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SPACES IN WHICH EVERY CONTINUOUS 
FUNCTION IS UNIFORM.Y CONTINUOUS

Summery. Characterizations Of oetric (uniform) spaces such that 
every continous function in another metric (uniform) space is uni
formly continous are presented. In particular. An answer to the 
problem of S.B. Seidman and 3.A. Childress is given.

It is well known that every continuous function defined on a compact 
metric space with values in another methic space is uniformly continuous. 
But there are not only compact spaces which have the same property.

Some results concerning that problem have been proved by N. Levine and 
W.G. Saunders in the article [aJ and N. Levine in [2) . The present arti
cle will concern to uniform or metric spaces in which that condition 
holds. It gives an answer to a problem of S.B. Seidman and 3.A. Childress

[5].
we shall say that a uniform (metric) space X has the property 3 if 

every continuous function from X to another uniform (metric) space is 
uniform (metric) space is uniformly continuous.

A uniform space X with the uniformity X  has the proparty 3 (it
is uniformly isolated in N. Levine’s [3] terminology) if there exists an 
entourage U 6 X such that x . y ^ U  for every distinct x,y from t.ia sat X.

A uniform space X has the property K if X * x^ U X2 , where XJ is

a compact subspace of X and X^ has the property 3.
A metric space X with the metrix P  has the property X  if for every 

pair of sequences xn and yn such that U < p  (xn<yn ) < there exist 

accumulation points of those sequences.
The following lemma can be proved in the analogous m a n n e r  as lemma 

8.2.5 in [l] .

Lemma. Let X be a uniform space with a uniformity X  , X q its compact 

subspace. {ui| i £ j an °Pan covering of Xq . Then there exists U * ■*- 
such that for every x 6 XQ U [x] » |y c Xs(x.y)c uj is contained in 

some Ui#

Theorem 1 . Let X and Y be two uniform spaces and X have the 

property K.
Then every continuous fucntion f : X — > Y 18 uniformly continuous.
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Proof. Lat •* ba a uniformity for the apace X and ̂  - a uniformity 
for Y. In view of the definition of the property K the space X can 
be represented as X. U X^, cohere X^ is a compact space, and is
uniformly isolated. Thus there exists an entourage UQ of the diagonal 

such that (x ^. x") fc for every two different elements x^,x" from 
X2 . Now let V be an arbitrary entourage of the diagonal (i.e. the
set {(y.y)fc Y X Y s y e y | ) .  There exists a VA 6 ^  such that o v^C.V.' 
Now for every x t X there exists Ux t 36 such that if J [x] then
(f(^), fjx))iVj, According to lemma there exiets U^t X. such that for 
every x0 c X0 the set [xj is contained in aooe set [x] .

Let U » yQ H u^, then U c 3t end let x',x" be two different points of 
the set X for which (x',x")fc U.

Since U C Uq, then both of those points must not belong aimultaneouely 
to the set X \  XQ . Thus one of those points must bslong to XQ j let it 

be x'. Then

x "  t  u [ x ']  C  [x ']

and there exists x^ fe X0 such that Uj [x'J c  [x^ .

It follows from this that

( f ix’), f U j ) )  e ¡Vt

end

( f ( x " ) .  f ( X j ) ) £  j V j  

whet implies that

( f ( x O .  f  ( x " ) € j v^  0 ^  C jv

This proves that f is uniformly continuous.
The next theorems give additional properties of investigated spaces.

Theorem 2 . Let X bo a metric space and X j C  x its subepace. If

every continuous fuctnion from X^ to another metric space Y is uni
formly continuous, then X^ is a closed subset of X.

Proof. Suppose that is not closed in X, i.e. there exiets a
sequence (x 5 such that x c X . , x — * x. x 4 X,. We can assume thatn •' n i n > i
*n ^ Xm *or n f m * Than th® sequences (x2f)), (x2n+1) are convergent to
x, so the sets

|x1,x3 ,x5,...,x2n+1,...j 

{* Z,X4 ..... x2n'***}
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are disjoint and closed in X . There exists a continuous function
f i Xj — > R such that

f(x2 n ) » 0. f(x2n+1) - 1.

This function is not, of course, uniformly continuous, what contradicts
to our supposition.

The next theorem has been proved by N. Levine and w.G, Saunders in [4].

Theorem 3 . If in some metric spacs X every closed disc is compact, 
then X has the property 0 if and only if X has the property K.

Remark. The above theorem can be generalized a little by the assump
tion that X * I J X w h e r e  sets X_ are compact and X c  int X_ , for><. n n n n+1n«l
n » 1 ,2 ,... instead of that every closed disc is compact.

Theorem 4 . A metric space has the property 3 if and only if it has
the property L.

Proof. Assune first that a matricjspece|X has the property L and
suppose that there is a continuous function f from X to a metric spajce
Y (with the metric denoted also by Q ) which is not uniformly continuous.
Then there exists a positive such that for every positive integer n
there exists points x . y„ « X such that P(x .y ) <  7- and P (f (x ), r n ' n n n n  n
f(vn )) ^ £q * Since X has the property L then there exists and accumu
lation point XQ of the sequence (xn )> it is also an accumulation point 
of the sequence yn .

Now there axists a positive 6 such that if x e K(xq ,£) » |x t X : 

p(x,x0 ) < £ j  then

P ( f ( x ) .  f(x0 )) < ±  ¿ 0 .

2 ^
Then there exists n such that n >  -p and xn € K(xq , 2 £)•
Now yn t K(xQ ,5 ) a n d  P( f( xn ). f(yn )) < P (f(xn ),f(xQ )) ♦ P(f(xQ ),

f(Yn ) ) ^ £ o *  ”hat contradicts to our supposition.
Let us assume now that X has not the property L, i.e. there ara two

sequences (xn ),(yn ) such that P ( x p ,yn ) < xp f y^ for n,o » 1.2,...
which have no accumulation point.
Thus the sets

|xx .... ,xn , . . , -̂ y x , . . .

are disjoint and closed. Then there exists a continuous function f¡X— R 
such that f(xp ) ■ 0, f(yn ) “ 1. This function is not, of course,uniformly 
continuous, what completes the proof.
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PRZESTRZENIE W KTÓRYCH KAŻDA FUNKCJA CIĄGŁA JEST JEDNOSTAJNIE CIĄGŁA

S t  r o s z c z e n i e

Znaleziono charakteryzacje takich przestrzeni metrycznych (jednostaj
nych), Ze kaZda funkcja cięgła w innę przestrzeń roetrycznę (jednostajnę) 
Jest jednostajnie cięgła. W szczególności podano rozwięzanie pewnego pro
blemu S.B. Seidmana i J.A.Childressa.

nPOCTPAHCIBA B  KOTOPilX KAJi&Afl HEnPSPuBHAH O/HKISIH H3JIHEIC.3 

PABHCMEPHO H EIIPSPtiBH02

P  e 3 10 m e

3  pafioie naeTca  xapaKTepHsauxB I’aKBX Mexpz^ecKKx (p a s  h owe pHux) n p o ci-  
paH ciB, v:o BcaKaa HenpepHBHajj iyHKięia b Apyroe MeTpmiecjcoe npocTpaHCTBo 
aBJiaeToa paBaoMepno HenpepaBHoii. ¿ a e i c a  pemeHHe npoGjieau Ceii^KaHa k Hbji- 
Apeca.


