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COUNTABLE SU8M0OELS IN ZF AND SEPARABILITY*

Summary. A modification of the notion of elementary submodel is 
defined in the paper for certain model X of the power of continuum. 
There is proved in ZF (in section 2) that there exists a suffi
ciently large class of countable submodels of X, that are elementa
ry in the sense, mentioned above. An example of application is 
sketched in section 3.

1. COUNTABLE ELEMENTARY SUBMODELS IN ZF

The downward Skolem-Lowenhsim theorem on countable elementary submodels 
depends essentially on the axiom of choice. More exactly, it depends on
the countable axiom of choice, asserting the existence of the function of
choice for any countable family of non-empty sets. For several concrete 
structures, however, we can prove the existence of countable elementary 
submodels in ZF. We quote some well-known and important examples below.

Denote by R the set of all reals, by Q the set of all rationale, by A 
the set of all real algebraic numbers and use the usual symbols ♦ ,., < 
to denote algebraic operations and the natural ordering in R,Q,A. Add to 
the language L of the elementary first order predicate calculus with 
equality as the only non-logical symbols the sign <  , the signs <  ,♦, 
and the signs <  ,+,. respectively for the cases 1.1, 1.2, 1.3 below. Then
the following are theorems of ZF.

1 .1 . The ordered set <^Q, <̂ > is an elementary submodel of <^R, <>•

1.2. The ordered additive group<^ Q, < , + ̂> is an elementary submodel of

^  i + ̂  •

1.3. The ordered fleld<^A, < ,+ ,y> is an elementary submodel of 

^ •

All those submodels' are countable.
we sketch briefly the uniform method of proof in ZF of 1.1-1.3 Consider, 
at first, the following property of the at most countable set K of 

sentences s
(P) for any countable model M of K if the extension E of M is a modal of 
K, then E is an elementary extension of M.

The existential formula V  x1 ...V Xf) X is said to be a primitive for
mula iff X is a conjunction of some atomic and negated atomic formulae. 
Consider the statement
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(L) a non-empty and at most countable set K of sentences has the property 
(P) Iff for every pair M,M' of modele of K, where M* is an extension of 
the countable M and for any a ^ . . . ^  ć M and primitive formula Y(y1 ...„ 
y8 ) with free variables y1 ,...,ys H h  V(a1 ,...,s8 ) iff M' |= Y(alt... ,a8 ).

(P) is a weakening of model completeness and (L) is clearly the adapted 
to (P) test of model completeness (2.3.1 in [l] ). We may ape the proof Of 
2.3.1 in [l] , using, however, instead of the general completeness theorem 
for predicate calculus, the theorem of completeness for languages of 
countable signature. Since the last is a theroem of ZP, so is (L) too.

Choosing K to be the set of axioms of thejlinear!dense ordering without 
first and last elements for 1.1, of the ordered abelian group for 1.2, of 
the ordered commutative field for 1.3 and using the same standard alge
braic facte as in [l] and properties of dense ordering, we obtain proofs 

of 1.1-1.3 in ZF.

2. THE MODEL X

we shall not generalize the well-known facts, mentioned above. We con
struct instead a model X which, being of the power of continuum, has s 
class of countable submodels, that are "weakly elementary” in the sense, 
described exactly below.

The idea of weakly elementary submodel is, in principle, taken from 
the exposition of non-standard analysis as presented, e.g. in [2] , [3] .

Let be the set of all rationals; for positive integer n let Xn+1 
be the set of those countable sequences s, with terms in X. U  ,.*U Xn , for
which s 4 X . U . . . U X  .1 1  n

Let X = U  . „ X . Denote the set of all positive integers by N. Let N, n i X n
Xn , n t N, be also the unary relational symbols, denoting themselves.
Let < be the natural ordering of X, and a binary relational symbol for 
itself. Let the ternary relational symbol e denotes the set © of all 
ordered triples < s ,n ,x > such, that s E X \ X^ and x is the n-th term of s. 
Denote also by , E the functions, defined on the suitable carte
sian powers of X accordingly to the usual meaning of symbols (E stands 
for the entier function), if all the arguments are rational and arbitra
rily otherwise. Use also the familiar constants to denote the rationalsj 
Add all the symbols, defined above, to the language of the elementary 
first order predicate calculus with equality as the only extralogical 
signs and denote the obtained language by L. The structure with the uni
verse X end with the symbols of L interpreted as above will be our mo
del X .

Denote by B the set of all formulae of L, which are of the form

( 1 )
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where A(...) contains no quantifier and for any 1 « Is a
shortening of either A  XjXp (x^-*... or V xtXp where p4 Is

a positive integer. We shall say, that a submodel Y of X is a weakly 
elementary submodel of X iff for any formula S(y1 ,....y^) of the form 
(1) (any formula from B) and any a1 ,...,an e Y XI- ,... ,an ) iff
Y 1— S(a^ , • • . ,a^ ) • —
Our main theorem is the following theorem of ZF

Theorem 1 . If C is any countable subset of X, then X has a weakly ele
mentary submodel Y, with C included in its universe.

Before proving the theorem we make some remarks. At first, “countable' 
in the formulation of thm. 1 may be clearly replaced by “finite“ and we 
shall use this corollary of the theorem. At the second, adding to L the 
set of ..constants C for the elements of C, we can easily prove in ZF that 
the cojuntablo set of all' true in X substitutions of the constants fron 
C u  Xj into the formulae of L has a countable model, consisting of the 
intepretation8 of constants only. Unfortunately in general case it does 
not give en elementary submodel of X, We perform our proof of the theorem, 
modifying the routine methods mentioned above. The modifications are easy, 
but we must describe them carefully.

Proof of the theorem 1. in ZF

A. Fix the countable C Q  X, Let any c 6 C be a constant, denoting 
itself and denote by Lc the language L with added constants form C and by 
Xp the corresponding expansion of X. Denote by B^ the set of all substi
tutions of the constants from C into the formulae from B. write for brevity 
A  x. Instead of A  x± XB)(xi )-»... and V x^... for V x.̂  Xm (x1 )£... . 
m n
Call the formula F from B a k., m-formula iff k is a non-nsgative integer 
and F is a sentence of the form

V  y W( y) (20)

for k ■ 0, or, for positive k, a formula of the form

V  y W(x1 ,...,xk ,y ). (2k)

k > O.the

m

Assign to each k,m-formula F the Skolem term f ^ F ^ l '
Skolem constant if F is a sentence (20).
Every constant of Lc is said to be constant tern) e subsitution of con- 
stant terms for all the variables in Skolem term is a constant tern again. 
The constant tarms of the form f ^ ^ *  will ba called rational terms#
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Let SQ be the eet of all true In Xc sentences from Bg. Define for 
given S2n the sets S2n+1. S2n+2 as follows. S2n+1 is S2n with added for

mulae XB (fJ*>ic1 ......ck ))........................ .... ck )) for any F of the

form (2k) c1#...,ck constant terms, F(c1 ,...,ck ) in S2n end the formulae

X (fl m 2 ) ,  vv (f ) whenever F of the form (20) is in S2 .HI 0 f r U*r
S„ . is S„ . with added formula Y(c) for any Y, c such thet for certain2n+z ¿n+i
m XB (c), A y  Y(y) are in S2(M>1. 

m
Observe, that for any sentence in *-) S n w0 can choose the values

of its Skolem terms in X, with each f W  in X and so, that the obtained• 00
sentence ie true in X_. we perform it below systematically for the sen-c
tence without quantifiers.

B. Let S be the eet of those sentencse from U  n Q Sn , which do not
contain variables. We shall say, that the constant term cm+1 is essential
on (o*l )-th place in a sentence F(c1#... .cB+8 ) from S iff there exists in
U  ^ „ S_ a setence H of the formn > u n

n,xm+lK2xm+2**,K8Xm+e F (ci»****c0 * V u * * * * *xm+ e5 (3)
1 n2 na

in.)
(K for quantifiers) such that cB+1 ■ fB H  (Cj cB ). m > 0.

Any constant term, which ie not a constant of Lfi is essential on the
exactly one place in exactly one sentence of S.

Let be the 1-1 sequence of all sentences from S, arranged
so, that Xp (cn+1) precedes in it the eentence FfCj,...,cm+8 ) whenever
X (c , ) ie in S and c ,  is essential on the m+l-th place in F(c.,..., p >41 BÎ+1 , . *
c j). Fix arbitrary 1-1 sequence oi a11 rationale and let

>1 be the 1-1 sequence of all rational terms, occuring in S, 
arranged so, that for.every m < p either the formule in which t is 
essential precedes in <\ Fn/>n ^ i  that one in which t is eeaential, or 
t# ,-t are essential in the same Fn , but tffl precedes t in it. For the 
variables zltz2 ,...,zm ,... lot, at the end <G^>n > 1  be sequence of for
mulae Gn obtained from Ffl by the replacement of ta by zm for any m. 

Consider the following two conditions, depending on m. ■

(4,m) ai ,*.**'sm are ration0l® anc* fb® «®t

S U  jtj ■ a1 ,...,t|| ■ am| of sentences is consistent,

(5,m) a1 ,..,,sc) are as above and if tB is essential on certain place
in F^ , then there exists a valuation a of 2i ‘s with afz.^) « a^ for i »

ID
■ l, 0 0 0 ,m, such« that

Xq {• ( ) [a] •
ID
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we define Inductively the sequence { i n) n ^ 1 of rationale such, that 
(4,m), {5,m) are fulfilled for any m e N by a1 ,....a(a. Suppose, that 
(4,m), (5,m) are fulfilled by a1 ,,..,ao . It follows from the observation 
at the end of section A. of proof, that there exist w p such, that 
n fulfil (5,m*l). we have to prove, that with aB+1 equal
to the first wp as above fulfil also (4,m+l), Obviously, from (5,m+l) 

it follows, that | u  “ ai'***,tm+l “ 8o+l} is 8 consi_

stent set. If n > nffl+1, then each occurence of in Fn is not
essential. Hence, for Fn of the form FiCj,... , c ) there exists formula
from U  _ ̂  of the formn ̂  u n

*ixj*i****s xj+s (6)

(with for quantifiers), where ^  is A  and xi(cj+ 1 ) ln s * whenever
) > 0, cj+^ is among the Henca, satisfy also
(4,m+l).

For the sequence ^ * n X o i  80 also the set S*» S U
t ■ a ....I is consistent. If Y* is its model (Y' sxlsts and can bs n n j
costructed ln 2 F ) then the field of rationale of Y is isomorphic with 
X, for S includes all the equations and inequalities, true in X.

C. Suppose, that Y' is a model of S' and identify its rationale with
the corresponding rationale of Xj,. Denote by Yn the realization of Xn
in Y* and define the function to be identity function on Y^. For
given 31 ,...,0o with values of in XA for i = 1,...,m define as

follows.
Let y e Yo+1 Then S* contains for any n e N Just one sentence of 

the form e(y,n,yn ) and the sentence Xp (yn ) with p < n too. For 3' «
- ai U . . . U 3 o Put Cn+ 1(y) with y;8 defined as a^ove.

Th8n

Let 0 x»U _ . 0 . We define now the predicates of L ln 3 [y] C x (Y is a
m ¿_l m

univers8 of Y*) transferring isomorphically the definitions fron Y . The 
obtained model is clearly a submodel of and contains C in its uni«*
verse (we omit the easy proof )• Denote it by Y^* Obviously it is code* of 
Bj. and we deduce from it, that the model Y, obtained from Y^ by inter
pretation of the symbols of L as in Y£ is a weakly alsnantary submodel 

of X, q.e.d.
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3. REMARKS ON SEPARABILITY

We end the paper with some applications of the theorem 1. At first, 
observe, that with the axioms of the dense linear unbounded ordering, of 
the linearly ordered group, and of the ordered field there correspond the 
sentences from B, true in X. This gives us the another method of proving 
1.1-1.3 and the similar theorems.

Consider now the formula

X g f x ) ^ ^  E ( E > 0 - >  ^  n( N( n ) £ ^  m A p A y | *

(N(m)£N(p)£m > n£p > n£e(x ,m,y )£e(x,p,z ) -* (7)

ly - *| < E)).

Of course (7) defines in X the set of ell Cauchy sequences of rationals 
and is equivalent to certain formula from B. Also the equivalence of 
Cauchy sequences of rationals is defined in X by a formula from B equiva
lent to

x2 (x)£x2 (y )£ /£ E ( E > D - » l [ „ ^ , A x 1 A y 1

(m > n l e f x . m ^  j A e C y . m . y ^ | x x - y j  <  E)). (8)

We say, that the set A of reals is weakly definable in X iff there 
exists a set A*C X2 , which is definable in X by a formula from B,consists 
of Cauchy sequences and A is the set of all classes of equivalence (8) of
elements of A'. The following is a theorem of ZF.

Theorem 2 . If the set A Q R  is weekly definable in X then it is sepa
rable.

Proof. Let XA be a formula from B, defining in X the set A* of Cauchy 
sequences of rationals such, that A is a set of all limits of sequences 
from A*. Let Y be countable weakly elementary submodel of X. Consider
a t  A and an arbitrary sequence of rationals, convergent to a.
For any kfcN, a e  N, such, that la^ - a[ $ 1/m the formula K(x,y,z) of 

the form

*a (x ) £ ^  n A  p A  u (e(x,p,u)£p > n-»|y - x| $z ) (9)

holds in X for y = â ., z = 1/m and a Cauchy sequence x from A' convergent 
to a. Since (9) has an equivalent formula in B, there must hold Y |=
» K(c_ ,a. ,1/m) for certain c which is also, in a '. Putting c =<c )> .BQ K SB B1 > Birr fi ̂  1
we obtain Hn>n l ° nn- a l ^ 1/»« Thus the set of all equivalence classes of
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those sequences from A', which belong to the universe of Y is at most 
countable and dense subset of A, q.e.d.
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PRZELICZALNE PQOMODELE W ZF A OŚRODKOWOŚĆ

S t r e s z c z e n i e

W pracy zdefiniowano dla pewnego modelu X mocy continuum wariant słaby 
pojęcia podmodelu elementarnego. Wykazano w ZF, że model X ma dostatecz
nie wiele podmodeli przeliczalnych, elementarnych w tym zmodyfikowanym 
sensie. Naszkicowano przykładowe zastosowanie.

CHEEHKE nOjJJiOAEJIH B ZF H CEHAPAEEJIbHOCTB 

P  e 3 jo m e

B p adoie fia.eTcx MO£H;|xi:imHpoBaHHoe n o H a m e  sjieMeHiapnofl noAMOAejia „yra 
H ezoiopog MO£ejia X MoąHocia KOKTaHyyua. .5oKa3iiBaeTc.fi b ZF 0) t ; e c t ! c9aH;!e 
AOCTaiorao mapoKoro ¡u iacca c^eTHhtx noAMOAezefi X, s.ieMeKTapHax b 3Tom a c -  
AHi|>i)HipiipoBaHHOM ciiHCJie„ HaMeqeB npzM ep npHZoseHJta.


