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AbstractsA nonlinear l1l-kind integral equation of the Volterra
type in the -form
x® =z(t) + F k(t,stx(s))/j(ds>
1

is studied where te P,a subsemigroup of some locally compact abelian
group G,which is assumed to be linearly complete-ordered.The integral is
a Haar integral over some order— bounded closed interval Ce,t3.A solution
of the equation is defined to be continuous 1in some group interval
topology. Two theorems are proved which give conditions such that a
unique local solution exists.

1.INTRODUCTION

The mathematical formulation of many problems in the technical,
physical ,biological, and system sciences leads to continuous or discrete
integral equations .In particular,such equations arise frequently in the
theory of continuous and discrete dynamical systems.

The general outline of use of integral causal operators in dynamical
systems analysis with time beeing an element of a locally compact
Abelian group is very well known C6-7,9-10,16,I1B-193.In recent years*
th«* theory and applications of abstract integral equation have become
quite general by employing the algebraic methods and methods of
functional anal ysisC5,9, 12—-13, 16, 18-21 3.

2_DEFINITIONS AND PRELIMINARIES

Let symbols ¢ and z denote ordinary inclusion between sets ,and they
do not exclude the possibility of equality (the symbols £ and 2 are used
as well).We denote by A’ the absolute complement of the set A ,AnB the
intersection of sets A and B, AuB the union of sets A and B.
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The symbol Rl is reserved for the set of all real numbers, K1 for
the set of all complex numbers, Zi for the set of all integers* The
complex and real n-dimensional spaces for n=2,3,..are denoted Kn and RN
respectively. The subspace of all real nonoegative numbers 1is denoted

Let G be a separable locally compact Abelian group, with the
multiplicative group operation and let PcG be a closed semigroup of
positive Haar measure v (P)>0«Elements of a group we denote small letters
t,s,T,g,h,-.-.Let p denote Haar measure on G and e be the neutral
element of G.
For a fixed a € G,the mappings x — >ax and x — >xa of 6 onto itself
are called left and right translation by the element a,respectively.The
mapping x — >x"4 of G onto itself is called inversion.
Let A and B be subsets of a group 6.The symbol AB denotes the set
tab:a e A,b e B>,and A-’l denotes fa”l:a e A>.We write aB for fa>B and Ba
for Bta>.
Let M be any set which contains more than one element and a relation
< between certain pairs of elements belonging to M. A relation <
linearly orders a set M iff the following conditions are fulfilled:
(Al) Ifx<y and y<z ,then x<z ;
(A2) Ifx<y then itis false that y<x ;
(A3) Itx*ythen x<y or y<x

for every elements x,y,z € M.

If a set M=G is an Abelian group,we say that a group structure and a
linear ordering structure accord with each other ,if the following
additive condition is satisfied:

(AA) If z e 6 and x<y then xz<yz for every x,y e G.

A linearly ordered set M with an corresponding Abelian group
structure will be called a linearly ordered Abelian grouptl1,8,12,14,203.

Let Ii be any set which contains more than one element and a relation
< between certain pairs of elements belonging to M. A relation < orders
a set M iff the following conditions are fulfilled:

@BI) If x<y and yiz then x<z ;

(B2 x < x ;

<B3> If x<y and y<x then x*=y ;
for every Xx,y,z e M.

IT a set M=G is an Abelian group,we say that a group structure and
an ordering structure accord with each other,if the followingadditive
condition is satisfied:

(BA) If z e G and xSy then xz<yz for every X,y e G.

An ordered set M with an corresponding Abelian groupstructurewill

be called an ordered Abelian group £1,8,12,14,203.
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If < is a linear ordering and x<y ,then it is customary to say that
X precedes y or x is less than y (relative to the order <) and that vy
follows x and y is greater than x. If M is linearly ordered relative to
the order < ,we can define an ordering in the following way

xSy iff x<y or x=y

Let G be an ordered group, relative to an order £ _It follows from
CB4) that if e<x and eSy then yExy -We denote by Q the set of x e G such
that tx : e<x > is closed with respect to group operations. Since if x<y
is equivalent to efyx~i it follows that yx e O.Conversely we have the
foilowing result.

LEMMA C33.1f PcG,ee Q and QQcQ ,then the relation yx-1l« O defines an
order relation corresponding with the group structure in S.This relation
defines a linear order relation iff QnQ~1=fe>;this relation completely
orders G iff additionally QIXJ =G.

In an ordered group ,it is usual to say that an element x ,such that
e<x 1is positive (relatively negative if x<e).Let notice that e 1is the
only representative which is positive and negative.Any element such that
e<x 1is called stricly positive (stricly negative if x<e).

We say that a subset AcG is order-bounded in G if it has an upper
and lower bounds in G.A set 6 is order- complete (relative to the
ordering <) iff each non-void subset of G whi.cb ha* an upper bound has a
supremum.

For a,b e G such that a<b »let 3a,bC={x e G:a<x<b >.Let the family
of all sets la,bC bean open basis for a topology on G;notethat G has
no greatestor least element, so that 6=Ufla,bC:a<b>.Then G is a normal
T0 group.Further we use the notation Ca*bl»<>t e G:a<x<b > Tfor closed
order— bounded interval sets.

We assume further that the relation yx P <x,y e G) is the order
relation corresponding with the group structure and additionally
PnP 1=iel and PuP 1i=5. In consequence we consider G as a linearly ordered
set with a topology having sets of the form 3a,00C-ix e Gsx>a>,and 3co, aC=
€x e G: x<a>,a e G, as an open basis. Sinee Iin an ordered group there
aren"t the least and greatest element an alternative topology can be the
system of all open intervals 3a,bCfwhere a<b. We assume that a group G

is order— complete relative to <-

Let P = p““ and A be a subset of G.The symbol ? will denote the

function defined on G such that
1 for g e A,

0 for g e A*.
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For simplicity we’ll write Further =Ff _H 1 is j measurable map on 5
Pt
then the truncation of f at t » IS given by

(@ For ge Pt ,
frg> s ife
i or gi ,
[s] F ft-
i.e.f = £ f_Stricly speaking,we should write - since truncation
T T Pt
depends on the semigroup P-However,we usually deal with a -fixed P and so
the distinction is unnecessary.
It is assumed that the reader is -familiar with the classical theory
of nonlinear Volterra integral equations. Fol lowing this -fact a
convenient notation tor integration ot Volterra type kernels is proposed

t
I . to pids) = 1(O/j(ds)

Ce,t3
More details about ordered groups may be tound in papers
C1-4,9-10,12-14,203.

3.EXISTENCE THEOREM

The purpose of this paper 1is to study the Ilocal existence and
uniqueness of a solution of a nonlinear Volterra type integral equation
of the I1-Kkind

t
x<t> * z(®) ¢ J k(t,s,x(s))p(ds> t>e (€))

e
We will further assume that the following hypotheses are true.

<Cl1> z(t),te P 1is the known n-dimensional real-valued continuous
function ;e

<C2) the nonlinear n-dimensional real-valued function k(t,s,x) is
measurable with respect to all variables for (t,s)<= A,x e R .
A:=<(t,s):t,s e P,s<t>,and continuous with respect to x for all
(t,s)e A,and f<t,s,x>= 0 for any s>t; ¢

(C3) for each order-— bounded element h e P and for any bounded subset
BcRn there exists a real-valued nonnegative,measurable function

m(t,s) such ,that

Ik(t,s,x) | < m(t,s) @)
for each e <s5t<h, xe B and
t
sup ra(t,s)p(ds) < o (©))

e<t<h J
e
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(C4) for each compact subset JcP,each bounded subset BcR and each
t eP

lim k (t,s,x (s))-k<t ,s,x (s)>m(ds) * O
t—>t0 JJl
for each function x e C(J;B);
C(5) for each compact subset IcP,each continuous function x e C<I;Rn)
and each t0€ P

lim j fk(t,s,x())-k<tO>s,x(@E))m (ds) * 0 ;
Vi
C(6) for each order- bounded element h e P and each bounded subset BcR
there is a real-valued nonnegative ,measurable Tfunction k(t,s)
such that the fallowing inequality
lk<t,s,x)-k(t,s,y) | < k(t,s)|x-yl @
is satisfied for each e < s < t <h and x,y e B.For each te Ce,h 3
~ 1
the function k(t,.)e L (P.) and additionally

w
Iim k<tr,s)/j<ds) = 0 (©)]
t—->e J
T
C(7)- for each arbitrary: order— bounded element h >e and bounded subset
BcR"
tT
lim j jk(tr,s,x<s)) jai(@ds) = 0
T->e 1 1

where convergence is uniform with respect to <t,x) for e < t < h
and x € C(Pt;B).

One can prove , that there is an element t ¢ P and a real-valued
continuous function x(t) »which is the solution of the equation (1) for
each t e Ce,T 3.

Now suppose that we change variables t— >ta »where a is an arbitrary

element and e<o»<r-Formal ly we have

>
ta
x(ta) = z(ta) ¢ F k(ta,s,x(s))p(ds) =
e
t ta
= z¢ta) + J k(ta,s,x ®)ps) + J k(ta, s, x () Y (Es) ®)
e t

o _ _ _
Let be s=s t. Since Haar measure 1is invariant we can transform the

relation (6) into the fore



Suppose that y (t)-x (ta).By virtue of (7) it -follows from the equation
6) that

@)

Now let x<t> be a continuous solution of the equation (1) for te Ce,r 3,
then it is clear that for each a e Ce,T C the function y(t)=x(ta) is the
solution of the following integral equation
t
<O>

where

(1o0)

for each te Ce,Tc* *3
Conversly ,if y(t> solves the equation (9) for te Ce,<&3,and one
defines x (ta) =y (t), then x (t) solves the equation (1) for te Ce,a<5 3.
Now we consider the local existence and uniqueness of solutions of
equation <1).

THEOREM 1.Suppose that hypotheses (CI)-<C4) and <C7) are satisfied ,
then there exist an element fte P and a continuous Tfunction x(t) such
that x(t) satisfies the equation (1) on the interval Ze,ft 3.

Proof.This result will be proved by applying the Schauder-Tychonoff
fixed point theorem.
For arbitrary order-bounded element h e P define a set

n X - z (t) 1 for each t € Ce,h 3

Define the closed interval J=Ce,h 3. Since the group G is order— complete
relative to < then every closed order-— bounded subset of G is compact.
With J and t"=e it follows from hypothesis (C4) that there 1is a
possibility to pick ft in the interval 9<ft<h so "small"™ that
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k(t,s,x(s)) m(ds) < 1 <11)

«for each te Ce,f2J and x e C(J;A>.
Let B be the Banach space o-f continuous functions C(Ce,f33;Rn> and
let B be its closed,bounded and convex subset defined as follows

B={ e B : sup Ix(t)-z(t>] <1 1
J

Let T denote the following integral operator defined on Bq
t

™ (& = z(H) + \] k (t,s,x (s) )p(ds) t>e az
e
With each x(.)e Bg and t e Ce,/?3 it follows from <C3> and <11) that
t
i(MO(>- z(t>]< | |k(t,s,x () |p(ds)< 1 a3

Therefore TBo is a uniformly bounded set of functions,
Let x(.)e B0 and let t,th e Ce,/33.Then

1O (th) - (T ® | < |z(th) - z(t>J +

h P
+J |k(th,st,x (st))|p(ds) +J |k(th,s,x ) )-k (L, s,x () |p(ds> a4

e e
Since z is continuous the first term in (14) tends to zero as h >e. The

second term tends to zero uniformly since regularity of Haar measure and
hypothesis (C7). Hypothesis <C4) with and t=e implies that the
last component of (4) tends to zero uniformly for x(.)e B~.This proves
that TBoc Bo and that TB0 Is equicontinuous at each point t € Ce,"?3.

In order to show that T is a continuous function let be arty
sequence in B0 convergent to x . Let t be any fixed element 1in the

interval Ce,/53.By the continuity of k with respect to x

k(t,s,x <s>) — > k(t,s.x(s)>
for all s e Ce, 13.Moreover , the hypothesis (C3) implies that

1k(t,s,xM(s)) | and |k(t9s,x(s))I " m<t,s)

for each e<s<t ,n=1,2,3,  where m(t,.)e t“(e,t).There*ore by the
Lebesgue dominated convergence theorem we can write

t t

J k(t,s,xn(s))"<ds) - >\] k<t, s,x <s>)Tj(d9)

e e
Thus Tx — >Tx as n- >0 for each ts



- 360 -

Any equicontinuous sequence of functions which converges at each
point of closed order— bounded interval also converges uniformly on this
interval .Since the interval Ze,ftl  is compact and the group G 1is
Hausdorff the conditions of Arzela’s theorem are fulfilled C53 It
follows that T is a continuous map of B into itself.

By the Schauder— Tychonoff fixed point theorem C5,12-133 the function
T has a fixed point x(.)e BA.This fixed point is a continuous solution
of the equation (1) on the interval Ze,ftl.m

If a function k satisfies a Lipschitz condition with respect to x ,
then the local solution of the equation (1) is unique.Iln this case it is
possible to weaken hypothesis <C4).

THEOREM 2.Suppose the integral equation (1) satisfies hypotheses
(C1)-(C3>, (C5) and <C6>- (C7).Let the function m(t,s) defined in (C3) has
the additional property as follows

t
Jm(t,s)/j(ds)— > 0 as t— >e+-

e
Then there exists an order-bounded element ft c P such that the equation

(1) has a unique continuous solution on the interval Ce,/?3.

Proof.The result will be proved by applying the principle of Banach
contraction map.Let h e P be any arbitrary element.Define the closed
interval J**Ce,h 3. -

Let m(t,s) be given by (C3) and k(t,s) be given by <C6).Pick ft in
the interval e<ftkh and so “small™ that

t t
| k(t,syp<ds) £ 1/2 and J mee,B)~(ds) S 1 16>
e e
for each t e Ce,/?3.Let B,Bqg and T are the same as in theorem 1.We notice
that B is the Banach space with the norm of uniform convergence
Ix(H1 = O0x<)I = sup [x(D]
C(Ce,/?3;Rn> C(Ce,/3D) e<t</3l 1
Given x(.) 1in B0 and t in Ce,/?3 one has
t t
j(rx)(t)-z (t)|< J |k<t,s,x(s)>|/_*(ds) <J m(t,s)p(ds) < 1
e e
Therefore , (Tx)<t>sCe,/?3— >BO.Letx(.)e B 0If t and th are in Ce,f?3 then
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(TxHth) - (Ox)(t) < 1z (th) - ztt) +

h fi
+ 3 Ik(th,st,x(st)) |p(ds> + \] Ik(th,s,x(s))-k(t,s,x(s)) Ip(ds) (A7)
e e

The first two terms of (17) tend to zero fallowing the same arguments as
in the proof of theorem 1.1t follows from (C5) with J=Le,{31 that the
third term tends to zero as h-— >e.Therefore -Tx e B0 whenever x e BO—
Given Xy anéi X in B0 and t < Ce, /73
t
I<Ixt> (D) —<Txz) <> | < | |k<t,s,Xi(s))-k(t,s,x;(s)) |/i<ds> <
e

< | k(t,s) |xi<s)-x2<s) |#j«ds) <
e
t
< Ix - x 1 J k<t,s)p(ds) 8)
1 2 C(Ce,”3) J
By the first of inequalities (16) it follows that
ITx - Tx 1 < (W/2) 1x - x 1 -Therefore T is a contraction
1 2 C<Ce,/?a) 1
mapping on BN-By Banach fixed point theorem the map T has a unique fixed

point x(® -a
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UWAGI O ROWNANIACH CALKOWYCH TYPU VOLTERRY OKRESLONYCH NA LOKALNIE
ZWARTYCH GRUPACH ABELOWYCH

Streszczenie

W pracy analizowane sa réwnania catkowe Il-go rodzaju typu Volterry

postaci

x@® - z(t) +f k(t,s,x ()N (@s)
Ce, 13

gdzie t e P,P jest polgrupa bedaca podzbiorem pewnej lokalnie zwartej
grupy abelowej 6,0 ktérej zakdtadamy, ze jest catkowicie liniowo uporzad-
kowana. Catka jest rozumiana w sensie miary Haar’a i catkowanie przebiega
po zbiorze, ktéry je«t domknietym, ograniczonym ,ze wzgledu na wprowadzony
w grupie porzadek liniowy, przedziatem. Zaktadamy,+e rozwigzanie jest
funkcja ciagta w sensie topologii przedziatowej zgodnej z istniejgca w G
strukturg grupowa. Udowodniono dwa twierdzenia dotyczace lokalnego
istnienia i jednoznacznosci rozwiazan rozpatrywanych réwnan catkowych.

HeicoTonwe s$aMenaHH* o HHTerpanHbix ypaBHeHHHX T«na BortbTeppw

onpegeneHHbix Ha noxanbHO OHKOMnaKtho k adeneBoft rpynne

Pe3ioMe.B padoTe npeflcTaeneH aHan«3 HHTerpanbHwx ypaBHeHHft I1l-ro pofla

T«na BonbTeppbi npeflCTaBneHHwx b Bwge

X@® = z(t) ofF k<t,s,x (s))p(ds)
Ce, tl

rge t « P, P «BnaeTCfl nognonyrpynnofi HexoTopoft noxanbHO 6HxoMnaxTHoOA
adeneBofi rpynnbi G,0 xoTopoft mnm npeflnaraeii hto ona xoMnneTHO nHHefIHO
ynopaponaHa. HHTerpan nu noHHwaeM b cwbicne Mepu Xaapa h HHTerpnpoBaHHe
BefleTC« nO MHOXeCTBe, KOTOpe HBNnHeTCH 34MKHyTbIW, OrpaHHHeHHbIM ,b  cMbicne
BBefleHHoro b rpynne nHHeftHoro nopmKa, HHTepBanoM. B  flanbHeftuieM mm
npeflnaraeii hto peuieHHe «BnaeTCfl HenpepbiBHoft 4>yHxueft .b cwucne BBegeHHoft
» rpynne HHTepBanbHofi Tononomn. Mo floxasann fIBe TeopeMbi o cymecTBOBaHHH
h  efHHCTBPHHOCTH noxanbHbix peiueHHft paccMaTpHBaeMbix HHTerpanbHwx

ypaBHeHHft.



