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CONVERSE APPROXIMATION THEOREMS IN THE SPACES Lp(-iT,I{ -T,j) 
«HERE P » ( p 1 , p 2 ) AND 0 < p Ł <l, 0 < P 2 < 1

Abstract. In the first part of this paper there is proved that, 
for every function f € Lp, and for each integers a > 0, n >0,
there exists a trigonometric polynomial of the best approxima
tion with respect to the metric of Lp. In the second part some con
verse approximation theorems are proved, in which functions of two 
variables from the space Lp are approximated by trigonometric 
polynomials.

1. INTRODUCTION

Let P « (P1 >P2 )» where 0 < p 1 < l ,  0 < p2 < 1 and by Lp «
< Lp(-S’,*;-3T, %) we denote the space of all 2 X  periodic functions f of 
two variables with respect to each variable separately, measurable in the 
square < -5r.3r;-3T,5r > , for which

//f//p - K K  ,y)i Pl dx| ? 2 dy <~> .
-X -3T

In the paper [2] it has been proved that / / fZ/p is a F-norm in the 
space Lp and <^Lp , // Z / '} is a Frechet space.

Let Tm n be a trigonometric polynomial of two variables and

m n
Tm n^x,y  ̂' 2 2  (aklcos kx cos ly + t>klsin kx cos ly * 

k-0 1-0

+ c^cos kx ain ly ♦ d^ein kx sin ly).

Let
m n

A (T„ n) - 2  2  <lak l| ♦ Ibkl| * |ekX| ♦ l«*klf >
k-0 1-0
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be a n orm of n< Consequently, for the polynomial

Tm.n{x'>> * I  a0 * 2  (akcoe kx ♦ bfcsin kx) |  cQ ♦
L k-1 J L

2  (Cjcos ly ♦ djSin ly)J , (l)
n

. ♦
1ml

we got

A(Vn>  " [|taol + 2  ( lakl + !bkl j  [||e0l + 2  ( lcll * ldil )] 
k-1 J 1-1 J

end for the polynomial

Tb (k ) - i aQ + 2  i*k cos-kx ■» sin kx) 
k-1

there will be A{TB ) - g-Ja0J ♦ 2  (|®k| + lbk| ) (sae [4] P- 28).
k-1

A set of the polynomials (1) will be called A -bounded, if there 
exists positive number A such that A (Tb , n ) 4  A < oo e

Of course, if a set of the polynomials is A -bounded, then

B8X lTm.n*x'y )i * A* (z)
- K x a
- 3r<ytfT

Let the polynomials (1) (m,n-constants) be uniformly boundeo.
Then the set of these polynomials ie A -bounded, because by [4] p. 28
we get A(Tb n) - A(To ) A(Tn )< 2A \ / zm * i  J 2n+i - B.

A set of all trigonometric polynomials of the form (1) (m.n-constants)
will be denoted by He / n

Applying the method used in the proof of Lemme 1.1 £4] p. 29, we can 
prove.

Lemma 1. If |tb n 1 is a sequence of the trigonometric polyno
mials from Hb ' uniformly bounded in < -ST.iTf-S’, 3T >, then there exist a 
subsequence |TBin ^ j. converging to certain polynomial T* t n with
respect to the metric of the space Lpj end A (T*) i  B.
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Lemma 2. If f t  Lp, then there exists non-negative number M *> M(f) 
such that for every polynomial T fe HB n with norm A(T) > M, the follo
wing inequality is satisfied /f-T/p > 2//f//p .

Proof. It is known from the first part of the proof of Lemma 1.3 [4-J
p. 30, that there exist numbers £ > 0 and £ > 0  such that, for every
T e n, the set 0T = GT X GT of the poigts (x,y)e < -3r,T; -51,2>, for

' m n
which |T(x,y)| 'i- has the Lebesgue measure greater than £ .

Hence, for every T £ H _ Z'f - J / / > /tK//a -  //%//- -Z ' a , n r r r

[ |  |T{x.y)|Pl dx]^ dy - // f//p  >

Tn a

> J  lAfTJif1 dxJPz dy - /f//p >

>(A (T)^PlPz J [ j dx]P2 dy - // f//p -

n  d

- (A (T)£)PlPzC - /f//p.P2 r

P.P, i 3/f//p 1/plp2
If (A (T) O  1 2C > 3  /f//p i.e. A (T) > ■ ■■)

2 & Cp2

- M(f), then / / f -T //p > 2 //f//p .

Let be Ero n(f)p - inf /f-TQ J p .

Tm.nt H m,n

Similarly as in theorem 1.4 [4} p.31, by lemma 1 and 2. «e obtain

Theorem 1. For every function f £ Lp and for every integers m > O, 
n > 0, there exists a trigonometric polynomial of the best approximatioi 
with respect to the metric of Lp, i.e. an element T £ n<that f-T p
“ Em,n^f V*

Property 1. If f t  Lp , then ((,(f+9 )p ̂  Eo,n(fV  * Eo,n(3V*
Proof. Let T*. t* be a trigonometric polynomials of the best appr 

simation of the functions f and g respectively. Then
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E»,n(f*S)p f/(f+9) - iT* ♦ t * V / p £  / / f- T * / / p *//9-tVp .

* Em,n^f 'p + Em,n^9V  

Let be u > 0, v > 0, k, 1 positive integers end f € Lp , then we
denote

“ k 1 ( f : u . v ) p « sup' 2  2  (jV(x+ih,y*Jrl^p
I r| < v i‘° 3-° ‘  W

- suP / a  k ¿*f(x,y) p.I hi« u n r r
I r|< v

From the above definition the property 2 proves to be true. 

Property 2. u'k^ (f*g;u.v)p < w j (f ;u.v3p ♦ u k 1(g;u.v)p.

Lemma 3. If f £ Lp and n is a polynomial such that

Em.n(f>P ihe" " k .lif-T,,„^-v)P ^ k\ , n(f)p.

Proof. ^ kil(f-Tm>n;u,v)p 

k 1
' C_1 ■¡k+l-i-j

Aiysup./ 2  2  (-l)k+1’i‘j B ( » i h . y ^ r )  -T n(x+ih,y+jr )j //p <

lr!iv“ “ ° 1*°

k 1 „ . PiP2 k 1
<  2  2 1 ) 8 ) ]  2  2 © - ^ . . „ « ) P.

i«0 j*>0 i-0 J=0

Lemma 4. If T e H , then ------- m,n m,n

\ ' J p * CPl.p2 .k.l(m|h| )1PlP2/ Tm,n/p'

Proof. By lemma 5 [i]/a £ A  * Tff,jn/ p  *

‘ | [  tK  A r T..n(x«»j|,>1 dx] P2 dY ‘



■ J D*r Tn(* )|Pl / K  T„(x>|Pl dJ P2 dV*
-I -T

,kPlPZ," M  >1P‘P2 1 *  -T -5T

■ CPl.p2 .k.l(B !hl )lPlP2/r,.«//p-
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Corollary

kp.Po ^^1^2 //
uk.l<T».n*u*v V < CPl.P2.k.l(“ W  > 1 2 ( n M )  1 2 A -#0/ p.

2. CONVERSE APPROXIMATION THEOREMS

Theorem 2. Let f e Lp(-‘jr,'3rj-T.if), and l,k be positive integers, then 

for n > 1. b > 1 u  k i(f <

* i  i  ( - o kw 1(3* n lp^ - 1 Eli3(.)P.
b 1 2n i=0 J=0

Proof. Let T be a polynomial of the best approximation then,in, n
by property 2, for any integers r^ > 0, r2 > O

“k.l^/t'nV^ *°k.l^f " T r +1 «--♦ls«*n) P *
2 1 .2 *

* tJk.l(T r +1 r ♦l:m'n)P ^  2 E r
2 1 .2 2 2 1 .2

♦ 1 r2*l ' p

* ^k,1^T r.+l r - + l n  
2 1 ,2

•'m'n̂ P* i2 )

By corollary of lamina 4
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V1 r2~1

* 2  ‘‘"'k ,1 ̂T_i+1
i-0 * . a " V . i )p+ ^  Wk-l(Ti.2^ 1' T1,23)p +

r i " 1 r2 - ł

2  2  “k.i(T
i-0 j=0 2i+l 2j+l 2i,fl.2J 2i.23+1 21 -2J P* 1 i *2 .23

* ‘‘!k,l*T r,+l r„+l * T r, r V  < 
2 ,2 2 ,2

< C^1 ' I (—4 CPl.P2 .k.l
kPlp2 lPlp2

-> &  W f)P *

V 1 kp p lp p2 
,i+l 1, 1

2  (2i + 1 i) (|) V i (f)p
i-0 *  *

r2_1 kP;lP2 lp,p,aK2
* 2  £ >  ¿) E (f)p

3-0

V 1 ' V 1 kplP2 . , , lplp2
2  2  C2i+1ł> <2j+ 1 k > V 2J(f)p +
i-0 j-0 * •

r +1 . kplp2 r_+l , lpip2 |
♦ <2 1 l> <2 2 b  E r, r < f>P? *

2 »2 J
(3)

2
Since for any p 2kP<r+1) E ^ ( f )p <  C > I 8kp-1Es ^(f )p.

2‘ 1 ' ^ *' r-1s«2r +1

then from the above and (3)
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c(2) /I'* ,r!-‘

a 1 ii i=0 J-0
U)

r,-l r rp-l r
Let us choose r1# r2 so that 2 * <  o <  2 2 < n <  2 .

By (2) and (4) (¿k f 5i.i)p <

C m np..p9 .k,l kp p -1 lp p -1
<  ~kp~p2 i'p'7~ 2  2  (**> 1 2  u d  1 2  ^ . 3( n p.

a 1 *n 1-0 j-0

Similarly as In paper [3] p. 100, we can prove the following 

Corollary. If f e Lp, and for s o d s  oc > 0, p > 0

Em n(f)p < K(— L- ■ + — — i). then for 
m 'n P (m+1 )® (n-H)J5

1. kPlp2 < of. l p 1 pz <f> ukrl(f i S ' t ) p “ 0 (£kPlP2 + iiPlP2 )(

2. kp1P2 >oC. 1PiP2> ? “ k . l ^ ’^'i'V “ 0

3. kpjPg “ (£. 1P1P2 ‘•’k.l^'^'^P “ 0 |lnó| )+)P'J(l* !ln<D),
Xp p

4. kpjPg > &. J-PjPg K P Lĵ  ^if *£,^)p - o (£* ♦ i 1 z ).

5. kpjP2 - of. lpjP2 >^ «It.itfłi^Jp ■ 0 llnij) * $ ? ) •

and so on.
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ODWROTNE TWIERDZENIA APROKSYMACYJNE W PRZESTRZENIACH L p ( - X , V ; - f t T ) ,

GDZIE P = (p1,p2 ) I O < p 1 < 1. 0 < p2 ^ 1

S t r e s z c z e n i e
w pierwszej części pracy dowodzi się, że dla każdej funkcji f t Lp 

i dla dowolnych całkowitych m > O, n > O istnieje wielomian trygonome
tryczny najlepszego przybliżenia w sensie metryki przestrzeni Lp.
W części drugiej dowodzi się pewnych odwrotnych twierdzeń aproksymacyj
nych, w których funkcje dwóch zmiennych, należęce do przestrzeni Lp, 
aproksymowane sę wielomianami trygonometrycznymi.

OEPATHłiE A i m P O K C i m i ą O H H H E  l E O P S I H  3 IIPOCIPAHCTBAi L p ( - 7 , ' r ; - T , 7  ) ,

rjte p - (p1(p2 ) h o < Pj < i. o < p2 < i

P  e 3 k> m e

3 nepBOź -qacTH poÓoTu ^OKa3aHO, kto a j m  jnofiofi t y s K u n n f Ł Lp h £Jik 
Bcex nezKX Kacez m > O, n > O cymeciByeT iperoHOMeTpHKeoKHg noim nou nafi- 
Jiyamero npHSżBseHH« b CMHCJie MeipHKH npocTpaHCTBa Lp.

3o BTopoił KaoTK flOKa3U B aeTca HeKoiopue oOpatHHe a n n p o K C H M a n a  o n m e  teo- 
peMŁJ B KOT OpHX $yHKIJHH C B p O C T p a B C T B a  L p anBpOKOHMSipOBaHH Tpar OHOMeTpH- 
KeCKHMH nOZHHOMaMH,


