-ZESZYTY NAUKCWE POLITECHNIKI SUfrSKXS3 1986
Sérias MATEMATYKA-FIZYKA Z. 48 Nr kol. 853
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SEPARATE O-APPROXIMATE CONTINUITY IMPLIES THE SAXRE PROPERTY

Summary, The main rasult of this paper is a theorem which asserts
that any real function of two real variables which is 3-approxi-
mateby continuous with respect of each of its variables has the
Saire property.

In [3] one can find the definition and basic properties of so called Z
topology, which is a category analogue of the density topology. The beha-
viour of real functions which are continuous with respect to this topo-
logy is under many aspects similar to the behaviour of approximately
continuous functions. This paper will show one more similarity. Tha proof
of the main theorem is going along the lines described in [Z] with neces-
sary modifications.

We shall present now all necessary definitions and facts about F
topology. For proofs see [3] -

Let R be the real line, S the ¢-algebra of subsets of R having
the Baire property, 3 the ¢-ideal of sets of the first category on the
real line. IT AC R and Xy £ R, denote X’S AI» gx- X: Xe ajand A—;><O=
i~ _xXQ:xe A % A will mean the characteristic function of the set
A; N will always be the set of natural numbers. The number O is an
3-density point of aset AeS if and only if the seque- -a
XA [-1.31}ntN converges to 1 with respect to the;-ideal 3 (it
means that for every invreasing sequence {nj mE£N of natural numbers
there exists a subsequence {mjl p£N such that [x(G.a AH[-1.7pi N

converges to 1 except on a set belonging to 3, shortly 3-almost
everywhere (3-a.e.)). Further, xQ 1is an 3-density point of AC*"S if and
only iIf 0 1is an 3-density point of the set A - xQ. If & (O™ |xeR; X
is an 3-density point of a| and *{fa £S :AC > .then isa
topology. Each function f s R— *R which is continuous as a function
from (R, t into R equipped with the natural topology) is called an 3-
approximately continuous function. Every 3-approximataly cintinuous func-
tion is in the first Baire class so it obviously has the Saire property.
3-almost all points of a set having the Baire property are 3-danaity
points of this set. 3-density point of two seta is an 3-density point of
the intersection of these sets.
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Theorem; If f: R R is separately 3-approxinately continuous,then

it has the Saire property.

The theorsm is an immediatS consequence of demmas _% .and 4 below
(obviously we may consider |1 in place of R ). First two lemmas are
formulated in more general setting.

Lemma 1. Let (X.S) be a measurable space and let O£ S be a¢-ideal
such that (S,D) fulfills the countable chain condition. If DCS has
the property that for each £ e s - 0 there exists 00£ 0-0 such that
Oo<rE, then there axists a sequence {°n}nc”® disjoint sets in 0O euch
that X - IjDne O.

Proof; Let Eg » X. From the assumption it follows that there exists
b set %_ﬁ 0-0, ch: E,,- Suppose that wg have defined sets DFJ io;

fl<x , where o is a countable ordinal. Consider the set m X -1J Da.
e,«* P

1 X
This set belongs to S. If B\ e 0, then obviously the family {Dp/J3<<<

(after renumeration) fulfills all requirements. If E~f 0, then we choose
0; c E(v °<x£ o0 -0. There exists a countable ordinal o, such that E{)‘(O£ 0.

Indeed, in the contrary case we should obtain a disjoint non-denumerable

family N <noi sets belonging to S - 0. It is impossible because of

the c.c.c. Then the family is good (again after remuneration).
o

Lemma 2. Let (X,S) be a measurable space and let DC S be a ¢(-ideal
such that (S,D) fulfills the countable chain condition. Suppose that for
every £>0 the clase Dj » |d t S: osc f$ £on o] satisfies the
conditions of lemma 1. Then F 1is S-measurable.

Proof: By lemma 1, for each m we can find a sequence of disgoinr
sets1 lilDrm}'neN such tha}tsqscf' f<m’l on Oran for every nc N and
X -vjDy, £0. Let D* 44 UO o= Then X - 0 €0. If f, sX-* R for

m£ N 1is defined in the following ways fm(x) “ sup 1:|f(z)s ze Dn,r11}f°r
X £ mn 00, nc N and g,,(x) =0 for x £ X - 0, then clearly m is

S-measurable and # — T 0 - e.e., so T is S-raeasurable.

From now we shall supposie that X - (0,1) or R, S is the (-algebra
of sets having the Baire property and O 1is a (-ideal of sets of the
first cetegory. Findly 02 will denote the (-ideal of plane sets of
the first cathegory. Finally % will donate the ¢-ideal of plane
sets of the first category.

Lemma 3. If gis O-approximately continuous on 1 » (0,1) and F is
a second category subsetof 1 having the Baire property then forevery
£>0 there exists an open interval Oc 1 such that osc g<£ on O
end On F 1is residual in O.

Proof ; Let £>0 be a given number. From the assumption it follows
that g Has the Baire property (compary (§ , th. 11). Hence there exists
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aset ECI1 which is residual in i and such that the restriction of g
to E 1is continuous. Consider a set Fn E. It is a second category set
having the Baire property. Let 0Qc i be an intervalon which Fn e is
residual. From the continuity of g on E it follows that there exists
an interval O0C Oo such that osc g<£ on an E. Obviously OH p is
residual in a. We shall prove that osc g <£ on 0. Thera exists an in-
terval [cd] such that d - c<£ and g(aH E)c jc.dj - Suppose there
exists a point xQ6 a such thatg(x) p [c.d]- To fix the ideas let
g(x0) > d. Put 2“\ (@g(x0)-d). From the a-approximata continuity ot
follows that the set |x: g(x) > g(x0) <3 isof the second category in
each neighbourhood of xo, so also in a. This 1is acontradiction, because
on residual subset of a we have g(x) < d.

Corollary. Under the above conditions, osc ¢g< £ on the set of 0-den-
eity points of F in a.

Lemna 4. Let T: X2 —> R be separately O-approximately continuous
and let E be a second category subset of |1 having the Baire property.
Then for each £>0 there exists a second category set HC E having
the Baire property on which osc f/E£.

Proof; Let £>0 be a given number. Let Q denote the set of points
X £ 1 such that the section £x has the Baire property and is of the
second category} then Q 1is a second category subset having the Baire
property (on the real line). Let {3njneN be a sequence of all open
subintervals of 1 with rational end-points, and let ‘fkrﬂnélN be a
sequence of all closed intervals in R with rational end-points x and
of length not exceeding £ . In view of lemma 3 and the corollary we have
Q= 1J Q. where Q is the set of points X £ Q such that a n E

rs * * *

is residual in ar and f(x,y) £ for avery, O-density point of rEx
in Op. Therefore Qr is of the second category for some pair of indi-
ces (henceforth fixed).

Let PifSO QFiS be a Baire cover of QCP.S , that is, a set having the
Baire property such that if AC p~ - has the Baire property, then
A is of the first category. If Xx 1is a point of0O-density of ?r
then we shall say that x is an outer O-dansitypoint of Qr " LetP
denote the set of all points x £ 1 which are outer O-density points of
ers. Then P 1is a second category set having the Baire property. Let
F = En(P x Or). This is obviously a second category set having the Baire
property. As is known (compare [M] , th. 4) the sat G of points (X,y)£ F
such that FX has the Baire property and y 2is an O-density point of
F* has the Baire property and consists of 0 -almost all points of F,
and the set H of points (X,y)£ G such that Gv has the Baira property
and x 1is an O-density point of G has also the Baire property and
consits of I -almostall points of G. |In particular H is a second
category subset of E having the Baire property, and itwill therefore
be sufficient to prove that f(t,u) e Kg Tfor every point (t.n) # H.
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Lot &> 0 be an arbitrary number. Observe that t is an 3~denaity
point of the following three sets: Gu, {x:|f(x.u) - f(t,u)|<® and P
Hence t 1is also an 3-density point of the intersection of these eets"
so this intersection is the set of the second category having the Baire
property. From that it follows immediately that the set Gun #nfx: [ fx,u)>
f(t,u) <™ is non-empty. Let xQ be an element of this set. *We have
(x0.uw) £ G, therefore Fx has the Baire property and u is an 3-density
point of Fx, so also of Ex. Moreover ue 3p and Xx0£ Qr B» ard
therefore f(x0,u) £ Ks. Then F(t,u) is within + of a value in K .
Since S was arbitrary, it follows Tf(t,u) E K as required.
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3-APROKSYMATYWNA CIAGLOSC PO KA2DE3 ZMIENNE3 POCIAGA WLASNOSC BAIRE"a

Streszczenie

Gtownym wynikiem pracy jest twierdzenie orzekajece, ze funkcja dwoéch
zmiennych 3-aproksymatywnie ciegda wzgledem kazdej z nich ma wkasnoscé
Baire’a.

3-AHNPOKCHMAIKBHAH HEUPEPHBHOCTb HO KA2®0H USPEMSHHOI#
BEJET K CBOIiCTBy B3PA

Pe3sjue

ritatBHNM pe3yabiaTOM padom aszaeTca Teopena 0 tom, thno Kaayiaa
AByx seficTBKtezbHHX nepeueHBHx ;orana oSjia”aib cbo»cibom EsSpa, ecra ona
oCzazaei cbo8ctbox :3—annNpokcBuathbn08 HenpepHBHOCTH oTHocHiezkHO KaacxoS
nepeueHHoa.



