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ANALYTICAL PREMANIFOLDS

Summary. The concept of an analytical premanifold (a.p.) and the
concept of a smooth mapping of an a. p. into another one are intro-
duced. There is proved in the paper that if the Cartesian product
of two a. p. isan analytical manifold, then those a. p. ar” analy-
tical manifolds, too.

0. THE CONCEPT OF AN ANALYTICAL PREMANIFOLD

Consider a set of real functions defined on arbitrary sets. Denote the
union of all domains Dy of functions ae M by M. On the set M we Con-
sider the smallest topology, TopM, such that all the sets of the form
&1 [b] , where B 1is open in R and a e M, are regarded as open. For
every S C m we denote Mg the set of all functions & such that for any
p £ o~ there existae M and a set UE£ TopM such that UC o, pe uO sc Da
and™&luns =afjuns. It is easy to state that TopMg concides with the
topology induced from TopM to the set S. For any real analytic function
in an open subset of Rn and any al,...,an M we consider the function
IP@l.... a ) defined on the set of all p6d. n...nDa for which

1 .

("ép) . an))E by the formula "
<f (@.... onKp) = (GEP)-...an(p))-

The set of all functions <f(ac an). where 'f is real analytic in the
open subset of Rn and cr®,...,afneM, n*=1,2,..., will be called the
analytical closure of the set M and will be denoted by anM. we have
MC MM and MC anM. The set M such that

M » MM = anM

will be called an analytical premanifold (a.p.).-
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Let M and N be a.p. and f be a mapping from M into N. we say that f
smoothly maps M into N,

f:M—=*N, ©

iff for any j&e N tho function Ji°f with the domain ¥’1 g~ defined by
the formula (™>"F)(p) »j5(F(p)) for pef~1[Ga] belongs to M. Wa say that
() is a difisomorphism iff f is one-one, f[M] " N and we have the smooth
mapping f’1: N— *M. It is easy to state that all a.p. treated as abjects
together with all triplets (M, f, N), where we" have (0), treated as
morphisms constitute a category of Eilenberg and MaclLane.

1. GENERATING OF AN ANALYTICAL PREMANIFOLD ANO THE CARTESIAN
PRODUCT OF TWO ANALYTICAL PREMANIFOLDS

We will prove the following

1,1. Proposition

For any set G of real functions the set (anG)fi is the smallest among
all a.p. containg G. -

Proof. First, let us remark that assigning to any C of real functions
defined on subsets of G the set anC we get an algebraic closure, i. e.
there are satisfied the following conditions: (i) Cc anC; (ii) if CC C,
so anc"c anC; (iii) ananC = anC.

Similarly, assigning to every such a set C the set Cc we get an alge-
braic closure, too. we will prove now that

an(Cc) C (anC)g.- Q)
Indeed, take any /ean(Cc) and any p t Oof. The function is of the
shape, ”~>n), where-* ,.,./>n t Cc and 'f is a real analytic func-
tion in the open subset Of of Rn. we have then pc Dg n ... n O. and

>1 “n
1L (P),---,yon(p)) £ of. So, there are functions oc”,..., xn e C and sets
UI(...,Un e TopC such that p c c o~ 0 and JUA "= i=
« I,..,,n. There exist sets open in R such that p) e Bi# 1 «
“1,....n, and B*X ...X c d”. Setting

u-0 Win
we get pc u €TopC, UC H and Ju «rAJU. Thus, for any qe U

we have («jig).....an@) - (~(A)---- (@) Oy-and / (g " FAFQ), ..., »
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« 01@),--- @) «™ @x 0)(@- So, jFlu*f @, ... ,«c)IU. -
Therefore, t (anC)c. Hence it) follows that (see @], p- 264, 1.1) (@anG)&
is the smallest of all sets hi containing G and satisfying the condition —
M * anM = Mm* Which ends the proof.

For any set G of real functions the set (anG)g will be called the a.p.
spanned by G, or generated by G. We have of course,

TopG - Top((anG)g). (@)

Let M1 and Mg be a.p. Denotsthe Cartesian product of the sets ~
and Mg by P and put ~ i (P1-P2> *“ P. for <Pi> P27%ep" 1 ” 1,Z%W® have
then the mappings 31": P—> M. Setting »o» ST+ for any real

functions X we define the pull-backs 5T* from all real functions to the
set of all real functions defined on subsets of P. We have then

D « «51 ""Hg*. and 5™ (» ,) —aeip”
o) 1q*] 1( gp4p) p

for (p1# p2)t [DaJ. The a.p. generated by the set ["J U 32 ]
of thereal functions will be called the Cartesian product of the spaces
and Mg and denoted by Mxx Mg. The equality (2) yields

Top(M™* Mg) « Top(~[mJ U ~g IM] )-

We shall prove that

Top(M*x Mg) - TopM™x TopMg.- i4

First, take any function ST [MJ and any set 3 open in F. We have
~matoST”~, where ar £ MA. Thus ,f -i [b] = »~ [a1[b]l~- From the definitio..

of TopM~ it follows that a-1 bl£ TopM,. So, ~_ 1] *r *[p] *Mg belongs

to TopM1l x TopMg. Similarly, for anyi c5™[mJ we have f 1 [@eTopM TcpMg-
This yields Top”~x Mg)C TopM1lx TopMg. Now, take any set U of tne form
Uxx U2. where Uxe TopW™ and Ug e TopMg. Let pm (p,- P2! U. so. ws
have pl £ Ux and p2 £ Ug.Then there exist orl rflE M1*/i.... 3nt 2
and sets Al,...,All. B1...Bn open in R such that

pxe i i and p2c nJ >? BglEv
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We hava » *j(p) and p2 m~(p). Therefore, pc

calitwd «Pcn @&e=*2>1@BjJ) al [Rle*te*i m*J@l>C*1KI
end © « N2 el * Hence il follows that [uj and S~"1 [uYJ
belong to Top(br*[Mj U5 ™~ Tharef<r8* by (3)i “e have

u -vce-1 [uj uarl [U] <.ToP(nl* Mg).

So, TopM™ x Topfrc: Top(Wx ). What ends theproof.

2. ANALYTICAL PREMANIFOLDS AND R-QUASI-ALGEBRAIC SPACES

In the paper |s] the concept of K-quasi-algebraic space (K-g.a.s.) has
been introduced. K-g.a.s 1is meant as a set M of functions with values in
ths field K; M is assumed to be closed with respect to addition and multi-
plication of functions. For any set M of functions with values in K there
has been defined topM as the smallest topology M such that all sets D<*
arcM, are regarded as open. The concept of K-g.a.s. generated by M hes
been introduced, too. We have topM™ m topM. In particular, taking as K
the jfield R of all reals we get the concept of R-g.a.s. We have then
topM C TopM. By sn easy verification we obtain the following

2.1. Proposition

For any set M of real functions we have topM« TopM if and only if any
function”™ e M is continuous in topM.

We remark that if M is an a.p. such taht there is a constant function
on M belonging to M, so M is an R-g.a.s. If M is any a.p., so R-g.a.s.
MU ct rJ, where cM denotes the constant fuction taking the value
c on m7 we will call the —R-g.a.s. determined by M.

For anypoint p of an a.p. M the set of all £ Msuch that peD™will
be denoted by M(p). We have then at + ,ac §&e M(p) fora £ c M(p)-

Consider the set M™ of all derivations on M(p), i.e. the set of all

v: M(p)- > R such that v(a+p ) = v(<n) + v(&), v(cc) = cv@) and vipcp)=

e ar(@Vv(>) +M(P)v(tr) fortx.pe M(p) and cc R. Setting (v ¢ w)(0C)
¢ W) and (cv)(«) @ cv(oc) for ac t M(p), cc R and v, w e M we ¢
the vector space, Mp, with M" as the set of all vectors. The space

will be called the tangent space to M at the point p.
For any smooth mapping (0), any p t M, any v eM® and any fb e N(F(p))
we setfF*p(v)(6) * v(/&°F). So, we have the linear mapping

P* Mp— * NF(P)
of tangent spaces; it will be caled the tangent to (0) at the point p.
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for any set S and any nomher c, the constant function with value c
defined on the set S will be denoted by cg.

2.2. Proposition

IFTMIs an a.p.,dre M, ce R, so c, e M; in particular, In e M.
a

Proof. For any* t Mwe have O_ mac -or £ M. Composing the function
«

On with the analytic function ce we get c, » c_a0O_c anM =M. The
ot F (X K of

end of the proof.
2.3. Proposition

If vi Mg»ra»>e M(p) and there exist U e TepH such that pe UC D~ 0 03
and ac lu »¢,TU, so wv(ce) m VRR).

Proof. Tlbere exist © ... eM end sets open in R such
that pe "¢(VACBjc u* Lat us set ¥:xl1*) “ * f°r Xc S<and ? » cjT -
i » So, we have analytic functions such that Q> » Bi ana
funetione * M such that Dv mZ”1[Bj - Hence, by 2.2, we have 1Q £ H,

Setting V* ni™il (3] we 9at P£ vC u and

« 1N * g 10 C M.

Thus, of Iv »af iv gl V «*a« ly. This yields, v(@: iv) »x"(p)v(iy) ¢ lv(pw-]
m v(ct), because of v(ly) « O. Similarly, v(8 ly) »v"S). Tnerefore v(r) »
* v(j6). what ends the proof.

2.4. Proposition

JF M is an s.p., f it a real analytic function on an open subset of
R*<xp»-- - acjtM and <f(a°A"""dﬁ) e M(p), then for any tangent vector v
to M et p we have

v(f(a;1 a)) » 2 S dar™p)....ram(p)Ma” ).
i-i

where denotes the partial derivative with respect to i-th variable.
Proof. Let pt O O ...0 -@-(P)----crjp))* 0,-. Then there
1

m
exist neighbourhoods of numbers a ~(p) open in R and analytic
functions in B, > ___.* Ba such that @ (@)----,a"(P) E * ... *3a<

co, and *B)F @ ), ...xIcK(p)) = 2 "l (*i === *XB "(xi~cri (P~ =
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whan Xj £ e Bra,end Ffofjip).....»0NiP.)) =3 "B (p)) -

Hence if follows that for any g £ U we have

~tel(q).....orB(q)) - f (@l(p),....ocB(p)) =

- 2 21.0(@)--.-"FIKD)(oel (@) - “Fiip)).

i-1
Setting ¢ - (< (P),----arB()) and ct « ~"(p) we get
‘mt(acl Ju.... .ofju) - cy » 2 "I U**e*“ml)(CilU “ ciU™*
i

Hence, because of the equalities v(Cy) » O « v”ciu) 8nc* @& |[V)(p) =
m c (p)- according.to 2.2 we get the required equality. Mat ends the

proof.

2.5. Proposition
IT M is an a.p. generated by the set G of real functions, v e and
v(of) = 0 for any of£ G such that pe DV, so v « O,

Proof. Let us take any $e M(p). Wehave then pe Q/, 4 t (anG)g.

Then there exist RE£ anG and U £ TopM suchthat p £ Uc Ot Df anc
4 U *jhl1U. Hence by 2.3 we get vid") = Next, we have p *'f{ae”, ... "eB),
where . is analytic and clzl,_..,orH e G. According to 2.4 we obtain

v(>) &2 §ifb1(p)....4B(p)W«i).
i

So, \(if") = 0, because of « i e G. What ends the proof.

2.6. Proposition

For any a.p. and M, and any points p~E£ and p2 £ the pair of
mappings
« 1*p-5r2*p> 5 M *"2+— * MIPIO M2p2* A

where p * (p-, Pg@)» 1® an isomorphism of vector spaces.

Proof. Assume (M»p« "2V “ <*wtlere v is avector of the space
(h"™x MgJp. So, we have @®'Ivtp(P) m 0 and ~r2*prv/~ *  °* Tai<iri9 any func-
tions off £ (*(p) and 02 e M*p) wehave O = ) v (ere “
m VPF*IN)) . So, Wor) m O for any off ~NiMAT U 5 [fgsuch that pE oM.
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According to 2.5 we have v » 0. So, (2.1) ia a monomorphiso. Now, take

any v in and any vg in M~ _ For any e&ee (M x Mg)(p) the functions
and o2 defined by the equalities: oNit) =oc(t, p2) when (t, p2)e D\,

and & (U) *oc(pl, u) when (pl, u) e 0, belong to and Mg, respectively.

Let us set

v(@ * vhoe”™ + v2@2). @-2)

It is easy to check that (2.2) defines a vector od (MjX Mgjp. Moreover,
for e M~Ap) we have the function or»jt>° 3 such that oc~t) »p () when
tc 0~ and ofg(u) »> (PJ) when u e Mg. This yields v~o”™) » vi(p) and

v2 @2) m 0. Hence it follows that “voa) “ vob) « vi(axi) “
“ vi/** Thus* "Mi*pv5 = vi* Similarly, 72xp “ v2* So* tha voctor defined
by (@ .2) satisfies the equality N2*p AV NI 2

What ends the proof.

3. AN ANALYTICAL MANIFOLD AS AN ANALYTICAL PREMANIFOLD

The set Rn has the standard structure, Rn, of an a.p. coopound of all
real analytic functions on open subsets of Rn. Any real analytical n-
dimensional manifold may be considered as an a.p. locally difisomorphic
to Rn, i. e. such that forany point p in M there exist a neighboorhood
U of p open in TopM, a setV open in Rn and a diffeon.crphism f: My— *RnV«

If M is an analytical subpremanifold of Rn, i. e. Mc Rr and M = RnM,
so for any p e M we have the tangent space Mp, and, on tha other hand, we
have (see [5] ) the tangent hyperplane, MW, to the set M at the point p.
In [5] there is defined a natural isomorphism the vector space M with
the vector subspace M® - p of the vector space Rn . W - p is the vector
space obtained form M by the translation xps - p In what follows we
may identify Mp and M . The following theorems will be useful.

Theorem A. ([B1) If MCRn, dim M » m and the mapping

Pm 1 R"——

which to every q in Rn assigns its orthogonal projection P7~(q) onto the
hyperplane M3, is open at the point p, then M is m-diniensional analytical
submanifold cP>f R2

The mapping pM is said to be open at p Iff there exists a neighbourhood
V e TopM of p such that tha image gij[ul] of any U £ TopM, Uc v, is jopen
in W\,



224 W. waliszewski

Theorem B. (Bl p- 260 and [5] p- 226) If M C Rn and dimW > I, so
there exists a mapping pi satisfying the following conditions:

(i) the domain ou of y is contained in and dense in itselfi

(ii) there exists r > 0 such thaty [P\ "» MO B(p, r), where B(p, r)
denotes the ball in Rn with the center p and the radius r,

(iii) for any xc¢ the orthogonal projection of the point ja (X)
onto is equal to x*

(iv) y is continuous in its domain.

3.1. Theorem

If the Cartesian product Mxfel pf gtp, ti »fid If id an analytical manifold,
99 « and n pr# onalfUeei maniitiide, «do.

.dfsstr *9 sfdve that H ia an analyt-ioai mniid%4 it aufficies to prove

that If ;e %969i%f ; if tacaorphiC «0 eh ertilytieai syfcfssnlfpld of Rn. Let
us take any a t jjawd o a N, Than iHmra exist* # diff#«»prphiam

1 My*my “* #.,*, @G.,D

where p« U¢TOpH, pave TopN »mi W = f i# drt dosr) aiibatt of
Cohsioay diffsdiOrpniems

Si Hy— * bi Ny— a £H*i) xy, G.3)

whera b($).» (a, 0) forl t«y and b(t) m (p, t) for tcv, and the mapping
fllUox vtf—* 9 (5.3)
defined by the formula
SU, © «F@1(FA4W)Ff h"1(F1(v))) for (U, v)e Up*YTft,

where Up * f[b* (@} and vQ a f[{p} xVv] . It is easy to check that (3.3)
is one-one and

S ‘X * (Fa(prif i(x))), TFibiprgfix)))) for *(», (3.4

where pr, end pr~ are the standard projedtiofts for® My X onto My and
Ny , respectively. Pro« £3,4) and the fact that (3.1) and (3.2) are
aiffeomorphisms it fellows that we have the di#isomorphism

91! RnU0 * RnV0 Rnw*

in particular, this flapping Is a homeomcrDhicfl.
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Let us set Pm RnU and Q « RnV . So, we have the diffeomorphiaa
o] 0
gs Px Q — » RnW. 3.5

Taking -for any (u, v)t U0Ox VO the tangent mapping to (3.5) we get the
isomorphism

F(u. v>I<Px(2>. v) * RwgQu, v)*“

From the fact that (Px Q)”u v ]j 18 isomorphic to Pu ® and W is open
in Rn it follows that dimPu + dimQy » n for uEUO, veVQ. We obtain then
the constant function UO3uV*dImPu; denote its value by m. Thus,

dimPu m m for ue UQ. (3-6)
According to Theorem A it remains to prove that the orthogonal projection
Up* Rn— » pE @G.D

from R onto the hyperplane P~ ie open for ueUQ. Here P = UO. By Theo-
rem B there exist a mapping ¢j continuous in its domain 0~ C and r>0

such thaty [0 = Pn B(u, r) and Up«" m id.
Similarly, for any VE£ there exist a mapping ®# continuous in its

domain DNc ~ and r"> 0 such thato G,] » 2nB{y» r> and e id-
Set

hx, ¥) = 9G*¢), y)) for (x, y)t Dy * Of G.9
and W =g[lU xv )n(B(u, r)xB(v. r)) . So, we get one-one mapping

h: xd. —> W @G.S)
with the inverse mapping given by the formula

h-1 (@) = p(prig-1(2)), vQ(pr2g=L(z))) for zfcw. (3.10)
From (3.8) end (3.10) it follows that (3.9) is a homeomorphism. The mapping
(@ .3) as a homeomorphism transforms any open subset of the set BO* VQ
onto open subsets of the set W. Hence it follows that WQ is an open subset
of Rn. From the equality dimP™ + dimQy » n, according to,theorem of
Brouwer on open sets, we conclude that the set 07X is open in Py* Qy.

So, the set is open in Pu> This yields the mapping (3.7) ie open et
the point u. What ends the proof.
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eRE-ROZMAITOSCI ANALITYCZNE

Streszczenie

W pracy zostato wprowadzone pojecie prerozmaitosci analitycznej oraz
pojecie odwzorowania gladkiego takich prerozmaitosci. Udowodniono, Ze
jesli produkt kartezjanski dwu prerozmaitosci analitycznych jest rozmaito-
Scie analityczne, to te prerozmaitosci sg rozmaitosciami analitycznymi.

AHAJIDETHHECKHE  11PEETHOrO0BPA3ITH

Pe3»me

ABiop npejyiaraeT noHRisie aHajmintecKoro npe£MHoroodpa3Kk h noBzize raaa-
Koro oToCpaxeHHa o”Horo aBaaHiHHecKoro npe”~MHoroo6pa3Ka b Apyroe, SoKa3aHa
teopeua: Ecjih ~eKapTOBoe npon3BefleHBe flByx anajiKTHijecKiuc npesMHorooCpa3zs -
aBajtHTH"ecKoe uHoroo6pa3He, 10 stu npeAMHoroo6p&3HH - aHajiKTHEec-Kue MKorooO-
pa3HA.



