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SOME REMARKS ON INVERTIBLE ELEMENTS IN GROUP ALGEBRA OP 

DISCRETE GROUPS

Summary. The in v e r t ib le  elem ents in  group algebra  of

d is c re te  groups a re  in v e s tig a te d  t fome methods of 

co n stru c tio n  such elem ents a re  presented. I t  i s  proved th a t  

the groups of in v e r t ib le  elem ents of group algebra of 

d is c re te  Heisenberg group does not s a t i s f y  th e  Engel 

condi tio n .

0. Let G be a d is c re te  group and l e t  fc GD be th e  group

a lgeb ra  of G. This i s  the  s e t  of a l l  elements of th e  form

Y a g such th a t  a € C, Y |a  | < oo together with usual 
L  g g Li g
g€GI g€0
ad d itio n  given by ^  a^g + ^  b^g = Jc a^+b^Dg and

m u ltip lic a tio n  J  a g J  b^g = J  c^g where c^= J  ahbk

hk = g
¿*CG:> i s  a Banach algebra  with in v o lu tio n  * defined by

C J  a g3*= ^  a t 9 • The t o t a l i t y  of a l l  elements J  ag9
9 g

such th a t  a l l  but f i n i t e  number of a , equal 0 i s  the  group
g

rin g  CCGZ> over the complex number C I.K aplansky in  C43 has

ra ise d  a problem to  d escribe  th e  in v e r t ib le  elements in

the  group rin g . I t  i s  obvious th a t  the elements eg.
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g eG, ceC =C\<0> are  in v e r t ib le . I t  turned out th a t  fo r a 

la rg e  c la ss  of groups G Ce.g. n il  potent!) th e re  a re  no other 

in v e r t ib le  elements in  CCG!>.

In  th is  note we gave some inform ation about th e  group 

of in v e r t ib le  elements in  the  group algebra of th e  group 

N2=<xaybzc a, b, c e Z, z=y_1x_1yx >, where the

m u ltip lic a tio n  i s  given by th e  formula f

a b c a' b' cr a*a' b+b' c+c' ^ ^  x y z x y z = x  y z

The group i s  c a lle d  d is c re te  Heisenberg group.

1. Let /*CG3 be the  group algebra of a group G. An element

p e ¿*CG2> i s  ca lle d  p ro je c tio n  i f  p = p and p2=p. We begin

with simple

Theorem 1 .

Let u be an in v e r t ib le  element in  th e  group algebra

¿*CG3 of a group G such th a t un=l for some n e £N. Then the

element

p = -C 1 + u + u2+ . . .  + un 1D
n

is  a p ro jec tio n . Conversely, i f  e e ¿*CGD is  such th a t e2 = e 

then element u = 1 -  2e i s  an in v e r t ib le  element with u2= 1.

Proof

S tra ig h tf  orward.

I f  G i s  a to rs io n - f re e  Abelian group, then th e  only 

p ro jec tio n s in  ¿*CG) are  0 and 1. Indeed, i f  pp P then
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pCp-lD = O, where p i s  th e  Fourier transform  of p. Thus 

pCap e <0,1> i . e .  p i s  a c h a ra c te r is t ic  function  of a subset
A a

of dual group G, which i s  connected Cseet61D. Therefore p =1 

or p = 0.

The same i s  t ru e  fo r f re e  group and fo r d is c re te

Heisenberg group Ccf.[53D.

Observe th a t  th e  group algebra  ¿*CGD o f a group G in

oposition  to  th e  s i tu a t io n  in  the  group r in g  CG has lo t  of

n o n triv ia l in v e r t ib le  elem ents. Indeed, s in ce  ¿C GD i s  a

Banach a lg eb ra , any element x = ^  a g with J  lgl+a^-1 < 1

geo g*i
oo

is  in v e r t ib le .  This because th e  s e r ie s  x_1= ^Cl-xDn i s

n = l

ab so lu tly  convergent Ccf.C21D.

Hence we get 

P roposition  1

The group of in v e r t ib le  elem ents of GD » G 1, 

contains of continuum elem ents o ther than eg, ceC , geG.

Other fam ily  of in v e r t ib le  elements produces the

exponential mapping exp: /*CGD —► /*CGD defined by

oo r> 
a

expCaD = £ —

n =  l

I t  i s  known 121 th a t  i f  a and b commute then 

expCaDexpCbD = expCa+b).

Hence, in particular, we get expC aD expC-aD = 1 i.e. expCaD, 

a e ¿*CGD, invertible element in ¿*CGD.
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The s e r ie s  expCa) i s  s p e c ia lly  simple in  th e  case of

elements which s a t i s f y  th e  cond ition  aa « 0 C nilpotent

element) H.Behncke in  Cl 5 has proved th a t  such elements 

e x is t  in  any non-commuttive group algebra . For such element 

we have expCa) = 1+a.

Let LK^CG)) denote the group of in v e r t ib le  elements in  and 

le t  gr C expC G) ) ) i s  a subgroup of (JC ¿*CG)) generated by

the image of exp. Observe th a t  the  image need not form a

group unless G is  Abelian.

We have g-1expCa)g = expCg *ag) , g e G, a e  ¿*CG) which 

i mpli e s .

P roposition  2

The group generated by expC/cG)) i s  a normal subgroup 

of UC/CGD).

2. I t  i s  c le a r  th a t  ¿*CG) i s  commutative i f  G i s  so 

One may con jec tu re  th a t the  group of in v e r t ib le  elements 

i s  "not fa r"  from n il po ten t groups. Unexpectedly 

enough i t  i s  not th e  case.

Theorem 2

Let = CexpCy),x3 = expC -y) x *expC y) x ,

u s(u  ,x l ,  for n>l, be elements from MC/*CN ))• Then wen 2

have u = expCyCz-l)n) for a l l  n « IN and consequently the 

group gr<expCy),x> does not sa ty s fy  the  Engel condition  

Ccf. C 33).
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Proof

We have

~i —i
= expC-yDx expCyOy = expC -yD expC x yoO = expC -y3 expC yzD = 

expC -y+yz) * expCyCl -zDD 

because th e  elem ents -y  and yz, z = Cy,x], commute.

Furthe we get

u = C u , x3 = expC -yC z -13 nD x-1expC yC z -1D n3 x =
n+l n

expC-yCz-lDnDexpCx” 1yCz-lDnx^ = 

expC -yC z-l^nDexpCyzCz-lDnDZ) = 

expCyCz-1}"*1} , 

which completes th e  proof.

A1trough th e  group g r<expCy3, x> i s  fa r  to  be n ilp o te n t 

group we schow

Theor em 3

The commutator group g r<expCy> , x> i s  Abelian. Thus 

gr<expCy} , x> i s  m etabelian group.

Proof

Any element in  gr<expCyD*x> i s  of the form

n
g = x expC m̂ yD . . .  x expC n»ky^ -

Observe th a t

expC-myD x_nexpC myD xn = expC -myDexpC myzn} =

expC yC C mzn-rrO D . 

expCmy}xn = x°expC my} expC yC mzn-nO }
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Using th is  we can s te p  by s te p  by c o lle c tin g  process rew rite  

g in  the  form

g * xnexpCy£ a.zt)
i

fo r some n, â  and i from Z.

Hence we ob tain

tg ,g*] * expC-yJ a_zv!>x“nexpC - y j  a* zl!)x"'n+nexpCyJ a.zlDxn 

expC y J  a • z * } = expC y J  b.zS 

for some b^cZ. Now i t  i s  c le a r  th a t  a rb i t r a ry  commutators 

from gr<expCy},x> and theorem 3 follow s.
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UWAGI O ELEMENTACH ODWRACALNYCH W ALGEBRZE GRUPOY/EJ 

GRUPY DYSKRETNEJ

S treszczenie

W pracy bada sit? elementy odwracalne w algebrze 

grupowej grupy dyskre tnej. Podano k ilk a  sposobów konstrukcji 

takich  elementów. Dowiedziono, że w przypadku dyskretnej 

grupy Heisenberga elementy odwracalne tworzą grupę "daleką" 

od n i lp o te n tn e j , bo n ie  sp e łn ia  ona nawet warunku Engle’a.

3AME4AHMH OB OEPATHMHX 3JIEMEHTAX 3 TW U03UX  AJITEEPAX 
iHCKPETHHX rpyiffl

P e 3 k> w e

B 3 t o B  p a ó o T e  H C c n e n o B a H W  o ó p aT H M Ł ie  a n e i i e H T u  b 

r p y n n o B o f t  a n n e ó p e  q h  c  k p e T  h  oft r p y n n w .  Y icasaH M  h s i c  o r o p u e  

M eTonbi K O H C T pyxuH H  TaKH X  s n e M e H T O B . H o ic a s a H O , h t o  r p y n n a  

B c e x  o 6 p aT H M b ix  e n e i ie H T O B  b r p y n n o B O ń  a n r e 6 p e  H H C K peT H oft 

rD y n n b i T e f t 3 e H 6 e p r a  H e  a B n a e r c f l  s H r e n e s o f t .


