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A NON-MEASURABLE FUNCTION OF TWO VARIABLES *
WITH MEASURABLE SECTIONS

Summary. This paper contains a proof of the following theorem
There exists a nonmaasurable (in the sense of Lebesgue) function f
defined on i0,1] x i9»1] such that every section ¥ (y)«f(x0,y)

and fv°e(x) = Ff(x,yo), *0.y0« LO*]]

1) belongs to Baire* class |1,
2) has the Oarboux property,
3) is approximately non-continous in at most one point.

Let f be a real function on I < Ix |l where I =< 0.1> . Some au-
thors considered the measurability of f under assumption that all the
horisontal sections fA(x) = f(x,y) and all the vertical sections fx(y) “
a f(x,y) belong to the first class of Baire or to some subclasses of the
class. The review of those results can be found in the expository part of
the paper [5] by M. Laezkovich and Gy. Petruska. They point out that tho
measurability of f very deliCBty depends on the measurability of the
sections. There exist non-measurable function such that all sections are
the Oarboux functions of the first clsss, approximately continuous with
at most one exceptional point for each section [6] . On the other hand
each function sectionwise approximately continuous is in the second Baire
class [3] = Another example of non-measurable function with the sections
in the first class was given by Z. Grande ft]. All sections of his fun-
ction are Qarboux and belong to Baire* 1 class which is a proper subclass
of the first class. From thisppoint of view hisfunction isbetter than
of the paper 6] . From another side the sets ofapproximatelydisconti-
nuity points of some sections of Grande"s function cay have the power of
continuum.

The aim of this paper is to prove the existance of a non-measurable
function which joins the adventages of both the above-mentioned functions.
Let us recall the definition of Baire* class 1. A function g si "I

belongs to this class if for any perfect set PC | and any open sat U
containina points of P, there exists an open set U C U, such that

pn U*~ P and the restriction of g to Pn U* is continuous, we shall use the
following Csaszar theorem. A function g : I —»1 has the Oarboux property
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if and only if each point of 1 is a Oarboux point of g [2]. The defini-
tion of Oarboux point can be found in QI .

Theorem. There exists a function f defined on I , non-measurable in
the sens of Lebesgue, such that every section f and f* belongs to
Baire class 1, has the Oarboux property and is approximately non-conti-
nuous in at most one point.

Proof. In his paper [8] W. Sierpinski has shown the existence of a
flat and non-measurable set (in the sens of Lebesgue) of interior measure
zero, possessing at most two common points with each streight line. A set
like this can be easily presented as a sum of four disjoint sets each of
which has at most One common point with every straight line parallel to
one of the axes of the coordinate system. At least one of these four sets
must be nonmeasurable. Hence there exists in the X0Y -plane a non-measura-
ble set A such that on each straight line xQ = x and y0 = y there exists
at most one point belonging to this set. With no loss of generality we
can assume A C |

Let £ be a positive number such that £ < meA where me denotes the
exterior measure. Let P be a perfect and nowhsre-dense subsat of the open
interval (0,2) such that |(Q@)\P| < £. Then (0,2)\P = Gﬁp{&)
where the components of the union are pairwise disjoint. Deggie b; ag, bn

and Ch the solutions of the equations o, + ?n « ag + bﬁ = 2c, and
Pn ~~n “ 2"(bn * anJ* Odiously < an < cn < bn«< and c¢n is the
joint center of the intervals and <en,bn> . Let us define the

function g on < 0,2> in the following way: g(x) m 0 for xe PU {0} U
u < on*an>U U . bn"jsn> - 9(cn5 “ 1 and take 9 @S linear on each
inte?val < an>cn>n adn <cn.bn>. The function g has the Darboux property
and is approximately continuous at each point. The restrictions of g to P

and to (0,2)\P are continuous. Thus g belongs to Baire* class 1.

Let us consider the function h defined on 12 by h(x,y) = g(x+y). The
sections of h belong to Baire class 1, have the Darboux property and are
approximately continuous. h(x,y) = 0 for x+y e P. Define the function f
in the following way: f(x,y) = 1 for (x,y) e A 0 -£(x,y) : x+ty £ p} =D,
and f(x.y) - h(x,y) for (x,y) t I2\O0.

The set D 1is non-measurable. Indeed. Let wus denote F =
{(x,y)e 12 : x,y " . We have |F] <£ and m*A - If!> mgA - £ > 0.
Obvleusly the interior measure of D is equal to zero. So the set
[(x,y) = f(x,y) = 1 = Du](x,y)el2 : x+y = cnj and the function f ere
non-measurable.

Let us now consider the section T for a fixed x . If there is no
X0
point belonging to D on the straight line x0 « x then fx = h» and has
¢} o
all properties mentioned in the theorem. If there is a point belonging

to D on the straight line x0 *= x, then it can be only one.Let (x0,]) be
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the point of D. Then f (y) - h () fory fX and f (O » 1 fh (@) =
o o f 0- . X0
m D. The section belongs hence ot Baireclass 1. Thepoint ~ is theonly

point of approximate discontinuity of the section. By the Csaszar theorec

every point of is a Darboox point of fx . we have fx K|-h.])) »
- hx0(<*"h"p) “ 1 and fx >) ” hx U".~+h>) =m | for each
positive numberh. Thus t isa Dorboux point of f All points of the

X0
domain of fX(Q are Oarboux points of the section. It follows from the
Csaszar theorem that the section has the Oarboux property.
The proof of properties of f* can be carried out analogously.

REFERENCES

Il Bruckner A.M. and Ceder 3.C. : Oarboux Continuity, 3br. Deutech. Math.
Verein., 67 (1965), 93-117.

[Z1 Csaszar A. s Sur la propriété de Oarboux, C.R. Premier Congres des
Mathematicians Hongrois, Budapest, (1952), 551-160.

[3] Davies R.O.s Separate approximate continuity implies measurability.
Proc. Camb. Phil. Soc.. 73 (1973), 461-465.

] Grande 2. : Semiéquicontinuité approximative at oesurabilité. Coll.
Math.. 45 (1981), 133-135.

[5] Laczkovich M. and Petruska Gy.: Sectionwise properties and measura-
bility of functions of two variables, Acta Math. Acad. Sci. Hungar.
40 (1982), 169-178.

[6] Lipinski 0.S.: On measurability of funtions of two variables. Bull.
Acad. Polon. Sci. Math. Astr. Pbys., 20, (1972), 131-135.

[71 O0"Malley R. : Oarboux*, Oarboux functions. Proc. Amer. Math. Soc.
60 (1976), 187-192.

[8] Sierpinski W. : Sur un probléme concernant las ensembles mesurables
superficiellement. Fund. Math., 1 (1920), 112-115.

Recenzent: Prof. zw. dr hab. Zygmunt Zahorski

Wptyneto do redakcji: 21.1.1984 r.



114 San S. Lipinski
NIEMIERZALNA FUNKC3A DWOCH ZMIENNYCH jMIERZALNA PO KA2DE3 ZMIENNEJ

Streszczeni*

Praca zawiera dowéd nastepuldecego twierdzenia: Istnieje funkcje nie-
mierzalna f (w sensie Lebesque®a) w kwadracie [o,I] x [o,I] taka, ze
wszystkie funkcje 1 zmiennej postaci f (y) * f(x0*V) oraz f*°(x) »

o

« F(z.y™). xQ,y0i [o.1]
1) naleze do | klasy Baire®a*.

2) maje whasnos¢ Darboux,
3) se aproksymatywnie ciegle, z wyjetkieo co najwyzej jednego punktu.

HEH351EPHMA3 fiyBKIMa £Byz HEPEMEHHbUL, H3MEFHMAH HO KAKJK30 UEPESIEHHCFi

Pe3bme

B pa6oTe zOKa3HBaeTCH cynecTBOBanae Eezauepmtofi no Jledery t$yHxnnH f
na [0,1] x [0,1] , raKoft, hto Bce jJyHKnHH sana fx (Y) * f (x0,y)
fvw(x) - f(x,y0). xo,yot [O.l]

ilpHBaujiesaT ;k | Kliaccy Espa*,

06zanaJoT cboSctbom HapSy,

Hbjthbtch annpoKCHuaiHBHO BenpepNBHHMB 3a HéiunoHeHHeM, uoset 6ht#,
0ABOFi tOHKH.



