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ANOTHER FORMULATION OF HANNA NEUMANN'S 5*th PROBLEM

Summary. In the paper an equivalence of the fifth problem of H. 
Neumann and a problem of an existance of a nonabelian variety with 
every abelian subgroup in the centre of its normalizer has been 
proved. Moreover a condition for positive solution of the problem 
has been found which aaye that it is sufficient to find a nonabelian 
variety with a transitive relation of normality.

The problem in the title is: "Does there exist a non-abelian variety 
without a non-abalian metabelian subvariety?“. The article shows that an 
example of a non-abelian variety of t-groups (with the transitivity of 
the relation of normality) would give a positive solution of the problea. 
It is shown also that the problem is equivalent to: “Ooes there exist a 
non-abelian variety where every abelian subgroup belongs to the centre of 
its normalizer?".

A  group G is called a t-group if for any given subgroups A, B, C of G, 
the relation A  <  B < ’C implies A <  C. Obviously all subgroups and 
homomorphic images of a t-group are t-grcupa.

THEOREM 1. If a variety Vt consists of t-groups then all finite groups 
and all soluble groups in Wt are abelian.

Proof. According to ([4]. Theorem 3.3.1) a finitely generated soluble 
t-group is finite or abelian. Thus we need to consider only the case of a 
finite group G in Tit. Let ¡G| = p8 n. (p.n) « 1, with p prime. We shall 
denote by P a Sylow p-subgroup in G and by N its normalizer. Since P is a 
nilpotent t-group. it is abelian ([4], Corollary to Theorem 6.1.1). We 
take a direct product N * N  of two copies of N and denote by ü the 
diagonal subgroup in P x p. Then, since N^Nt'TfC, O <  (p< P) <  (N ^n ) 
implies D <3 (N x N), which is possible if and only if elements of P and N 
commute. Thus P belongs to the centra of its normalieer and by ( [2] . 
Theorem 14.3.1) there exists a normal subgroup H in G, such that ! h| » n. 
G/H S’ P. Since P is aballan G'sJ H, and (iG'I.p) » 1 for every price diviser 
of Ifil which gives Ig'I ■= i end G is abelian. Theorem is proved.

From the proof of the Theorem we can see that if a variety consists of 
t-groups, then avary abelian subgroup is in the centre of its normalizar. 
The autor does not know if a class of groups with this property which is 
closed with respect to taking subgroups and homomorphic images is a w  lety.
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THEOREM 2 . The variety TO consists of t-groups if and only if it 
satisfies the law:

[x,y] « u(x,y), where u(x.y)e [[<x>, <y>] , <x>J . (l)

Proof. we show first that G is a t-group if and only if for every two
subgroups A , B of G

AB - A*3 . (2)

where A8 is a subgroup generated by all the conjugates b_1ab, a t A,
B B

b c 6. Let G be a t-group, then aA <  A8 <  <(a,b)> implies AA <  <^A,b)>.

Since A8 is the smallest normal subgroup of <A, b)> containing A, we get
B AB

a  £ A and hence (2) holds. Conversely, suppose A <  C <  B in G. Then
B B A8A <  C and A <  A <  C. This implies A » A  which together with (2)

gives A B and hence, G is a t-group.

Since the commutator subgroup [a ,b] is normal in <^A,b X  we can gat
Q

with the use of commutator calculus A8 » a[a,Ei] and AA  *  a[aB ,a] »

» A [LA.Bj ,Aj . Thus G is a t-group if and only if for every two subgroups
A, B of G the relation

[a .b] c  a  [[a ,b] ,a] (3)

holds. If now G is a relatively free t-group then it follows from (3)

that G satisfies the law (l). Conversely, if G satisfies the law (l) then, 
for every two subgroups in G, the relation (3) holds, and G is a t-group 
which finishes the proof.

The simplest example of the law of the typ6 (l) [x,y] » [x,y ,y..... y]
is considered in [l] . It is shown that for y repeated n times for n =

= 2 or 3 the correspondent variety is abelian. For n 4 the problem is
open.

Now by F we shall denote a free group of rank two with generators x, y. 
By V we denote a verbal subgroup of a variety TO under consideration.

By A and N(a ) we denote an abelian subgroup of a group G in ®  end its 
normalizar in G respectively.

THEOREM 3 . A variety TO does not contain a non-abelian metabelian sub- 
variety if and only if every abelian subgroup of any group in TO belongs 
to the centre of its normalizer.

Proof. If TO does not contain a non-abelian metabelian subvariety then

i>>J , [\x>,<y^
is a law in Tit. If now A £  G t TO, then for a € A, n e N(A), [a, n] t |[A,n] ,
F' < F"V and hence [x,y] ■= u(x,y), where u(x,y)£ [jX x>. <y>J_. [<x>,<y^ 
is a law in Tit,
¡A .N ]] g  [a . a] 1.
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Conversely, let in a variety Til every abelian subgroup belong to the 
centre of its normalizar. We take than 6 « FA  c . Since the ioaae
F K . * FJ v

x in G is an abelian normal subgroup, we get [x.y] € [xr , xFJ V «

« [< x>[<x>,<y >] , <x>[<x>,<y>jj V = [< x>,<y >,<x>) F' V. This means that m e  
law (l) holds in every metabelian subgroup in Ttí and hence, by Theorem 2 
the subvariety of metabelian subgroups in W f  consists of t-groups, and by 
Theorem 1 it is abelian, which finishes the proof.
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INNE SFORMUŁOWANIE 5-TEGG PROBLEMU HANNY NEUMANN

S t r e s z c z e n i e

Wykazano, że pięty problem H. Neumann jest równoważny problemowi ist

nienia nieabelowej rozmaitości, gdzie kaZda podgrupa abelowa iazy w cen

trum swego normalizatora. Pokazano również, że dla pozytywnego rozwiąza

nia problemu, wystarczy znaleźć nieabelowę rozmaitość z tranzytywnościę 

pojęcia dzielnika normalnego.

SPyrAH $0PKA 5 - r o a  rrPOEJIEMH XAHHH HEÍÍMAEE 

P e 3 E K e

HoKa3aHó, <110 n z z a a  npoCjievta laaH K  HeCMaaa pasH o czzsH a  so n p o c y  c c y z e c r -  
BOBaHHH s e a d e j ie s o r o  n H o ro o 6 p a3 H a , n e  K axzaz  a O ez e aa  n o z rp y n n a  z e s z r  s z e a -  
ip e  C B oero a o p M a Jia sa to p a . IIoKa3aH0 T asó te , b to  ju ts  n o zcsK T ezB ac ro  p ezea ita  
npofizeMu AOcraTOHHO h b Jîth  HeaSezeBO uaorooO pazsae c TpaH3HTaBH00TbE n o a a tM  
HopMajiŁBoro zezKTeJia.


