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Summary. Some informations on oxisting of non-trivial projections 
in the group algebra L(G) of the Heisenberg group and of the abelian 
group are given.

Using the Pontryagin duality theory we show that the answer to 
this problem in the case of G being abelian is negative.

Another example of the group algebra without non-trivial projec
tions in the algebry L.(g ) where G is a free group on two gene
rates, [l] .

In the case of the Heisenberg group we consider some classes ot 
functions of the algebra which have not non-trivial projec
tions. In the case the general problem remains open, however.

I. Introduction

Let G be a discrete group and let us denote by L^(G) group algebra

of G i.e. of all functions f: G-*-C, such that S  l f ( g ) | < + ° ° .
geG

IVe say that f£ L ^ G )  is a projection of f * f  = f and f *  = f, where

f * f . ( t )  = 2 Z  f(tg- 1 ) f.(g). f*(g) = f(a- 1 ). It follows that V = supp 
r gee . .

f = -(geG : f(g) 4 is a symmetrical subset of' G (i.e. V = V ).
It is clear that, if G has an element g of finite (say n) order, then

the function f defined by the formula

[ 1/n if xe { l,g,... ,gn-1} , 
f(x) = j

I 0 otherwise

is a non-trivial projection of L1 (G) and therefore it is of interest to 

ask on projection in group algebra of torsion-free group. Using the 
Pontryagin duality theory we solve this problem in the case G being 

abelian and give some information in the case G being disvrete Heisen

berg group. In the second case the general problem remains open, however.
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II. Abelian case

Le G be a discrete, abelian group, and <3 the dual object of this 

group. From the duality theory of G. Pontryagin [̂3] follows that G is 

compact. We have also

(i) Let G be a compact, Hausdorff abelian group, and &  the dual

object of this group. The following conditions are equivalent
, . a(a) G is conected,

(b) G is torsion-free group.

(ii) The mapping L ^ ( G ) 9  f — i, where i(X) - 3 ' f(g)X(g) is an

*  - isomorphism of L^Jg ) into the Banach algebra c(6) of all continous 

functions on G, [2].

T h e o r e m  1. In the group algebra of abelian, discrete, torsion- 

free group, the only projections are 0 and 6  ^ (Kronecker delta at 1) 

functions.

Proof. Suppose that there is idempotent f in the group algebra L^fG)

of G. Then f' f = t, and thus f (*f - 1) = 0. It follows that the set {0,1}

is the range of function i. Since f ^({o}), f ^ ({l} ) are disjoint, 

c.loseds sets of the conected space G, one of them should to be whole 

space and the other the empty set. Thus f is constant function 0 or 1. 

Hence f = 0 or f =

Another example of the group algebra without non-trivial projections 

is the algebra (G), where G is a free group on two generatios, [l].

III. The group algebra of Heisenberg group

Let Ng be the free, nilpotent group of two generators x, y. Elements

this of group we will denote in forms x^y^z1*, cX, fi , i r e  z, z = [ x,yj. The

group multiplication is given by the formula
f

x“ y^z7" . * V z ’/ = ** + «'yP+f*z T M /*<X'/»

a l %  rl
We introduce in the group N2 a r e lation< . Namely x^y1 z < x  y z 

if and only if one of the following conditions are fulfiled

(1) a s t f j  °r

(2) a = 0 C 1# or else

(3) oC-oflt f}= (i1.

LetJi0 be the class of functions f 6 L ^ ( G )  such that supp f < < > 3  

We prove the following.
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T h e o r e m  2. The class fun c t i o n a l  ^ have no projections.

Proof. Suppose there is a function feOtn such that f *  f = f and f = f+. 
-1Let V * supp f, then V « V • Let us order this set using the relation <

-<* - £  - r  + ©ofr _cx . -fi „ x  „+<» „ P  „ ^n n n n n <  ri-1 n-1 'n-1 n-1 n-1 <
A y 4 A y ^ •••

“ n-l fyt-1 v n - l  <  a n Ph xn. . . < x  y z x y z ■,

where 0 ^  C<2 ^  • . . ^ O C n .

2« 26 2 T + c » 6
Consider the element t =■ x y z of N2 . Then we have

2K -a2ft-fi 2 T  +oC B -T+a|3-20C ft 
f * f ( t ) . Z I  f (tg )f ( g ) = 5 H  f(x " y " z " " " n )

9eN2 x < V z r e N2

fix^yPz11") * (fix ny ̂ z  n )) because for xcCyliz T 6 V, 2«n -a>ocn .

If a n_1 -OCn , then 2fin - for x^/ztf' 6 v. If = c£n , =/3n<

then 2Tn - T  for x*yP'z'r  &  V. Hence

™ ~  2 2a  2ft 2 T + 0 C  ft
[ f (x y z )] = f (x y z n " ") = 0,

ain [in T n
which is a contradiction with the fact that x y z 6 V.

R e m a r k  1. If 3C ̂  is the SGt °f functions f 6 Lj(G) (here G
is an arbitrary discrete group) such that f(l) = 0 o r  1, then there is 

projections in O C 

In fact, we have

f f ( l ) - S  f(g- 1 ) f ( g ) = X  flF)f(B) - 
g G g G

2 2 
=  I f  ( 1 ) 1  +  2  >: If ( g ) I -  f ( l )  =  o .

g€G\{l}

Hence f(g) = 0 for all g e  G. The case f(l) = 1 is analogous.

no

R e m a r k  2. If O C  2 is the sot of all functions f6 L^(G) such 

that supp f c H, where H is an abelian subgroup of G, then there is 

no projections inJC 2 .
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3AMEHAHHH 110 nOBO^y IIPOEKTHPOBAHHH B HEKOTOPOii fiMCKPETHOfł
AJirEBPE rpynn

P e  3 io m  e

B HacTOHiueft p aG oie aBiopaMH a a e ic H  HeKOTopaa KH$opuauHa o HeTpHBHajibHux 

npoeKTopax b rpynnoBhix a jireG p ax L1 (G ) AHCKpeTHHX aGexeBux a rpynnoBoft 

aJireG pe rpynnu T e iłsea G ep ra .
B c a y a a e , K or^a  G ^acKpeTHa aG ejieBa rp y n n a , b  rpynnoBoft aareG pe 

Lj^tG) Hei G HeTpHBHaabHbix npoeKTopoB. B iop oft np aaep  rpynnu c  3Thm cbo S -  

ctbom  sto  aacapeTH aa cBoGonHaa rp yn na c  asy u a  oGpaayioiUHMH [ 1 ] .
B c n y n a e  n H C K p e T H o f t  r p y n n u  r e f t 3 e H 6 e p r a  n p o G a e M a  e m e  H e  p e m e a a .  B p a G o i e  

n o K a 3 a H U  H e K O T o p u e  KJiaccu $yHKĘHftf npH H aaaexaąax k aareG pe L1 (G ) KOTopue 
H e  HMeioT H e T p a B a a J ib H U X  npoeKTopoB a lo ft a a r e G p u .

S t r e s z c z e n i e

W  pracy zostały podane informacje na temat istnienia nietrywialnych 
projektorów w algebrze grupowej L ̂  (3). Dotyczę one dwóch przypadków - gdy 

G jest dyskretnę grupę abelowę oraz gdy G jest dyskretnę grupę Heisen- 

berga.
Wykorzystujęc podstawowe fakty z toorii dualności Pontriagina pokazu

jemy, że w przypadku dyskretnej grupy abelowej G w algebrze grupowej 
L^(G) nie istnieję nietrywialne projektory. Innym przykładem algebry gru

powej o tej samej własności jest algebra odpowiadajęca wolnej grupie dys

kretnej o dwóch generatorach [1].

W przypadku dyskretnej grupy Heisenberga N,. problem nadal jest nie 
rozstrzygnięty. W pracy sę rozpatrywane pewne klasy funkcji, należęcych do 

algebry L^fN,,), które nie zawieraję nietrywialnych projektorów tej alge

bry.


