) t !« than tha rank of the group C(n2/H)
equals two and exists a number te N such that C(n2/h) £ Ziq~«Z(tqA).

If m g2 “ 1" thanthe rank of tha 9rouP c(n2/h) equals one and
c(n2/H) if Z(drs). Theorem 2.2.1 is thus proved.
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kjiacckshkaujih NOArpyrin h sactop rpyrrn cboboahoH hhjihiotehthoH
rpynnu kjucca 2 ¢ abyma pehepatopaiih

Pes3aue

Pafioia cocTOHT hs onacaHHa Bcex HopuajibHuz no~rpynn AHCKpeTHO0S rpynnu

refi3eH Cepra N2 a Taicse H3 onucaHHa neHTpoB (paoiop rpyn.

KLASYFIKACOA PODGRUP I GRUP ILORAZOWYCH WOLNE3 NILPOTENTNEO GRUPY KLASY 2
Z DWOMA GENERATORAMI

St roszczenie

W pracy ta] zawarty Jest opia wezyatkich podgrup noraalnych dyskretnej
grupy Halsenbarga N2 oraz opis centréw grup ilorazowych.



