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DIRECT AND INDIRECT DACKSON®"S TYPE THEOREMS IN SOME FRECHET

FUNCTIONS SPACES

Summary. In this paper some direct and indirect ~Dackson®s type
theorems are proved, in which functions from a Frechet space are
approximated by trigonometric polynomials.

Designations

A is a set in R1.

LY is a Frechet space with the F-norm |f]] = J'$(If()] )dx < 00 ,
A
n
k
Ahf(x) ° y, (~i)k+icEf(x+ih).

i=0

For cf>0
1. Introduction

Let <p@) be a continuous and non-decreasing function, defined for
s > 0, such that i-(0) =0, 4>(s) > 0 for s > 0 and <(sl+s2) < )+<t(s2)
% space is called a linear space 1?, measurable and finite almost

everywhere functions f(x) such that |If] = 7/ <P(IFf()] )dx<°= with me-

trie £(f,p) = IFF-~ ] If,9 6 L*).
Every <« space is a Frechet space with the F-norm [f]] ([1] p- 584)_.
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L%i G = {9..} be linear independent system functions from L* and
fEL

Let"s denote the best approximation of f € L* by polynomials of de-
gree 4 n from G system by

V' -0 - infl * -V «,, 1.
lak*® k=0

En(f)$ of cours decreases with respect to n.

Lemma 1

. + ] .
For any function f € L there exists an element of the best approxi-
mation

1]
- —'I ck 9k i*e* En(,>> " IF * Pnll-
k=0

Proof

The lemma s a consequence of the theorem p. 590 [I].

Lemma 2

If f+reL* for i = 1.2. then « W * "

Proof

n
Let pi “ ~ Cfc”Qk bo polynomial of the best approsimation of the

»o

function f+ (i = 1,2), then En(fa+f2)s, <If(fl+f2) - (P!+P2>Ik||fi"Pil +

+ K2Rl = Enf24+ En'f24

When ¢">0 and f€ 1?7, then a, = sup |ldh FC)|l, where
1hN 8

K
4hf(x> - 2 (-Dk+i cjf(x+ih).
i-0 K

Lemma 3

Let fcl?1, then for SO and V™0

0 =w(0,f ~eo(i,f)p<aj(S+T,F <r/(S,F) *coty, f
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Hance in n £ N we get

gy, f < ncu ((F.f

Lemma 4
Let f.gel?, then «k(<y,f + g < ck(S.f n .9)$-
Proof
k
ia h(fF+9)]] =« V (-Dk+i [F(x+ih) + g(x*ihf]]]|<
iSo
Lemma 5

Let f be A-perioiiic function or A = (-00.00), then ov*(S,f ~ 2k

Proof

K
S>f)a “ SUP_Ikh~SD)! “ Filpi -1k+1 c£ F(x+ih dx -
ARt [hl«i” h a1 MRI a ﬁ']( Yl of TOIID - dx

( 1)k+i ck F(x)1)dx < 7<&( |F(x)1ak)dx <
A

i -
A i=0

i$ 2kj *CIF) DHdx= 2k |Ifll-
A

2. Approximation in the 1? spaces

Ifl-

Let f_£1? be 27-periodic function and Tn(*) ba a trigonometric po-

lIynomial of degree ~ n (n> 0).

If 1lim 4>(t) m oo and y"(or) = sup 278N is denoted for of » O.then the

t-=> B>0 <M8F*
theorems 1 and 2 are true in 1? space.
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Theorem 1
(00}

If f€ 1i [0,2#] and for any peN | )dx < =o, then for n>1
En-1(f)*
(C@® is a constant depending on <P).
Proof

It is known from the theorem 3 [2], that there exists function

In(xX) « cl# xe | o of = R A 2n* such that
2#
J $CIF) - L,,(X)] )dx < 4 co(™,F)H# (i)

When we denote c2n+i " ci* tbhen

bt 24
n _QI *(kei+1 -9ii|!})“'0/*< Xn(x+  * Xa(x)i)dx
i=
2K
FXC I-T(x) + F(x+F) - F(x+T) + in(x+f) + F(x) - In(x)| )dx<
0
23 2%
< J &( FO) PDdx + 2 | CIF) - In(xX) |Ddx
0 n 0
Hance applying (1) we obtain
y
2n
1F @)
i-1

Let Hy(x) be 2#-periodic Heaviside function for ye(0,27f) i.e.

0 for O”x<y

Hy ()
1 for y~rx<2X

Then ([2] p- 647 lemma 3) for every ye(0.27r), determined raeN and
n™l there exists a trigonometric polynomial T~(x) of degree ~(n-1)n
such that, for xe[0,2ir]



|
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iy*) -yx)Ucm{(nBin] |+ 1)2m-i+ (nBin ¢¢ |+ 1.)2m-11

2n-1
Of course I, (x) =7 n Hx (x)(ci+l - ct)
1=1 1
for almost all xe[o, 2jt], =—-—m(@ =1,...,2n).
.Let for every n
2n-1
V x) =ci +7° Tx.ix)(cw ci>
i= 1

then
j/r
4>(In(x) - Tn)| ddx £
2T 2n-1
< /0* (i(zl i’i+ti - cii iyl(x) iTx,(x)i)dx<
2n-1 % 29
< 5, i+l " cil }§ V( Hxtix) = Tx10C)l )dx
If y(oc),= sup then y(f/3) < y(«)y(3) and
s>0 4,81
JHQ-TQ IE
v Icaw - cj ,/ * 1=.,, A

279
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<L2I><ink-"1> "«i-J1]. ,i-1}km

2n 2n

“o2n( icmi>ZIii o G I B B I fov(&]n'l'si:nr'zx s lv,ai-i) dx (3)

Because y(cc) is a non-decreasing function we got
Zjl

o (nsin %<."+——|§28—1)dx <

¢W-2S=r>er(-s=r) ¢ ... +
¢ 3 n
* nc',«—i) * ece 2 » y(i)l =
l¥ iv(i) * ¢ ... ¢w-52)] - af sn.

We denote by Sn the n-th partial sum of the series % -y( 2m-1~

where
i71 i
V(" aiid)> 0 for i =1,2,... and y(1)> y ("2m-i ?> eee
o=
Choosing m such that 2n-17p, 1y (" )dx < = is obtained and con-
1 X
sequently this series 1is convergent.
Hence
S ' v'@5i~T) = AV > Sn
1=
and

4oy

-, (nsin |1_+_ 1)2m 1 n v
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Hence by (3) and (2)

Zfi
C  IInx) - TnQGOI )™ <

2n
~ By n A 1°i+l " Ci 15 < By 9au(,*

Hance by (1)

2%
| &(IF(x) - Tn(X)] )dx &£
0
21 23t
NI IFC) - InCYDdx + [ACIL,C) - Tn )] ddx <
0 0
HF+ 9vem® HEH = V*n" f)*

In that May mb get the estimation ae desired.

Lemma 6

Let V be such that for any p€N ~ < a=>> than if k e N, h eRr

and n~1 ms get
K tIN an "V<M> TI|

where Tn = Tn(x) is a trigonometric polynomial of degree

Proof*

sin ‘21
Let Snl(x)
(n+l)sin 7

where 1 G N
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From [21 p. 651 we get

2n(1+1)
m(x)| < n(I+1)|h]| {|Tn(x+h)| + V snl(xi™ ITn(x+xi™}
i=0 | \
23ii - *
where xA 2n(1+1 )+ i 011 1#ee*2n(1+1)
Hence
Uh Tn(ON - % et T (e
2n(1+1) ,
+ = Snl(xi)Mn(x*xi)I] dX<
{2n
J 2CITn(x+h)] Hdx
0
2n(1+1) 2Ji
+ Z  v(Sol(xi)J i.(Tn(x+xi)|)dx}<
i-0 0
2n(1+1)
<n(l+Dv(Ih{l + y(Snl(xt))} [lt]]
Since for
(n+)ain (n+1)sin STTHCi )+ > 2n|Itl|*1> ITI
then /

sin 21

(1t2x ¥

- XA
(n+l)sin j j(n+1)8in
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Therefore "
2n(l+1) n(l+i) F 211
S vtsni(xi)]<y(D * 2 2 viIn)
i-0 i-1
< y(1) + 2@(1+i)21 W-13)
i” 1
2n(1+1)
Chooeing 1-17, auch that the laet series is convergent ~ y [S@(xi)]<Cy
i-0
is obtained.
Hence
IK Tn(x>H “Hhl> WTJ
and
IK  Tnll - 11~ K "1 Tn> <" C> (lh =M 4h_1 Tnll *
Enk ca#ky kQnl ) |[H].
Corollary 1
09
Let y be auch that for any p SN S y(M)< then if k€N, n~I
i<> 1

we get c”(JI,T,)# < 00 nky k@) |ItJ.

Theorem 2

Let f€1? k, nGN and y is such that for any peN ~ ~(~) <*“ then

S (V+D)K'1 Ev ()4 + 2k En(f)-

Proof

Let be a polynomial of the best approximation of degree < n,
then for integer m > 0, from the lemmas 4 and 5 we obtain
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+VE . *2B+i>*<

<2k E2m+1 () +V * " 2 _+i>* 4)
From corollary I we get i
)-< « =-«)). « . -
V =0 2 2 9
"t Cay,) ®
V =0
Since for V >1
2V
,2k
2" 2! " /il , /% - - v_i +
/i=2 X+1 2 +1

QL+ 2K Vom | * L =% (VK1 Eny] 22Ky -1 k-1 251 ooy -

= 27 41>k E (F)
2 s

From the above and (5). it comes out that

“i/n" " m+15 < C<,,kvk (n> {Eo(F>$ + EI (F~ +

V=1 ~-2V-1+1

< C*.k vk(*)i  <v+D k-1 E*CO«

V «0
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Chooeing m such that 2m < n < 2rotl from the above and (4)
v+ i)' 1 BV (F

n

< Cl.kvk~ SO V+ Dk 1 Ev(P4 + 2k En(fr
Vv =

results*
I wish to express my gratitude to Professor Julian Musiel®ak for his

valuable suggestions to this paper.
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nPHMUE H OEPATHUE TEOPEMH THILA SFFIEKCOHA
B HEKOTOPHX $yHKI(HOHAJIbHHX UPOCTPAHCTBAX «FEME

P e3knme

fljia npHOlJinaeHHH (JyHKioiit TpHroHOMeTpngecKkHMH nojiraoMaMH b npocTpaHCTBe

$perae flOKa3biBaBTca HeKoiopue TeopeMH Tana JtsceKCOHa.

PROSTE 1 ODWROTNE TWIERDZENIA TYPU JACKSONA W PEWNYCH FUNKCYJNYCH
PRZESTRZENIACH FRSCHETA

St roszczenie

W pracy wykazano pewne twierdzenia typu Jacksona, aproksymujec funkcje
w przestrzeni Frecheta wielomianami trygonometrycznymi.
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