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QUASI-UNIFORM CONVERGENCE ON DENSE SETS

Summary. In this paper quasi-uniform sequences of real - valued
functions on topological space X are considered. Sufficient con-
ditions are formulated under which the quasi-uniform convergence on
a dense subset of X implies the quasi-uniform convergence on Xx.

If is well known that if a sequence of functions fn> real-valued and
continuous on some topological epace X, is uniformly convergent on a
dense subset of X then it is uniformly convergent on whole space X (to a
continuous function f). In the above assertion one cannot replace the
uniformity of convergence by the quasi-uniformity [I] .

Let, for example, | f2n] be tho sequence of cotinuous on <0,1> func-
tions with limlt-function equal to O in irational and to ”~ in ratio-
nal x of the form ~ (with minimal integer positve ). Put yet fjn+I1~*
»0 for x 6 <0,1> and n » 0,1,2,... . The sequence |fn] 18 then quasi-
uniformly convergent on the set of irrational to zero (for every irratio-
nal x, converges to zero and subsequence \f2n+l} e as a constant,
converges uniformly). On the other hand jfnj} does not converge quasi-
unlformly on <0,1> because for rational numbers does not
converge.

In the present example essential role played the fact that "as
not convergent and (what is not so easy to seen) that the subsequencce
jf2nj. was not quasi-uniformly convergent on the set of irraional num-
bers. The aim of this paper is to prove that these two condition (con-
vergence of {”~n}” ant* Quaal”uniforcl convergence of its suDssquences ).
which are not fulfill by the sequence in above example, are sufficient
for the quasi-uniformity of convergence of a sequence, which converges
quasi-uniformly on some dense set.

All functions in this paper will be real-vaued on topological space X.

Theorem 1. Let f be continuous on the topological space X, for n »
m1,2,3,... and let |fn(x)J converge to f(x) for all x tX. Let moreover
Jjf ~ converge quasi—-uniformly on some dense subset Z of X.

Then ~n} 18 Qua8i~un™orm”Y convergent on X (fn(x)-*f(x) on X
and
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Proof. Let £m 5~ >0 and ne N be arbitrary. There exists a number

p such that

AV IWe - s <7

xe 2 1< j
Put
Aj “{xezZ: Mn*IJx) " f(xA *?} Ffor 3 “ *+*2..... -
Let now xQt x. Since fn(x0) f(x0) there exists no (we may asuae

n0 > ") *ucP that for m > nD is B (x0) - f(x,,)|<” < Because of quasi-
uniformity of convergence of jfl on 2 there exists a number q such
*

that
xe Z 14 ;iiq 0 ’
Put now
Bi “ {xCZs HMno+i(x) ” f<X)l <r1}y  for 1m 1.2....,q.
i
It follows from density of 2 - M n B. that x,, belongs to or
IYi i-i 3 1 0

s an accumulation point of one (or more) of sets A" fi BA. Choose the

i
j, i for which xQe fl BA. It follows from continuity of fn+j and

that there exists a ;neighbourhood U of )E) such that
Ifno+i (x> " fno+i (xo)I<™and tFn+j~x~" fn+J xoM <rl forxe u-
Let now XX en AU FfO . Thus

frdoo>fsot <Ifidbo- UM i) " ) *

* fnO+i(xo>! *

+ Ifno+i(xo}— f(xo>I< 51 ¢
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we have proved that for every *o e x there exists a number 3-1....,p
such that Ifn+J(*0) - f(xo)I<E£ . Then finaly

AA VA VW -
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what means that the sequence |fn] is quaei-uniformly convergent on x.
Definition [3] . The sequence |fnl of functions is said to be strong
quasi-uniformly convergent to f on A iff every its subsequence if 1
converges quasi-uniformly tof (we well then write frl S-a f)

Theorem 2. Let f and f~ (n« 1,2,...) be continuous on X and let
{*rt} converge strong quasi-unformly to f on soma dense set ZC x.
Then £f]j} 1is stron9 quasi-uniformly convergent on X.

Proof. According to the theorem 1 it suffice to prove that |fn(X)]|
converges to f(x) on X. Let then xQt X. We will prove that every
subsequence |fn (xQ)] of the sequence |*n(x0)] posses a subsequence

converging to f(x0), from what will be follow that |fn(x0o)J converges

to f(xQ). Let jfn | Dbearbitrary subsequence of and Put 9™ *fn *

The sequence g4, , as a subsequence of |fnJ also convergesstrong quaei-

uniformly to f onZ. Thus for every m t N there exists p such that
xez £p )o

Put

a* - {x czs Ig~rCx) - fFM| < 1}.

For density of Z, xQ 1isanaccumulation pointof the _union ofsets

P _
M A'? m Z or belongs to Z. Then x belongs to the closure S of one
3«1

of thlS sets, say B m A“ . Because of continuity of g, and f there
Jm
exists a neighbourhood U of xQ such that
[f(x)- f(x )I< i and jg xX)-g x )< | for x " U
a 0

Let U H B* Then

+ 19D+< Uj.) - fiXj)! & IfiXj) - f(x0)] < |.
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k« have obtain a aaquanca of integer positive nuobara auch that
end (*q) *ix0)* Lot ncm {kl} denote arbitrary

Incraaalng subsequence of m*3m ¢ Than the sequence |g® jla aieul-

tanously a aubaaquance of each |gikj - |f,,\ an,T Jj* Thu8 "8 hav*
prove that for every aubaaquance jfn (*0)j of the aequence

there exiata a aubaaquance Jfn (x0)I converging to f(x0). This fi-
nishes the proof. kl

Theorae 3. Lot functions fn be continuous on Xand let con-
verge strong quaei-unlformly on some danse subset Zof X to a fun-
ction fjZ-*R.

Then |fn] is (strong) qussl-uniformly convergent on X to a function
F . obviously continuous, which restriction to Z la identical with f.

Proof, first we will show that for every x0 andincreasing sequen-
ce /nk| of indices the sequence |fR (*0)| posses a convergent subsequence.

Put for simplicity of denotations gk » fa . The sequence |gk| converges

quasl-unlfornly on Z, thee there exists a number such that
/\ VoIsji*) - FOOF <
Xtz 14 J<pj 2
Put
A* * jxtZ» [fF) - fO)| < - J for Jwm 1, _._pl.
for xo belongs to closure X of dense set Z m jiJ there exists
t {I,,...P1j ouch that xe belongs to the closure of A*

Put now A* m Aj and kj m Jj.

Let us assume that we hove define sets A A g 2Z ... D A and numbers
k1,...,kl1 such that xQ belongs to closure of A”, AAC Z and
/\ 1% () - fX)| < for J - 1..... 1.

For quasi-uniformity of convergence of |9kj on Al1C 2 there exists a
number such that

A \% 43 (x) - FFCOl < -jij.
« ‘mAj UJCP]
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Put
¢+1 -{* £ Ax: 19ki+j(x) - fX)| < for j
and let A, , denote such one of A*+1, say , that x belongs to
wt+l 3 e _1*1 0

its closure. Put yet k™1 » kN + JN+1»

In this way have defined, by induction process, two sequences:
a) the sequence of sets AN such thatZ 2 a~2 Aj D... and xQ be-
longs to the closure of A~ for every 1, b) theincreasing sequence of
indices jkjJ such that for every 1

ik (*) - fFOOI < iy for  x c A~

Thus for 1 =1,2,... we have inequality
19k (x)-g. Ol < lo- ) - FOOI+ [F(X)- g (XN ™ -r*r- for xtA,.
*1+1 *1 *1+1 *1 2 1

Since functions gk are continuous on X and xQ belongs to the clo-
sure of A~ we obtain the inequalities

LOkI+1(Xo) ™ 9kl (Xo)] < iF1 for 17 1,2°

from which follows convergence of |gk (X0)) to some finite linit a.

We have proved that every subsequence of |fn(x0)] posses a convergent
subsequence. It remains to prove that limits of such convergent sub-
sequences are equal.

Let then 8 » lim 9o(xn), where x ¢ X and Ig.1 is a subsequence
k->=0 * ° i >
of {~n}" Let furthermore £>0 be arbitrary. There exists a nunber ¢

19k(x0) - a] < £ for k « m.m+l
Since Ns quasi-uniforraly convergent on Z there exists a nusbar q
that Z » E , where
J-1 3

E3 " (X CZ*> W x) " F(X)*< £j =
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Functions [ I are continuous,hencs there exists e

neighborhood U of xe such that
|g0+3(x) - g~iX0oTK £ for x €0 3*1,2....,0,

Let now x e Z n u and let jX be such number that x £ ELJ.
Then y
[FOO)-al<if(x) - 9B+Ix (X)) I*191D+x(X) - SB+3x(x0)t*|gll+jx(x0)-a|<3£.

what means that there exists lim f(x) *» a, when X is an accumulation
X-»X0

point of Z or a = f(x0) when xfte Z. In both cases we obtain equality
of limits of convergent sequences |fn (*0)], "We have then proved

simultanously the convergence of sequences jfn(x)l for allx e X, and
existence of continuous extension F of function f from Z to wholeX
in this way that the extended function F fultills the following condi-

tion

lim fn(*) = F(X) for X t X,
n-»i=c
Using now or theorem 1 (f,(x) converges for every x e X) or theorem 2
(for continuity of function F) we obtain quasi-uniformity of convergence
of jfnj to F, Since this is true also for every subsequence of |f~ .
thus jfj converges strong qussi-uniformly.

Remark. Theorem 2 is simultanously a corollary from theorem 3 end, on
the other hand, a lemma for its. By some modifications of the proof of
theorem 3 it was possible to omit the theorem 2. We did not that for the
following cause.

One can, without essential exchanges in the proofs, obtain for nets of
functions [2] , [3] results similar as presented in theorem 1 and 2 for
usualy sequences, but it is not so easy in the case of theorem 3 (the
proof of convergence of /g~(ad are typical for usualy sequences - by
.using criterion of summabxlity of series). In connection with this is the
following question:

Problem. Does theorem 3 remain valid by replacing in it the usualy

sequences by nets?
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QUASIT-0EDNOSTA3NA ZBIEZNOSC NA GESTYCH ZBIORACH

Wyniki pracy zebrane sa w ponizszych twierdzeniach:

Twierdzenie 1. Niech ciag funkcji ciagtych na X bedzie Zbiez-
ny na X do funkcji ciaggtej f. Oezeli lponadto {fjest zbiezny quaei-
jedno8tajnie na pewnym zbiorze gestym Zc x, to |fnj jest zbiezny
quasi-jednostajnie na X.

Twierdzenie 3. Niech funkcje |fnj beda ciagte na X. Oezell ciag jfnj
jest silnie quasi-jednostajnie zbiezny (tzn. quasi-jednostajnie zbiezny
jest kazdy jego podciag) na gestym zbiorze ZC X. to jest on silnie
quasi-jednostajnie zbiezny na X (do funkcji bedacej ciggtym rozszerzeniem
na X funkcji granicznej dis zbioru 7).

Problem. Czy twierdzenie 3 jest prawdziwe dla ciagéw uogdélnionych
(Moorea-Smltha)?

KBASH-PAHHQMEPHAH OXOUHMOCTb HA IUICTHI-il JfHCSCECTBAX

Pes»ue

B padoie paocMaTpHBaBica KBasHpaBHOMepno cxoA-annecs noczeAOBaTezbaocTB
HenpepaBHHX (JiyHKipiii f jx—=-R, r*e X - tonojiorHaecKoe npocxpaHciBO. JLajcrca
AOCiaxotiHbie ycliOBHfl Toro, qTO H3 KBa3HpaBHOuepHoa cxoahmoctk aa moihok
BOAVHOIceciBe cze”yei KBa3HpaBHOMepHaa cxozkmoctb aa scen npocipaHCTBe X.



