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THE THREE-DIMENSIONAL DIFFUSION EQUATION IN THE SPACE OF DISTRIBUTIONS

Summary. The solutions of the diffusion equation (5) that satisfy 
the conditions (6), (7), (8) have been considered in the paper.
The evidence for these solutions existence are enclosed in the papers 
[1] & [21.
They are of mathematical and physical character.

1. INTRODUCTION

The subject of this work is construction of the transport equation (5). 
The solutions of this equation satisfies the limit conditions (6), (7), (8). 
The proofs of the existence of the solutions of the equation are enclosed in 
[1], 12].
The results of this work are the generalization of the results enclosed in 
[1]. They have a mathematical and physical character.

The continuity equation (expressing the mass conservation law in physics) 
for the flux <p J = - Vp has the form

V V :
n « -

Vp • dZ , xeIR3, t€R+

p : R x R 3 Q (x, t)
( 1 )

Z is the surface of the volume V (V is the open domain), dl? = n dZ, n is the
external normal ((1) is true for V dependent also on t).

2 1 If we assume that peC with respect to x and peC with respect to t,
then we have from the Gauss-Green theorem
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I f - ' - Ap dV (2 )

Hence

aP A 
a? = ip (3)

The integrals in (1) have sense for p satisfying the Lipschitz condition 
with respect to x and t.
(The assumption cam be weakened).

2. FUNDAMENTAL THEOREM ON THE DISTRIBUTION FORM OF THE EQUATION (1)

We shall prove that the distribution form of equation (1) is following:

op
at Ap = r̂ Ei _ £  }x/ at .+, , at , J > .

j=T V x) V x) J
,ct) -

n 3

j=l i=l

rap aP 1[ax. + Sxi J
*j,i(t) *j.i(t)

, (t)

Assumptions: Let p satisfy the Lipschitz condition with respect to x and t. 
We assume then that the set S of the points of discontinuity of the derivati
ves is a finite family of smoth manifolds S = S , j = 1 r , with

J
3 +with dimensions 3, 2, 1 in the four-dimensional space xeR , teR . (These 

manifolds from the physical point of view are the results of moving points
3and lines and surfaces in the three-dimensional space xeR , Sj may be well in

dependent of t). Let p be the function generating the distribution p. Let’s 
assume that are the volumes which do not contain the elements which are 
the subsets of S. We choose these V , k = 1,2, which are neighbouring with 
the common surface P to each other.
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(The surface P is the common closure of the open domains V). Generally the 
surface P is the function of the time t, therefore the volume V^is the 
function of the time too. There are the subsets Sj, j = l,...n, belonging 
to S on their common surface P, n s r.

n
Proof. Let W = V u V u  P. P 3 U S

J=1

We write (2) as:

where S1, 6 - distribution associate with x^,

1, (x,t) e Sj 

0. (x,t) *  Sj

<pj(x) denotes this value of t for which (x. t) e s j and
0. . (t) denotes this value of x. for which (x, t) e S.,

J*  i  1 J
j = 1,2,3.

V 5 =
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The sums of the first end the second integrals of the left side as well as on 
the right side of (4) are suitable derivatives in the distribution sense. 
Therefore we may write the equation of diffusion

* - * - n
J=1

_ £e
. + f » d t  ♦j(x) ♦j(x) (x)dV -

n 3

j=i i-i * h M

5P
3x.

We are looking the solution of (5) in the domain £2(x, t) with the limit con
ditions:

p(x,0) = <p(x),  <p satisfying the Lipschitz condition

p(x, t) = 0, (x, t)€ 3 £2,

( 6 )

(7)

p(x,t)dx = const (8)

£2(x, t)n{t)

3 +The set S is given, Q(x,t) e R x R . (On the left side without misunder
standing we write p instead of p).
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TRÓJWYMIAROWE RÓWNANIE DYFUZJI W PRZESTRZENI DYSTRYBUCJI

S t r e s z c z e n i e
W pracy rozważano rozwiązanie równania dyfuzji, które spełniają warun

ki (6), (7), (8). Dowody istnienia tych rozwiązań są zawarte w pracach [1] i 
[23.
Wyniki tej pracy stanowią uogólnienia rezultatów zawartych w [1].
Mają one matematyczny i fizyczny charakter.

EPEXMEPHOE. yPABHEHHE B IIPOCTPAHCIBE

OEOBIĘEHHHX 4*yHKUji2

P e 3 d  u  e

B  paO o i e  paccMoipzii p e m e H z a  y p a B H e H z a  nz<Jxjt>y3zz ( 5 ) ,  Koiopue 
yflOBaeiBopzET (6), (7), (8). ¿toKa3aiejiBCTBa c y m ecTBOBamuł oxzx 
pemeHHfi n o M e m e H H  b p a ó o x a x  [l] z [ 2 ] .
Pe3yjn>TaTH Hacioaąeii pafioTH aBjuuoTca oSoSmeHzaMZ pe3yzBTaTOB, no- 
ueqeHHUx b [l] .
Ohh zuesT MaTeuaiHwecKHa z 4>z3zzecKzfi xapazxep.


