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A .A . TAJIAJHH

OB AimPOKCHUAUKOHHHX CBOiíCTBAX CHCTEM, 3AMKHyXUX 
B CJIABOM CLWCJIŁ B METPKKAX C [o , l ]  H LPj [o , l J

n o c B a n a e ic a  70-aeTZB 3 .  3axopcxoro

P e 3 K )u e .  C z c T e u a  / f n l n - l  $ y H x iu i8  H3 n p o c r p a H C T B a  X  B a s u B a e T c a  3 a -  
M K H y r o l- b o aa fiO M  C M U cire  b  X ,  e c j i a  a h a  h k>6o í  f c  X  i b  jn )6 o r o  (  > 0  
c y n e o i B y e i  $ yH K iLn a . H3 A H B e iłH o f i o 6 o j io h k h  J f n j  T a u ta a ,  h t o

y  (|x  : f ( x )  » f ( x ) } ) >  1 - £ .

B paOote paccwaTpaBaeioa X » c [o , l }  h X «= Lp; [o ,¿ ,  p > 1 . ,JoKa3H-
Ba e ic a , hto ysajiemie H3 aaMKnyioft b cjiafíoM CMuojie cucieim  jdo6 oB ko-  
HeiHoił a laxze HeicoTopHx SecKOHeiHux noacaoieM, He Hapymaei hx cbo2 -  
CTBa aaiíKHyTOCTH.

B pa6o ie  [ l ]  (fia. laucxe [2] h (3]) (Shjio yciaHOBJieHO, hto ecxa OHCieida
3auccHyia b npocxpaaCTBe S hohth Be3Ae KoneHHHX Ha [p ,¿ ]  v.3ue~

pKMUx $yHXUzB c MeTpaKoS cxoshmocth no Mepe, to r e a  ae cboBctbom ofizasaxT
h Bce ee noACHOTeus Basa / f (x N-jno6oe HaiypajibHoe hhcjio, a Taxxei  n j  n*N
HexoTopue noACHCTeira J f n (x ) l  , He co^epacauae 6ecK0HenHoe hhcjio $ y m w itt  H3 

{ f n (x )} *
B H aeT O H ijeS  p a 6 o ie  nofloCHHe Bo n p o cH  pacCM aTpHBaxiTCH a z x  c a c ie M ,  o6Jias.aio- 

HHX HeKOTOpHMH OOJiaCJieHHŁIMH CBoBCTBaM H 3aMKHyTOCTH B M eTpKKaX ' [ p , l j  H

*-P [0 , l ]  .

O npeaeaeH He. CacTeMa | f n̂  , f fí e c [ o , l ]  onpeAeneHHboc Ha [ o , l ]  íyH K a aa  
Ha3bIBaeTCH 3aM KHyioa B c t o , l ]  B CJiafiOM CMHCJie (cOOTBeTCTBeKHO 3aMXHyTOS 
b L p  [o fl] , f„ e L p b cxaSoM CMUCJie) , ec jia  aha  juo6oa iio h th  Be3Ae KOHeHHoS 
Ha [o ,2 H3uepHMO0 (JiyBKUHH f ( x )  y. ahsl juo6oro £ > 0 cyueciByeT $yax i;aa

< f (x )  H 3  3aM KHyT0B B  M e ip H K e  C [ o , i ]  aHHeflHOft o 6 0 JI0HH.il CHOTeMK { f r/ X ' } n « l  

(H3 3anKHyio8 b MeipHKe Lp [o ,í]  JiKHeBHoB o6ojiohkh CHOienH 1 ‘
la x a s ., hto

j i  | x :  f ( x )  « " f í x ) }  > 1 -£  ( l )

B H a c T o a n e a  p a 6 o ie  y cT a H O B jie B t ! n e x o T o p u e  annpOKCHMailHOHHŁie c s o S c T B a  

CBCTeM [ f n ^x |  • 3aM KHJ'THX B C Jia 60U CMUCJie B ueTpH KaX  c [ ü , l ]  H L P [ c , J  
(cm. TeopeM H 1 ,  2 H 3 } ,  H3 KO TO pKX, B HaCTHOCTH, B H T e K a e T , HTO y^ a JieH H e  H3 
3THX C H creM  jiio6hx KOHeHHbix, a  T ax x e  HeKOTopwx OecKoHeHHha; noACHCTeM He H a-  

pym aex  hx  C B o B o T B a  3aMKHyT0CTH b c j ia ó o u  CMHCJie b x e ip H K a x  c [ p , ¿  k  L P t o » i I  ♦
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Aza sToro npnxoahtch paccuaipaBaib oäho F-npocTpaHCTBo, onpeAejiseMoe c no- 
MOBBB CHCieMH -|fn( x ) j .  IlyCTb j f n <X>j 3aMKHyTa B cxaöou CMUCJie B MeTpaxe 
c lo ,i} a 0 -saMXHyraa JiBiiefiHaa oSoaoHKa siofi CHCTeua b MeTpaxe C (o , l |  . 
nyCTB f (x)  HOHTH Be3Ae KOHeUHM Ha [o ,l] H3MepHMaH 0yHKHHH H M(f)-MHO- 
xeeiBO HHoeji a ,  0 < œ < 1 , Aak KascAoro b3 kotophx cyneoiByei fyyiiKnas.

•f (x ) t  0 , yAOBAeTBopssonafl ycAOBaau

i|fC x )| < a , y £x; (x) « f (x ^ >  1 - B  (2 )

ilOAOXHM

I »*
I f lg

1 eesH m( f ) nycło
(3 )

in f  n eoAH M(f) He qycTo 
m e  M ( f  )

.H eneo  B H A e ib ,  h t o  x H H e f iH o e  n p o c ip a H C T B o  S c  B a e A e H H o S  u e ip H ic o f i  || .|| *s 
H B A J ie T c a  no jiH H M  F - n p o c ip a H O T B O M . IIp H B e A e M  A o K a s a ie A B C T B o  n o A H O iu  3 io r o  

n p o c ip a B C T B a ,  D y c i b  u n < x )  e S .  n »  1 h  II U n - u J  * — » 0  n p a  n . a  — * * »  .  B h -  

6 ep eM  n o A n o o A e A O B a ie A B H O C T B  H a T y p a Jib H H X  'n a c e a  J n ^  ,  l a x y » ,  h t o  

Hun- u J |*  2“ k , n.m > n k< k > 1 . B n a c iH O C T H ,  || Unk+1 -  unkHs ^  2~  • '
k >  1 h  n o s T O M y  H3 o n p e A e jie H H H  || .  ||*  ( c m .  (2 ) h  (3 )) c j i e A y e i ,  h t o  n o caeA O -  

BaTe JIbHOCTb K k (x)}  CXOAHTCH. HOHTH B C B A y  H a  L o.ü  K H eK O T O p O Ä  0yHKHHH 
U (x ) «■ S . H 3  o n p e A e x e H n a  H o p M B  | | . | | *  B b iT e x a e i  Taicsce c y n je c T B O B a H n e  $ yBK H H ä  

V k ( x )  C  0  H M HOJCeCTB E fc C  [ o . l ]  ( E k > > l - 2 _ k  TâKHX, HTO

maxi •?. ( x  )| <- 2- k I V k (x )  ■ U (x )  - U ( x ) .  x ç Ek . k > 1 
k nk+l k

06o3HaHHB

F c> “  P l E k '  ^ i ^  “ 2 v k ( x ) * i ^ ' ?
k« V> k-\?

MM BHÄHM, HTO HOCAeAOBaTeAbHOCTb ( X )} i  = ̂  CXOÄHTCÄ paBHOMepHO Ha [0,l]
K HexoTopofi 0yHKUHH ¥ ( x ) e 0  , m ax|¥(x)| < a lax  xax

f t (x) « U (x) -  ju (x) ,  x c F j ,  i > ^i+1 n
HMeeM

V ( x )  « U(x ) -  U_(x),  x c F - ,

HpHHeM 3to 03HanaeT, hto HUn^-ullg < 2~^+* H TOTAa npz
n > n ^ HMeeM ||un- u | | |  < z">?+2. IIojiHOTa npocipaHCTBa S c HopMofi | | . | | s  so- 
Ka3ana.



OC agnpOKCBMagHOHHHX CBO&CTBaX. . 175

PacoMOTpmt lenepB uaoxecTBO S c o 6h h h o 8 HOpuoB c x o a h m o c t h  no uepe 

1
)\

flxTT
dx (4 )

S c b o ,  h t o  T o xA ecT BeH H o e  o io Ö p ax e H H e  E ( f )  ■ f  n p o c rp a a c T B a  S c H opuoä 

||.||g  H a  t o  x e  caM oe XHHeftHoe n p o cT p a a c T B O  c  HopMoä l|.||s  s e n p e p u B B O , h no- 
H Toxy n o  TeopeM e B a s a x a  se n p e p u B H o  h  o O p a ia o e  o x o ö p a x e B z e . 3 to  o s H a n a e i , 

h t o  B e p n a  cn esyx o iia a

JleMMa 1 .Eem  CHCTeMa n^.. f n e  C [o fÏJ 3 a u K H y ia  b  C [o  »£} b  cxaöoM  c m h -

cae, t o  a h a . jnróoro ¿> 0  cyn ec iBye i 6  > 0 Taxoe, h t o  ecjia f c  S a

B f l l s < «  . ( s )

to oymeoTByei g (x ) ,  npHHaAAessaBjaa saMKHyiofl b Meipaxe c {p , l ]  jutBeanca o6o- 
AOHKe CHCTeMH | ł „Y^=1 H yAOBaeiBopaiMnaJi ycaoBHÄM

max [g(x)| < £ , ¡i |x ;  f ( x )  ■ g(x ^  1 * f (6 )

HcnoAB3ya x e t m y  1 , Aoxaxeu cxeAyxmy» neioiy

JleMMa 2 . IlycTb oncieMa j f n (x ) J  MHHHMajibHa b c |p , l ]  a aaMxayta b cxaCoM 
CMHCJie b c [o , l ]  . Tor.ua äaä jnróoro í Q > 0 cyąecTByer ĆQ > 0 taxoe, h to  

ecjm

f ( x )  -  0 .  x  t  f p . l ]  -  E 0 . f f C x ) |  < S 0 < ¿ 0 . x t  [ O . ! }  ( 7 .

io  a h a  JEDÖoro HaiypaABHoro h nojioxHTexbHoro p  > 0 cymecrByrt MsoxecTBa 
A ,  E  h  AHHeÄHaa KOMÖHHamia

H ( x )  = 2  a k f k ^ *  “  > ^  < 8 '
k-N+1

oöiaflanuHe oBoftcTBaMH

|h ( x ) - f (x )|<  Y . X C A. A C E n E 0 . U (A) > I  u (E 0 ) - £e (9 )

|h(x)| < S Q, x t  E ,  1 “  * o 1̂0 '

|h ( x )| < £ (11)■ax I

|h ( x )|  < V  .  x  e  E n ( [0 . 1] - E0 ) (12)
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AoKa3aieaŁCTBo. KaK Jtenco Ba ien», H e  o r p a H H i H a a a  oö«hocsh, $ y H K « H »  fCx) 
H o x H O  o i K T a T b  C T y n e H H a i o f i  a  p a B H O f l  a y a s  BHe H e K O T o p o r o  M H O x e c i B a

?
E0 - y  A l . (13)

1-1

r je  A j .  i  < i<  í  - nouapHo BenepecexamizecB Bazepsaioi h f ( x )  hoctoäh- 
H a a  H a  x a x A O M  A j .  i . e .

>?

f c X )  -  2  rf i  v ( x )
i - l

F a c c x o i p H H  n o c a e A O B a i e j i b H O C T b

( 1 5 )

C o r j ia c H o  jie u M e  1 ,  c y a je c T B y x iT  ÿ y H K iy iH  * fn e  <Z> , n >  1 .  Taxiie, hto

( 1 6 )

F a c c u o i p a u  aaHeöHue KOMÓusaoBE

Qn ( ; t )  '  2  i " k n > f k ( x ) * k i f< k q < . . .  < k n < • • •  : "  > i  
k-l

( 1 7 )

z a K H e , « tío  B8x|Qn (x )|  < h «ax |Q n(x )  - f  n ( x )| —*  0 ,  n —» » o  .  A e n co  bh- 
s e i B ,  h t o  A Jia  íH K o a p o B a H H o ro  H a T y p a jiŁ H o ro  S f ' Q f .  h h c j io ,  i> n rypnpyx iąee b 
$ cp M yjrapo BK e  jteiasa 2 )  c y ą e c i B y e i  iS >  0 ,  i a K o e ,  b i o

e ^ n ) | < H ,  1 <  k < y , n > l ( 1 8 )

B  caMOM A e j ie ,  A o n y c iz M , * ito  a j u ł  HeicoTopofi no c jieA O BaT e jiB H o cT H  J n HMeeif

n ax  a

U,k<X ripa ( 1 9 )
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Torxa Qni (x)/M i  paBHOMepno aa [o » í  cxoäetch k ayjn) npa i- * « , a , cxexo- 
BaieabHO, aeKoiopaa íyHKuaa f ko( i ) , i  < kQ £ X 6yxeT npeAexoa paBHoaepao 
cxoÄameäca nocjieAOBare.iŁHOCTM xaaeteHx KOMÖHHaaaö octaxbBHx ^yaxuaa f k (x ) ,  
M k Q. 3lO npOTHBOpeBHT MHHHMajIbHOCTH CBCTeilH

H s  B e p a s e a c i B  (L8 ) c x e A y e x ,  e t o  a m  a e K o io p o S  n o c x e A O B a ie x b H o c ^ a  paiy- 
p ax b H b ix  Eacex h a m .  Bcex k , 1 < k < X  nocxeAOBaTexbHociH 1
HuejQT K O H e a a u e  n p e A e x u  a n o s T o n y  a m  A o c i a i o a a o  Ö o j ib c o r o  i  S y A e n  aaeib

k  kn4 n.

2  ■k"1- f k <*> - 2  *k ni-1> f k (x ) - (^n (X ) ■ *n
¿ J t+ 1  k ./ +i  1 i -1 1

<  B l n  h -  S 0 -  » » *  If ( X ) |  ( 2 0 )

leaepb aerico yßeAHibca, e t o  xHHeflHas KoaöEHauaa

■ J ! 1 ( n . )  (n  )
h ( x )  « 2  a k f k^1  ̂ " 2  i k (x )  -  2  \  f k*z  ̂ ^2 l )

kWf+1 k -/* l kWl'+l

yAOBxeTBopaei speÔoBaaEAH xeiuoi 2 . £ canoa Aexe, a3 (14) e  Ció) Bazenaei, 
ETO

y (x) _ V (x) » f(x), xtBU([0.  ̂ - E ) (22)
nl  1-1

rAe BC E0. ji(B) - \  u(bo. .
IloAOxaa

E «|x ; * («) “Vni(x)j ° {* : Vn1 * '♦n 1(x)J . A - B n E (23)

IÎ3 (l6) cxeAyei, e t o

Jl ( E )>  1 - £ 0 . A C E 0 . U (A ) > I j i  ( E 0 ) - £  0 (24)

ycxoBEe ( 9) xeanH 2 cxexyer B3 (20) , (21) , (22) , (23) a t£4) . HepaBeHCTBO 
(10) cxeAyeT K3 (20) , (21) H (23) , Taa Kax « a x IV ^  - V n1. 1 I - » » x ) f ( x ) | .  

HepaBeHCTBO ( i l )  HeueAxeHHO cxeAyeî es @.6) a (2Ci) , a aepaseacTBo (i&  cxe-
AyeT as (20) , (21) , (£2) , (23) a as Toro, e t o  f ( x )  - 0 npa x t  EQ.
H Tax, xetoia 1 A0xa3aaa.
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leopena 1» Ilyeifc j f n (x ) j  MEHKMajbHa b c [ o , ¿  b samtHyTa b  cjp ,£ ] b 
cjiaCoM CMHcae. Torna äjul jnoöoro ¿  > 0 cyn ec iBye i ¿í > 0 iaxoet bto ecjiH
F t  s ,

l|F ÍiS “  j  J + S f U ' J Í '  ü x < %‘ í25 )
o

t o  s w  jn o ö o ro  *7 > 0  b  H a iy p a u b H o r o  ^  c y m e c i B y s T  j iH H e ö E a a  K O B ö H a a u H s  •

B

h ( x )  - 2  ® k f k^x ) '  ■ > ^  ^2 6 ^
k-Jf+1

H MHOXeCTBO E ,  KO ÎO pUe yÂ O B JieTBO pSBT  yOaOBHHM

E C  f o , i ]  . y  ( E ) >  1 - £  ( 2 7 )

| h ( x )  - F ( x ) l  < X  c  E  ( 2 8 )

max j H ( x ) l  < £ (2 9 )

Â o K a 3 a ie j i L C T B 0 .  S a u e T ü K ,  e t o  l e o p e u a  1 6 y .s e T Â O K .a s a B a ,  e o jœ  b u  A O K a x e u  

c y m e c T B o B a H H e  w  s a H H o r o  £ >  0  n o J i o m ie j i L H o r o  $ ,  n j ts .  K o r o p o r o  h s  y e a to B E E

| f ( x ) | <  £  ,  X  £  [ o . j ]  ( 3 0 )

BUTôtano 6h cyneoTBOBaHae â jw  ji»6hx ■£> 0 h j/ noxaHOMa (26) h MHoxeciBa
E ,  ysoBaeiBopHioisHX ycjroBzaii (¿V) , (28) h (29) . Bo3ŁueM HarypajiŁHoe ebcao
n T a K o e , e t o  

o ’

( £ ) " ° <  §  ( 3 1 )

E  B u ô e p e u  e b c a o  > 0 ,  x o T o p o e  y js o B E e iB o p a e i  rp e Ö o B a H H Ä M  x eu u u  2 ,  Kor\sa b 

ee çiopM yjiEpoBKe b 3 e io

* ! n o + 2  ^I2 0
Do jzo k h h

( 3 3 )
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‘ "o
Totas, b o p & b c h c tb o  (30) BA e q e T  * « x  I F ( x  )| <  .  a  < £ 0 a  n p a n e n a a  a e ita y

2 (3AecB h s a o  noAaraTi E q *  [p»d) » onpeAejnm MHoxeccBa E^ t h araeS- 
HJX KOM0KHaBHX)

" i
H j'ÍX ) - 2 •»kf k ( x ) * ■ l> ^' (54)

k- +1

7 A O BX eT B O p a i«H e  y C IO B JlH ÍI

-n.-2 < - "0-2

- n o

-no-a
|Hj (±)| < é . 2  °  . X £ Ip .á

IlycsB onpeAejioKH MHO*ec*Ba Ai t  E A x n s e t a e  komOhssqhb

■ i
H ^ x )  - 2  H j í j í x ) . /  -*o* • i < " i * ! *  1 < i  £ k-1 < n0

taxae, aso

k-1— _ k«»l
A / n  A - ©, }/]', u ( [ o . í \ ( J a í ) < ( | ) k_1 ♦ 2-n- 4  (40)

i-1 2 0 I

Íh ±(x )| < S„ . 2 n° * i  € E i ^ t E j )  > 1 - í . 2 °  . i  < k (41)

iH j te ) !  < ¿ .  2  °  . x t  [ ° ' 3  (42)

ÜOAOXHK
k-1 k-1 k-1

¡F(X) - 2 Hí(x)* xe O EA U Ai
1-1 i-1 1-1

♦ < * > - (  M  k_ ,  <«>

o . x  c c [o , í j  \  n  e i ) u u  a i
i - i  í - i

(35 )y  aE j )  > 1 - £ . 2  °  . A jC  E j .  j i  (A j )  > |  - £ ,  3

IHj Cx ) - F (x ) |  < ^ n # , * e  A j (36 )

(37)

(36)

(39)



180 A »A. TająjHTH

Ha (H ) a n e a y e i ,  too

| f (x ) l  < + - 2  n . -- ° » i  ’  fn  - ( k - i )  < *o* x € G M  « (44)
P  1*1 12 0 P 0

noaiouy , n p raesM  Jieuncj 2 a j »  ÿymcioiH $13) ,  w o  ex % /n  . ■, _ , {¡' »
i k—1 O

*  60  • 2  H M H O X e C T B a

k-1 k- i

v í l ^ U v
i - i  i - i

l o i  u o x e u  o n p e a e a H T Ł  h o jih h o m  Hk ( x )  r a m a  Ó 9) ,  r * e  i « k ,  a  * a x x e  M H o x e c iB a  

Ak • Ek * yxoBjreTBopmauHe ycjioBium

> k c  Ek n < n  e i\  ü v .  e i \ u  v  -
1-1 1-1 i - l  i . 1  2 0

*k
| f ( x )  -  2  k  ;  f J  ( x ) |  -  | f ( x )  -  Hk ( x ) |  <  V n 0 .  X  e  Ak  ( 4 6 )

j-N+1

i Hk (x ) l < ¿o * I2 °  • *  « E k *^  (E k ) > * “  £ • fe " 0 ^ (47 )

"k  -n 2
K ( x ) l  - I  2  k k ( X H <  £  *  Z _ V  * X  e  [ p . l ]  ( 4 8 )

3“» k - l+1

k-1 k-1
|H k (x ) | < ̂ / no . X e Ek O C([0 . l l \  P |  Ea )U ( J  Aa ) (49)

1-1 1-1

Hs (40) ,  (45) H (47) cjre^yeT, * to  MHozecTBa A±# i  < i  <  k nonapHo He n e-  
peceKaioTCfl h

^ ( [ 0 . i ] \  ( J A l x  ( | ) k +
i - l  ¡2  0

(50)
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B oauoii Aeae,

k k-1
> ( M \  U  A , )  . ^ ( [ O . i J V U  Ał ) - j J (Ak ) .  (51)

i « l  1-1

r*e  corjiacHO [45] H [47]

(̂Ak} > Z \ U Ai} ■ * ' ' -7TT2 (52)1-1 2 2 0

Ha (51) b (52) HMeew

k k-1
^ ( [ o . i ] \  Q a í )  < f j i ( [ o . i ] \  y  \ )  * Á ¡ f T z  (53)

1-1  1-1  2 0

h jroiTbiBaa iaKae (40) , noJiyaaeM HepaBeHCTBo (50) . CpaBHHEas (40) , (41)  h 
(42) c (45) , (47) h (48) , aaiuacrcaeM, * to  ajm Bcex 1 < k < nQ mobho onpe-

ÄejiHifc MHOseciBa Ak , E k h JiHHe0HHe komShhóoíhh Hk (x ) sana (39) , oŁ-ia^ajo- 
ąae CBoäciBaKH (45) - (50 . lenepŁ mojcho noicasaîB, 'ixo iiJiHegHaa KOMSaHanna

.

H(x) « 2  a i f i (x )  “  2  Hk ( l ) * N“ "o* " “ “ n (54)
i-N+1 k-1

H M H O *eC T BO

n no o

E « ii l Ek>n ( U v  (55:
k - 1  k -1

y Â O B j ie T B o p s io î  tp e ö o B a im H M  t e o p e u M  1 .

B caMOM z e z e ,  ycjioBae (2i) ä«h. M H o a e c iB a  (55) BunoaHeHO, Tax xax c o rx a c -
HO (4^ h (50)

no

Jj(E) > 1 - Y ( [0,3 \ n Ek> - „u( \ U Ak5>
k -1  k -1

> > -  -O • - 1 T T 5 -  ■ - i  < 5 S !
2  °  2  o
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BHnoJiHeKHe ycxoBHH (29) EeneAAeHHO cjie^yei HB (54) h h3 HepaBeHCTB (46) .
IlpoBepHM BunojmeHue ycxoBHH (28) . Ecjih x £ E , to x  £ Ak_ áia H e K o io p o r o

O
k0 0 X £ Ek A-m Boeä 1 < k ^ n0. Kotas ko * nQ H3 (46) 0 (54) cae-
A y e i  (29) .  n y c iŁ  k < o .  TorA a x  £  Afc 0 oAHOBpeuoHHO x  e  ^  a a h  

0 o i » l
B c ex  k > kQ. B stom c j iy ^ a e  03  (46) ,  n p s  k = k 0 , HMeeM

F(x) - 2  < 3 /n0 
iW f+l

(57)

H T8JC KaK

k-i k-i
X e Ek n (( [o.i]\ Pi el )U (J Ai ), k >

i-1 i=l
ko (58)

03 (49) CAeAyei, 0io |Hk(x)| < ^/n0 Aah Boex 
Taxait o6ps30M, ÖyAeu aueit

k > k0.

"“o
|f(x) - H(x)| C F (x ) - 2  aj fj (Jĉ +

no
2  K ( * ) l < i
k=k0+i

(59)

CA6A0BST6ABH01 yCJIOBHe fe9) T0B6  BŁjriO AHSHO B  TeopeMS 1 A 0 K S 3 S H a .

A H a j io r tn iH a H  T e o p e M a  Bepna u  a a h  m h h h m sa b h h x  h  3 a u K H y T H X  b  L p [0 , 3]  b
cjia6oM  CMHCJie CHCiew i f  ( x ) }  „ .  O hs $opM yji0pyeTC £ caeAyrasHM oßpaaoM .i n  y n » i

T e o p e M a  2 .  H y o i t  { f n ^x ^ v - l  ”  m h h h m s a b h s  b  L P  [ 0 , 1 ] ,  P >  1 z  3 a M K H y ia  

b  C A aöo M  CM HCAe b ILP j [o, l} ^ T o r A a  a ah a3o5oto t  > 0 c y m e c T B y e i  £>0 l a x o e ,  

4 T 0  eC A H

II fllg  < 6, (6 0 )

to a ah ajoöoro *? > 0 a HaiypaABHoro ^  cyneoTByeT AHHefiHan komÖhksukh 

m

H(x) <= 2  ®kf k (X )
k= r̂+i

0  M H O EeO TBO  E , KOTOpbie yA O BA eT BO p H IO T  yC AO BH H M

E c [o.l] . ¿1 (E) > 1 -£ 

|h (x )  - f ( x ) I < V  . x  e E

( 6 2 )

(63)
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Il H 1* - ( [ | h ( ï ) | p d ï ) 1/p< ¿ ( 6 4 )

Jl,O K a3 a T e 4 Ł O T B o s t o 8  T e o p e s i i i  c o B n a a a e T  c B m n e n p H B e a e H H iiM  a o K a s a i e a Ł C T B o i i  

l e o p e M H  1 .  H yxH O  t o j i b k o  b o  B c e x  n p e x H a y U H X  p a c c u o i p e H i i a x  H o p u y  | ¡ f | ! c  =

«  m a x  l f ( * ) |  3 aM 6 KHTB n a  H op M y  II f l l p «

A n n p o K C H M au H O H H tie  C B o f t c i B a  e u e t s m  ’ y ° la H 0 B J ie H H K e  B i e o p e n a x  1 z  2

B 6 o a e e  B a r j iH A H O u  b h a ® m o s h o  c $ o p M y jiH p o B a T B  caeA yxsU H M  o 6 p a 3 0 M .

TeopeMa 3 .  Ilyc ib  i ’ f n  £  c I P ' d  ^ f n e  l P  t 0 *1]  ) KHHHMaxbHa b

c [ o , d  (MHHHMaJiBHa b  l p  [ o , l | )  h  3aMKHyTa b  caaÔOM CMbicae b  C [ o , ] ]  (saxKHy-
ia  b  caaÔOM CMuejie b  l p  [0 , i ]  ) .  Ily c iB  aaaee, ¿ >  O ,  *>> O -  npoKSBoabHHe no-
j i o ä h t ejiBHŁje HHCjia h  f f —npoH3BoJiBHoe HaiypajibHoe h h c x o .  Toraa a x h  a e 6 o 8  $yh k — 

U h h  f i x )  e c [ o , l |  , ( f  e Lp [ o , j  ) cym ecisyBi MBoseexBo E h  AHseäHai k o m -  

ffm am i» saaa (6l) , yaoBaeiBopsnomHe yc a o b h h m  ï

E C [o.l] . ji (E) > 1 -£ ( 6 5 )

2  Bkf k (X ) - f ( z ) 
k=X*î

*¿ . x e  E ( 6 6 )

2 v k(*)
k = jf+ l

< Q(£) . Il f ! ( 67 )

r a e  Q ( £ )  -  K O H C i a H i a ,  3 a B H 0 H ą a a  t o a b k o  o t  £  u  o i  c a c i e M ü  | f nj  • a  s c p s i a  

Il «Il eC T B  H O pM a B c [ 0 , l j  (C O O T B . H O pM a B L P [0 , l ] ) .

B caM OM  aeae, n y o ï B  £ ■ £ '(£ ) '>  0 BuôpaHo b  a a s a c H M o c T H  ot c e o r a a O H o  

TeopeMe 1 ( c o o t b .  c o r a a c H O  leopeise 2) . Tan xax

IIs (é) ■ imrll s<£ U) I w <£(i)

t o  c o r J i a c H O  T e o p e M e  1 ( c o r j i a c H O  T e o p e M e  2 )  m c x h o  o n p e ^ e j i i i T b  j i a H e i iH y x  k o m -  

ÔHHaUHX)

B

h ( x )  «  2  b k f k ^
k - Jf+ 1
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E uHOJceciBo E c  ¡0,1] , CE) > ł  -  £ , laicae, hto II h || < £ a

lh ( I )  "  ^T7 i f ( I ) I <ęl * lTTlT> * «  6

T o r x a ,  o se B H A a o , x m e ä H a J i  KO M SaaaiiH a

H ( x )  -  .  h ( b . )

öyAei yAOBxeiBoparb ycxoBaa« (65) - (67) c Q (£ ) « £ / £ ( £ ) .
AnnpoKCHMauHOHHue CBoflcTBa, BupaieHHLie b leopeue 3 , npeACiaBAMoi lanxe 

AOCialOHHOe yCEOBHe AAE Toro , BTOÔH MHHHMaaBHaa B C [o , 2] (cOOTB. MHHHMajIŁ- 
naa b | lp [ot l ] )  CHCTeaa { * „ ( * ) }  6ŁLBa sauKHyioö b caaöoa cuucae b C [o ,l| 
(cootb. aaMKHyioö b cxaöoa cancxe b ¡lp [0 , 1 ] )  • &3 b t h x  xe cboäctb BH teK ae i, 
S io  CBOñCTBO SaMKHVTOCTH B  C.iaOOM ClU ICAe B  C [0 , 1 ] E  B ¡LP [0 ,3  , MBHHMaAb- 
Hhoc CHCieM y ctoäHHB0 oTHocaiexbHo yAaaeHHE h3 hhx jkjöux Koaen-
h h x , a  TaKxe aeicoTopHx öecKOHesHLir noxcacTeu. BepHa CAesyanaA

leopeua 4 . Ilyc ib  . f „  «■ C [o.l| ( f n € k P [o ,l )  ) npoH3BoxbHaa
cüCTBMaj oöJiaAaxKuaH CBoäciBaMH, npHBeAeHHHMu b yiBepimeHHE leopeMH 3 c Hop- 
Moä I! • II B C [0 ,l] (cootb. C HOPMOÖ II* Il B ¡LP [0 , l ] )  E  } f  -  np0H3B0XbH0e HaTy- 
pa.iBHoe shcao. TorAa cym eciByei 3aMKayiaa b csaöoM CMHCxe b C [o ,lj (aamcay- 
iafl B cxaSoM cuacxe b | lp [ o , Í ] )  noAcacieua „ k ( x  )} ^  . He coAepxanaa jcaic 
Bce nepBse fC $yHKpa8 f  (1 ) ,  iax  a öecKOHesHoe sacao A pyra i $yHKoafi
H3 { f ( * ) l ~ .

I  n  /  n * l  f  1
ÄOKaaaiejiBCTBo. IlycTŁ Jp i  (x)j- - nocxeAOBaiexbHocTb Bcex axre6paHnecKHX

nOAHHOMOB C paHEOHaXbBHMH K03ÎX{mHHeHXaMB ,  | ć j |  E  CXO AM lHeC« K Hy A B
n o c A e A O B a ie x b H o c iH  H O A O saieA bH H X s a c e j i ,  s p a n e n

2  £ j < +«»0 . 2  I j - l   ̂ ^  +<3C ( 6 8 )
3 * 1  3 * 2

n e p e H y u e p y e a  c n e iH o e  M H o x e c T B o  B c e x  i p o e x  | p i » ¿ y  % g J  . s > l ,  i  » 1 ,  j  > 1 ,

h  p a c c M o ip a M  n o x y s e H H y »  n o c a e x o B a ie A b H O C T b  | p .  , ¿ , ,  *> 1 .  H 3  n p e A n o a o x e -
I  >• * k  3 k k>

H K H , HTO C H C ie M a  n ( x  ) i  n _ 1 y A O B A e lB O p H e T  yC AO BH Ä M  le o p e M H  '3 HeM eAACHHO

BHiexaei cyąecTBOBaHae X H H eäH H X  Kouóaaaaag 

" k

Hk (x)  ‘  2  *n f n( l )  (69)
n -rrk

H MHOXeCTB Ek , k ^ 1 , yAOBXeTBOpSSHX yCAOBEHM

K1 • X+l, Xk < mk < / k ł l , k »  1 ( 7 0 )
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Ek c  C M *  í ' <Ek > > 1 - t ' .  k > l  ( 7 ! )
J k

|Hk ( x ) - P i k ( l ) l <: h s k - x t E k '  k > 1  (72 )

l|Hk (* )||  «  • flPj. M I .  k > 1 . (73)

IlycTi. f ( x )  € S h £ > 0 .  Bo3Lueu > 1 la x o e . e toO

2 £J  < I (74 )
i  " i  O

03 nocjieAOBaTeJibHociH

l a x o f l ,  n o  £ 1 ¿  t 7 h

J o '  ‘ k l  J °

I p í  Cx) - f i x ) i < . X e Aj  , ( 7 5 )
kl

r íe  Y  Âi   ̂ > 1 — ¿  j  ’
T o  r í a ,  c o r j t a c H o  (71) h  (72) ,  n u e e u

IM. (x )  -  f (x ) | < ij , x fe B (76'
K1 Jo  1

r í e  B . » A . n E. a ,  C íeíOBaTejtLHO, u ÍB  ) > l  - 2 £ .* 1 ¿ i  J 0
PaO C M O T pKM  $yHKUHS0

f (x> - H. (x ) , X t  B.
F (x )  = ¿ kl  1 (77:

o

a H3 nocíeíOBaieíLHOCTH /p , , é ,  . 7 . 1 BHúepea B íeaeK i i  P, . o ,  ,
,  I  Lk J k 4 s kJ l  xk2 J k 2

2®k >> k?  > ki * £i “  ¿ i t» * í  1 • Taxoä, <ÍTC
2) 2 1 J k 2 J o * 1 ” * k 2 J o * 1

| P i  ( X )  .  F ( x ) |  <  \  * í + 1 ,  X  fe A 2  ( 7 8 )

k2 0

r í e  ^(*2)  > 1 “  £ j  +1

K~ J  O (79'



\¿0¿ ' XJ¡., Taxas®*
^■'"i " 1 '[ * ' '■—~— --- — —■ j "\r— i ■' •" ‘ ■— r    ■

l o r i a ,  corzacHO (71) x  (72) ,  Hueeu

K 2 <x) - f‘M \ < x *  B2* (80)

r í e  Bg « Ag n Ek s ,  caeíO B aieíLH O ,

Ha frs) ■ 030) míe ex

|Mk i (x )  *  Hk2<x) - f (x ) |  < I «  B j n B2 (82 )

npHxex, c o r ía cno (79) ■ (73)

||Hk2(*)|| < Q ( £ ^ )  • ||Pik J  - QCéJo+1) l|Plk j| < ^ 3oQ(í 3o+1> (83)

HonyciHM, n o  yate BuSpaxu jataefiaue KouÖHnanaH h. , . . . , H k x  xBoxecsBa
1’ O—l

B1 ,B2 , . . . , 8 ł _ 1 saKBe, « o

0-1 0-1
(84)

(85)

?<*>'- 2  HkH(3:> < ? 3 *0- 2 * a£ n  bi
1 w  1 °  i - i

M e  ¿/(Bi ) >  l - f c i j  +i_2  *
• r o

llHkill < ^ o + i-2  Q(£j 0* i - l )

T o r ia , nojtaraa.

!

o - i  o - i
f ( x )  - 2  Hk ( * ) .  XC  p  Bł

i-1 i-1
0-1 (86)

O . ! £  [ 0 . l j \  f ]  Bł

aa noinocieioBaieibHOCTH Jp i  , ¿  ̂ l  BHÖepex o-neuem, í p i  , ,
ł  l  k k kJ l  k *
(  saxofi, eto
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j p ^ J x )  - F (x )|  < § ?  . X £  a ,  fa s ;
#‘ V ÿ  . '

*»• p ( - V >  1 - * 3o+* - i X

pi 1( ( x f  < ^ J o*0-2 (8 9 )

I l o c x e A H e M y  H e p a B e H C T B y  ( 8 9 )  m o k h o  y A o B j i e x B o p H i  b  c z j t y  l o r o ,  n x o  c o r x a c H o

W  »  N >  p i b x | f ( x ) |  < £  + j _ 2 * T o r Ä a * C 0 r a a C K 0  i 71)  » (7 2 ) a  (6 8 ) ,  H u e e u. o

j H | ^ ( * >  -  F ( X ) |  < + 5 * 3 „ * * - l  - ? 3 o ^ - l -  < V  < 9 0 )
?

w e

B » - A ^ n E k /  ^ ( B ^ )  >  1 ~ £  j k - “  1  ~ « 3 o * * - i  { 9 * >
&

03 (88) H (90)  ojieAyei

•f s?

(9 a )
1 - 1

npa s?ou i corjiacao (89) e (73) , aueeu

1-1

HHkv?ll < Q ^ j k -^ 'V ia*Q-2 '^i0*0-2 *! Q ( ij o + ,? - i)

C p a B H H B a a .  (84 ) a  (8£}l c (9 2 )  h  (93) -, mh b h a h m ,  n x o  n o c x p o e H H a s  Bu in e  n p a s e -

A6HHHU OnOCOÖOM  n O O X e Ä O B a ie X B H O O T b  JnîHeâHBQC KOM Ö HH aU H ä H. ( i  ) ,  i  >  1
i

o Ö J ta A a e i  l e u  c b o ä c tb o m , h x o  p ax

2  H k  < ? ) .  ( b a )

i - 1  1

no H O p M e  I I -  || C X O A H T C H  ( o m .  (8 5 ) h  (6EI)) h  n p a  3 T 0 1 I  c y u u a  p a j a  ( 9 4 )  c o s n a -  

s a e i  o f ( x )  Ha M H O x e c i B e  E « fi iiepa Koxoporo 60J U > m e , > ieM  1 -  £  ̂ (74) ,
(91) h (92)) .

O c x a e i c a  3 a M e i H i Ł ,  h t o  b  X H H e ä H u x  K o u f iz H a u m u c   ̂ > 1 K a  n o io p t o c

BH ß p a H H  H k ( x ) .  H e  c o A e p x a x c a  n a n  n e p B H e  j V  i y a K i w ä ,  T a x  h  Ö e c K O H e ^ H o e  

iH C j io  Ä p y r a x  ¡p y B K H H a  C H C x e im  ( c u .  (69) a  (7 0 )) .  T e o p e u a  4  x o s a a a H a .



188 A .A, lajiajMs

JiJCTEPAiyPA

[1 ] TaJiajtHH A . A .:  0 cxoAHMOCiH bobth  BCxwy noA nocaeśO BaieaŁaocieŚ uacTHMc 
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1 9 5 7 , t .  1 0 , ¡6 3 ,  C. 1 7 -3 4 ,
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b u b .  5 , C . 77-141.

[33 G o ff nan C. and Waterman 0 . : B a s ic  sequences in  th e  space  o f m easura­
b le  fu n c t io n s .  P r o c .  Amer. M ath . S o c . 1960, 11, p . 211-213.

R e ce n z e n t: P r o f .  d r hab . O u lie n  M u s ie la k  

W p łyn ę ło  do r e d a k c j i :  2 1 .X I . 1983 r .

S t r e s z c z e n i e

Mówimy, Ze u k ład  f u n k c j i  z X J e s t  zam k n ię ty  (w  słabym  sen­
s i e ) w p rz e s t r z e n i X , J e ś l i  d la  kaZdego £ > O i  każde j f u n k c j i  f  «• X
i s t n i e j e  fu n k c ja  |z l in io w e j  o to c z k i | f nj  t a k a .  Ze

¿ i ( { x  : f  ( x ) - f ( x ) } ) >  i - i .

w p ra c y  bada s ię  to  p o ję c ie  d la  przypadku X « c { p , l |  oraz  X « Lp [ o , l J  ,

p > 1.
Główne w y n ik i g ło s z ę , Ze J e ś l i  u k łs d  'f J e s t  z a m k n ię ty , to  pó od rzuce­
n iu  z n iego  p ie rw szych  N -elem entów , a nawet pewnych n ieskończonych  pod- 
uk ładów , p o z o s ta n ie  za m k n ię ty .

ON THE APPROXIMATION PRO PERT IES  OF WEAKLY CLOSED SYSTEMS 
IN THE METRICS C ( 0 , i )  and Lp ( 0 , l )

S u m m a r y

A sequence o f fu n c t io n s  from a space X i s  s a id  to  be w eak ly
c lo s e d  in  X i f  f o r  e ve ry  £ > 0  and f  C X th e re  e x is t s  from a f i ­
n i t e  l i n e a r  span o f j f nj> such th a t

¿4 ( j x  : f ( x )  m<f ( x ) } )  > 1 - £

In  t h i s  paper th e  case  X = C jo , l] and X = Lp [o , i j  fo r  p > 1 i s  c o n s i­
d e red . The main r e s u l t s  say  th a t i f  w eak ly  c lo s e d , then  a f t e r  drop­
p ing  out f i n i t e  e lem en ts o r even some i n f i n i t e  subsequences i t  i s  s t i l l  
-weakly c lo s e d .


