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DIRECT AND INDIRECT DACKSON'S TYPE THEOREMS IN SOME FRECHET 
FUNCTIONS SPACES

Summary. In this paper some direct and indirect ^Dackson's type 
theorems are proved, in which functions from a Frechet space are 
approximated by trigonometric polynomials.

Designations

A is a set in R1.

L1’ is a Frechet space with the F-norm |f|| = j" <j>( | f (x )| )dx <  00 ,
A

n

k

^ h f(x) ° y, (-i)k+ic£f(x+ih).
i=0

For cf >0

1. Introduction

Let <¡>(8 ) be a continuous and non-decreasing function, defined for 
s >  0, such that i-(O) = 0, 4>(s) >  0 for s >  0 and <t>(s1 +s2 ) < ) + <t(s2 )

<i> space is called a linear space I?, measurable and finite almost 
everywhere functions f(x) such that ||f || = / <P( |f(x)| ) d x < ° =  with me-

trie £(f ,<p) = Iff- ̂  | If ,9 6 L*).
Every «¡> space is a Frechet space with the F-norm |f|| ([l] p. 584)_.
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Let G = {g. } be linear independent system functions from L* and
d) *

f £ L \

Let's denote the best approximation of f € L*“ by polynomials of de
gree 4  n from G system by

V ' - 0 ’*  - infl * - V  «„I.
lak' k=0

En (f)$ of cours decreases with respect to n.

Lemma 1
<|>

For any function f € L 
mation

' '.-I
k=0

Proof

The lemma ±s a consequence of the theorem p. 590 [l].

Lemma 2

If f± €L* for i = 1.2. then ♦ W * '

Proof

n

Let pi “ ^  Cfc^Qk bo polynomial of the best approsimation of the

k”° „
function f± (i = 1 ,2 ), then En ( f a+f 2 ) <„ <l|(f1 +f2 ) - ( P!+ P2 >lk||f i"Pil +

+ Ilf2-Pa II = En^f1̂4> + En^f2̂4>-
When ¿ " > 0  and f €  I? , then cu, = sup ||dh f(x)||, where

IhN 8

k

4 hf(x> - 2  (-l)k+i cjf(x+ih).
i-0 K

Lemma 3

Let fcl?1, then for S ^ O  and V  ̂  0

0 = w ( 0 ,f ^eo(i,f )<p<aj(S + T/,f <^u/(S,f )q *coty, f .

there exists an element of the best approxi-

I ' ‘

ck 9k i*e * En (,>4> " llf * Pnll-

1
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Hance in n £  N we get

«j(n<y,f <  ncu ((f.f

Lemma 4

Let f.gel?, then <v.'k (<y,f + g <  cuk (S.f ^  . 9 )$ •

Proof

k

ia h(f+9)|| = «  V  (-l)k+i [f (x+ih ) + g(x*ihf]||< 
iSo

Lemma 5

Let f be A-perioiiic function or A = (-oo.oo), then cv  ̂( S ,  f ^  2k ||f||. 

Proof

k

(S >f ) a “ SUP I k h ^ 51)! “ 8up I ^  (-l)k+1 c£ f (x+ih ) | ) dx -
k * |hl«i" h 1 |h|«i JA fdn

“ j ( - 1 )k+i ck f(x)l )dx <  /<&( |f(x)lak )dx <
A i=0 A

i$ 2k j  *( |f(x)|)dx= 2k ||f||.
A

2. Approximation in the I? spaces

Let f .£ I? be 2^-periodic function and Tn (*) ba a trigonometric po
lynomial of degree ^  n (n >  0 ).

If lim 4>(t) ■ oo and y'(or) = sup -̂ 7 8|\ is denoted for of ̂  O.then the 
t-=> B > 0  < M 8 '’

theorems 1 and 2 are true in I? space.



Theorem 1
co

If f €  li [ 0,2#] and for any p e N  | )dx <  =o, then for n >  1

En-l(f)*

(C([> is a constant depending on <J>).

Proof

It is known from the theorem 3 [2], that there exists function

ln (x) « c1# x e  |  ̂* rP^' 1 “ 1 ..... 2 n * such that

2#
J  $( |f(x) - l„(x)| )dx <  4 co(^,f )# (i)
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When we denote c2n+i " ci* tben

2n 2#

2  *( ici+i • °i! ) " /
i=l 0

2 K

f 
0

ZJi 2#
J  «*> ( f (x) |)dx + 2 |
O n  0

Hance applying (l) we obtain

/ '

2n

tu
n ^  * ( lci+l -  ° i l  } "  / * <  lXn(x+ ”  Xn( x ) i )dx “ 

i=l 0

f *( |-f(x) + f ( x + f )  - f(x + f) + in ( x + f )  + f(x) - ln (x)| ) d x <

ZJi 2Z
<  J  f (x) |)dx + 2 | 4>( |f (x) - ln (x) |)dx

f (2 )
i -1

Let Hy(x) be 2#-periodic Heaviside function for ye(0,27f) i.e.

Hy(x)
0 for 0 ^ x < y

1 for y ^ x < 2X

Then ([2] p. 647 lemma 3) for every ye(0.27r), determined raeN and 
n ^ l  there exists a trigonometric polynomial T^(x) of degree ^( n - l ) n  
such that, for x e [ 0 ,2 ir]
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i y * )  - y x ) U c m { (n|8 i n | | + 1)2m- i + ( n |8in ¿ ¿ | + 1.)2 m -11
2n-l

Of course l„(x) = ^  ^  Hx (x)(ci+ 1 - c± )
1=1 1

for almost all x e [ o , 2jt], = — ■ (i = l,...,2n). 

.Let for every n

2n-l

then

V x) = ci + ^  Tx.ix)(cW ci> 
i=l 1

2/r

J 4>(|ln (x) - Tn (x)| )dx <£

2Tl 2n-l

<  /  * ( X  i ° i + i  -  cii i y (x) - Tx , ( x ) i )dx<
0 1=1 1 1

2n-l 2-7T

<  E  * ( lCi+l " cil } S V( lHx± ix) ■ Tx1(x)l )dx
1=1 0

If y(oc),= sup then y(rf/3) <  y(«)y(/3) and
s > 0  4,18,1

2JiJ <i>(|ln(x) - Tn(x)| )dx<£

v  |C1 W  - C j  , /  *  !=.,, ^

i________________ 1
x-x. I . 2m-l
 i  L  ■. I ->(n sin g I * 1 ^

279
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< 21><in« - '*1 > I ' « i - J 1 | .  „i- 1} dx ■

2n 2 n

“  2^ ( ic mi > Z  * ( l ° i * i  - ° i i } f  v ( 7 nT : r ' x •; ,1v a i - i ) dx ( 3 )iii o (n sin 2 '

Because y(cc) is a non-decreasing function we got

Zjl

 x" - - \ 2S-1 )dx <
0 (n sin =■ + l)

♦ w - 2S=r> ♦r(-s=r) ♦ ... +
¿ 3  n

* ¿« -i) * ••• » y(i)l =n 2

■ ¥  iv(i) * ♦ ... ♦ w - 5^ ) ]  - a f  sn.

We denote by Sn the n-th partial sum of the series %  -y( 2m - l  ̂ where
i7l i

V(' aii-i ) >  0 for i = 1 ,2 ,... and y ( l ) >  y (^2m-i ? >  •••

o=
Choosing m such that 2n -l ^p , I y ( ' ) d x  <  =  is obtained and con-

1 x
sequently this series is convergent.
Hence

i=l

and

S  v'(75i^T) = A V- >  Sn

ZTi

f -------- 1-----------------¥  A v•„ (n sin |  + l )2m_1 n V
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Hence by (3) and (2)

Zfi

( |ln (x ) - Tn (x )l )d* <
0

2n

^  By n ^  l°i + l " Ci I 5 <  B y 9cu(„* f ̂<J>

Hance by (l)

23c
| <*> ( I f (x ) - Tn (x)| )dx s£
0

231 2Jt
^  J  <J>( |f (x) - ln (x)I )dx + [ 4>( |l„(x) - Tn (x)| )dx <  

0 0

f)<j> + 9 V ° (n' f)4> = V * n '  f)*

In that May m b  get the estimation ae desired.

Lemma 6

go

Let V  be such that for any p € N  ^  <  a=>> than if k e N, h e R
£=1 iP

and n ^ l  m s  get

K  tJN  cm  "V<M> 1TJ|
where Tn = Tn (x) is a trigonometric polynomial of degree 

Proof'

Let Snl(x)
sin ' 21

(n+1 )sin I7

where 1 G N
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From [2

where xA 

Hence

Since for 

then

I p. 651 we get

2n(l+l)

rn(x)|  <  n ( l + l ) | h |  {|Tn(x+h)| + V  s n l (xi^ lTn(x+xi ^ }
i=>0 I \

23ii 
2n(l+l )+l i * 0 11 1#••*2n (1 +1 )

2ji
l4 h Tn(x)l'l ^  J O [n(l+X ) |H | j|Tn(x*h)|

2n(1 +1 ) ,

+ Z 8nl(xi )lTn(x*xi )l] d X <
i -0

{2.n
j 4>( |Tn (x+h)| )dx ♦

0
2n(l+l) 2Ji

+ Z  v (S o l (xi ) J i.(|Tn(x+xi ) | ) d x }<
i -0 0

2n(l+l)
< n ( l + l ) v ( | h | ) { l  + y(Snl(xt )) }  ||tJ |

(n+l)ain (n+l)sin STTffCi )+l >  2n|l't l | '+l > ITl

/
(n+1)x. \ 

sin 1 y  ■ ■

xi(n+1 )sin j“

21
21

$ --------— — r  <

j(n+l )8in
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Therefore '

2n(l+l ) n(l+i ) |- 21*1

S  vtsni(xi ) ] < y ( D  * 2 2  v [ ^ )
i-0 i-1

<  y(l) + 2 (l+i)21 W - | j )
i«0 1

2n(l+l)
Chooeing 1-1^, auch that the laet series is convergent ^  y  [S(l̂ (xi )]<Cy

i-0
is obtained.
Hence

II K  Tn(x>H " H h l> llTJ

and

I K  T nll - I I ^ K " 1 T n>l <  "  C> ( l h >111 4 h_1 Tn II *

£ n k C# # k y k (|h| ) ||tJ | .

Corollary 1
09

Let y  be auch that for any p S N  'S y ( ^ ) <  then if k € N, n ^ l
i<> 1

we get c^(J,T„)# < 0^  nk y k (<y) ||tJ.

Theorem 2

Let f € I? k, n G N  and y  is such that for any p e N  ^  ^ ( ~ )  < “  then
i-0 I1

n

S  (V + l)k ' 1 Ev (f)4. + 2k En (f)-

Proof

Let be a polynomial of the best approximation of degree <  n,
then for integer m >  0, from the lemmas 4 and 5 we obtain
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+ V £ .  *2B+i > * <

< 2 k  E2m+l (f) + V * '  ‘2. +i>* (4)

From corollary l we get i

).< « - «„). .« ., , ,
V =0 2 2 9

" " “ » ¡ ( . I , )  (5)
V =0

Since for V > 1

2V

2"  2  +
,2k

' "  -/il,/4> -  - v _i
/¿=2 X+1 2 +1

+ (2V_1 + 2>k"1 V - l  * . - * ( 2V)k-1 E-y]^22k(2y-1)k-1 **-12-—  +2 -Z'- - “  / ?= E2V =

= 2 ^ +1 >k E (f )
2 $

From the above and (5). it comes out that

“i / n ' ^ m + l 5* < C<[,,kv k ( n> { Eo (f>$ + El (f^  +

m 2^

V=1 ^ - 2V- 1 +1

<  C*.k v’k(^ ) i  <V + D k -1 E * C O «
V  «0
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Chooeing m such that 2m <  n <  2ro+1 from the above and (4)

2m

* v=o

n

<  Cl . k v k ^  S  (V+ l)k_1 Ev (f)<!. + 2k En(f^
v =0

results*
I wish to express my gratitude to Professor Julian Musiel'ak for his 

valuable suggestions to this paper.
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nPHMUE H OEPATHUE TEOPEMH THILA SfflEKCOHA 
B HEKOTOPHX $yHKI(HOHAJIbHHX ÜPOCTPAHCTBAX «FEME

P e 3 k> m e

f l j i a  n p H Ô J in a e H H H  ( J y H K i o i i ł  T p H r o H O M e T p n q e c K H M H  n o j i r a o M a M H  b  n p o c T p a H C T B e  

$ p e r a e  f l 0 K a 3 b i B a B T c a  H e K o i o p u e  T e o p e M H  T a n a  J t s c e K C O H a .

PROSTE I ODWROTNE TWIERDZENIA TYPU JACKSONA W PEWNYCH FUNKCYJNYCH 
PRZESTRZENIACH FRŚCHETA

S t  r o s z c z e n i e

W pracy wykazano pewne twierdzenia typu Jacksona, aproksymujęc funkcje 
w przestrzeni Frecheta wielomianami trygonometrycznymi.
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