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ON THE BIEBERBACH CONJECTURE

Summary. In the class S of all univalent functions f of the 
form z + a2 (f )z2 ♦ a3(f)z3 + ... holomorphlc in lzl< 1 we consider 
the functional Hk (f)j - re[ak+1 (f) - a2 (f) . k - lj . It is shown

1° ra [a, .(f) - H. (f]l reaches its maximum and minimum value for 
k+1 o 3 2 3 4

Koebe function z + 2zz + 3z ♦ ... end z -2z ♦ 3z - 4z ♦ ...

respectively.
2° the maximum and minimum value of Hk (f) in S is equal 4 and 0

rasp, (the first result is obtained under the assumption that for 
all f e S with re a2 (f) < -1,8 the Bieberbach conjecture holds).

3° if there exists a function fQ e S and a natural k0 > 1 such

the Bieberbach conjecture holds.

The coefficient 6ij(f) any functlon ffcS is given by the integral

that

that H. (f) » 2 oc- re a2(fQ ), re ak +1(f )< oc il+kQ ) then x  - 1 and 
o o

0

Cf ) " 1 for all f £S. Put

than

8'k+l(t,r,f) ’ r «
-k.-ikt

Integrating by parts we obtain

ak+i(f)rk - 1 ♦ ik \ a"ik#a1 (ajr,f )da
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Put

Ik (t»r,f) « \ e"*l!8a1 (s;r,f )ds

then

I^itir.f) - •- 1 (k“1 ,ti^(t*r.f) 

Integrating by parts

3 *
Ik (25T;r.f) - 1^ 2STjr.f) ♦ i(k-l) ^ e-i( k_1 ̂ I j e  tr.f )ds 

1 )Hence

2 VC

ak+1( f ) + k ( k - l )  U e  [ J  e "1 (k” l ) * I1 ( s i r . f  )da] - 1 + k[a2 (f) - l]

°  (1 )

As - 2 < re a2 (f)< 2 for all ffc S, ra a2 * 2 for Kosbe function only.we 
obtain the following statement:

The greatest value of the functional

( 2 )re ak+1 (f) + k(k-l) limjrej e_l (k_1  ̂ ( s  ;r.f )ds]
r ' * 1

2 3is realized in S by Koebe function K(z) * z ♦ 2z + 3z + ... only and

is equal 1+k. The minimum value of (2) is realized by the function z -
2 3 42z + 3z - 4z + ... only and is equal 1 - 3k.

Put2 ^

8 Up
k

2 sr

[lim|-(k-l)re j e_ i ' k_1 )sI1 {s ;r, f )dsj] = c(f)

a ■'Formula (1) remains true for normalized not univalent functions.
2 3

We use the fact that re ek+1 (f)/k is uniformly bounded in S.
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then

- k(k-l )lim ire { e_i( k_1 )aI. (s ;r, f )dsl ^ k c(f) 
rf  1 I I 1 J

This inequality is sharp for each function 4 t S. On the other hand using 
(1 ) and the very well known inequality

rs oC (l + k) for all fc S and ke N,

1 , 1 > of >  1 , we obtain

- k(k- 1 )linjre | a " /SI1 (s jr, f )ds|> < a; - 1 ♦ k{of+l-re a2 ( f (3 )

The greatest value of X +1 - rea2 (f ) in S is equal ce ♦ 3 and its
2 3smallest value is 0c- 1. For Koebe function K(z) = z * 2z ♦ 3z ♦ ....

c(K) » 0, hence the inequality (3) is sharp for K only whan x * 1. For
2 3the (Kceta) function K ^ z )  = z - 2z + 3z - ... ciK^) « 4 and the

inequality (3) is sharp only when of» 1. When of» 1 than the Bieberbach
conjecture holds and c ( f ) <  2 - re a2 (f)j for ail f 6 S.

The right hand side of (3) can be rewritten as follows

k ( [or - l] /k + of + 1 - re a2 (f ))

hence

c(f) ^ eup( [or - J  /k + of + 1 - re a_( f )) « 2 of- re a, i f ) 
k

Suppose that for all f 6 S with re a2(f) < -1,8 the Bieberbach conjecture

holds. New if there exists a function f e S such thato

2 of- re a2 (^0 ) ‘4, «  >  1

then1  ̂ re a2 ^ 0 ) < - 1 »8 * hence oe « 1 for fQ . Therefora 

2 of— re a2 (f ) ^ 4

for all f £ S which do not satisfy the Bieberbach conjecture ( < >  l).

1 ^According to the last results of is smaller then 1,1.
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For all f e S  which satisfy the Bieberbach conjecture (at» l)

2 X -  re e2 (f) » 2  - re a2 (f)

is not greater then 4. Hence wa have the following statement :

If the Bieberbach conjecture holds for all f e s  with re a2 (f) <  -1,8, 
then c ( f ) <  4 for all f e S, The maximum value of c(f) is assumend by the 
Koebe function , the minimum value is equal 0 and is assumed by the 
function K.

Suppose there exists a function fQ e S and ko fc N, kQ > 1 such that

c(f0 ) » 2 or- re a2 (fc ) and re ek +1 (f0 ) <  ♦ •<„)
o

Then from (l) follows

ac+o£ko >  re afc +1 (fQ ) - 1 ♦ k0(2 at- 1 ) 
o

As k _ >  1 we obtain at» 1* o

Recenzent: Ooc. dr hab. 3anina Sladkowska-Zahorska 

Wpłynęło do redakcji: 21.1.1984 r.

0 HIPOTEZIE BIEBERBACHA

S t r e s z c z e n i e

W klasie S funkcji jednolistnych i holomorficznych w kole Izl < 1 po- 
2 3  r

ataci z + e2 (f)z + a3(f)z + ... rozważamy funkcjonał Hk (f ) i « re |8k+1(f )-
a2 (f )k - ij . Wykazuje się. ż e :

1° re przyjmuje największe i najmniejsze wartość odpo

wiednio dla funkcji Koebego z + 2z2 ♦ 3z3 ♦ ..., względnie z -2z2 + 3 z 3 - 
■" 4z ♦ ••• #

2° największa względnie najmniejsza wartość funkcjonału H^if) w klasie 
S wynosi odpowiednio 4 1 0  (pierwsza własność została wykazana pod założe

niem, że dla wszystkich funkcji f *• S, dla których re a2 (f) <  -1,8, zacho

dzi hipoteza Bieberbacha),
3° jeśli istnieje funkcja f0 c s  1 liczba naturalna ko >• 1 taka, że 

Hfc (f) « 2 ot- re a2 (f), re ak 4l (f)<oi(l ♦ kQ ), to <* » 1 i zachodzi hipo

tece Bieberbacha. 0
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c r2n02E3E BHEEPEiUA 

p e s b a e

B icaacce S $yHKnaü oabozhcthhx h roJioMop$Hüx b xpyre  |z | < i  Basa z +
+ a2 (f)z2 + a3 (f)z3 ♦ ... paccuaipasaeTCH (SyHKCEOHaz Hk(f ) ; « re [ak+1(f ) -
- )k -  î j .  ÜOKasaHO, « o s

1° re {a. . ( f }-H. ( f H npHHHuaei HaaSojiBnee* h HazMeHbmee 3HaxeKHH ccot-
L K+i * 4  2 3 2 2

BeîciBeHHO * aa  $yHKHKK Ks6e z + 2 z  * 3 z  ♦ . . . .  h  ¡JyHxipïH z -  2 z  -*■ 3z
4

- 4z + ...,
2° HaaÔojtBHae a  BaHMeHfcaHe 3Ha-qeKHJi Hk ( f 3 b KJiacce S p a sa o  cootbst—

CIB6HKO 4 H 0 (nepBoe noica3aHO npa ycaoBHH, « o  Bcex $yHKîma f « S ,
xxx ko tophx  re a 2 ( f )  < - 1 , 8 ,  BunoaHeHa ran o T e3 a  E s6ep6axa ) ,

3° e c a a  oy q eo iB y e i ¡jyKKn&s f e s  h HaTypaJiBHoe vucxo kQ >  1 laxoe»  « o
H|c ( f ) » 2ae- re a2 ( f ) ,  re  a. ,  | ( f ) <  <<(l+k ) ,  i o  of = 1 h Banozaneica

KornnoTe3a BuGepoaxa.


