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EXTERIOR FORMS IN n-DIMENSIONAL PREMANIFOLDS

Summary. The concept of am exterior differential form in n-dimen-
sional premanifold has been introduced in the paper. The equivalence of
a point - wise definition of an exterior differential form with a global
one has been proved. The formula d»d = O which is fundamential for de
Rham cohomology theory has been obtained as well.

0. PRELIMINARIES

We will consider a real or a complex (see [4],[5]) premanifold M such that
its topology topM will be T - topology (see [4], 51, [2])- The domain of any
function F will be denoted by D\.. For any functions f and g with values
in a vector space V the function f+g will be always meant as the one ha-
ving the domain n Dg such that (FQ)(p) = f(p) + g(p) for p e DF n Dg.
It may happen then +g=< If f 1is a real (complex) function, g 1is a
function such that g(p) is a point of real (complex) vector space for
p 6 D , then we have the function f*g with the domain Df n D and defined
gy usgal formula (Fg@)(p) = f(P)*g(p) for p e nD . We wiqll assume in
the paper that M is n-dimensional (see [Z]), i.e. every point p of M has a
neighbourhood U e topM and a system (e-.-.-.e") of smooth vector fields in
M defined on U such that: 1) (€l(),---,ep)) is a base for the tangent
space TM to M at the point p; 2) for any smooth vector field X defined in
a neighbourhood of p there exist al an e M such that

X@ = a*(@e™@) for g6 UA . ©-0

Such a system (e e ) is said to be a local base for M on U. We remark
that the set of all local vector fields together with the addition is not a

group-
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1. EXTERIOR FORMS

For any point p of M and any natural number k we have k-th exterior power
Ak(Tp ND* of the dual space (T M)* to TPM- The functlon w with the domain
DGe topM such that w(p) is an element of A (T M) is said to be an exte-
rior k-form in M. Assume that M is n—dlmensmnal and 0 s k s n. Then we have

the duality <= le> between PM and Ak(jPM) given by the formula
Vj a ... avMwj a ... Awlke =det[wi(V)); i,J *K] for Vj vk in TpM
and Wj we in (OpM)*. For any local vector fields and any
point p €D nD, n n Dv we set
“ X1 *k

u? (XJ, -0 XMDP) = <XFPIA ... A Xk (P)u(p)>- a.n
We have thus the function u’(Xj X)) with

vV (X1 V=DuoDx1n... nD~ . a.2)

We wil say that u is smooth iff for any local smooth vector fields X»,..,"

the function u’(Xj X~ belongs to M.

The set of all smooth exterior k-forms in M will be denoted by Ak (M).
Consider the set A> (M) of all functions y satisfying the following con-

ditions:

(¢D) is the set of all k-tuples (Xj----XY of smooth local vector fields
inMand Xl X~ eM for (Xj XN €D

(i) for any smooth local vector fields X*,..., XA, X inM and any aeM we
have
t) (X Xi + aX XM = tj(Xj XA
+ a « i>(Xj Xi-i-X>X1+i \

(iii) for any smooth local vector fields Xj....X\MYj,-.., in M such that
D =D D =D we have
X1 Y1 *k Yk

vV X1 Xk) “V Y1 V s

(Iv) D is skew-symmetric.



Exterior forms in. 15

1.1. For any De A” (M and any smooth local vector fields

we have

~UCXj DXj A% n Dt0 0)” -3

where 0 is zero vector field on the set of all points of M

ITUC D.D,v ’___,\;(,\ﬂthen
TG JU- .. Xk W) = THL - - - . XK)JU. a®
Proof. Let 0.i be the zero vector field on D%A’ 1=1....k
From (ili) it follows that n Q™.
On the other hand, we have Oi =a, = 0O where D = D}(j and ay @ =1 for
pe . Hence, by (i), it follows that
A@L  Ok”= 2 Q... 0" Ths Dol K)=
= n...nD_ nbD.,, = A ... nDv nD
a aRr W 0) Xj XA (0 o 0)
Similarly, (i) yields uiXjlu = Ya *XjF-.“ *XN =

= a = TifXj Xk) = Tjixj V10, Were Da=U 31 a@) =1

for pe U. Q.E.D.

The set g@-.-..-0) will be called the natural domain of ).
1.2. If M" is ans n-dimensional premanifold, & eKA’ M, XA, ... )N are
smooth local vector fields in M, p e x jJ and =0 “"or so~

me h, then €QO,... XD @ = 0.

Proof. Let (ej e) be a local base for M on Uwhere U is aneighbourhood
of the point p. We may assume thatU c

According to 1.1 we have U c n ...n and XjJD)= <6~ f°r some

al,...,all e M. Hence it follows that ijiXj-...XY)|U =
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=Pxilu...Vil0o-“S - W 0...." 1 =
= «"(XJ --- Xh-rei’Xh+r-"Xk)N and 0 =V p) = ai(p)ei@)-
Therefore a™ip) =0, 1 =1 k. Q.E.D.

I
Let M be an n-dimensional premanifold and t§ e A (M. Proposition 1.2
allowe us to accept the following definition of the k-form i)

V2a ... a VKIDT@E> = XL ... ()., a.s)
when VJ = XJ (OB X.JIS a smooth local vector field in M, p €DTi’bg'
Indeed, ifY ,...,Y. are also smooth vector Tfields with pebD , )

(Y1 Yk

and Vj = Yj(p), then according to 1.2 we get
UXJ----Xk) - v (Yr X2 XXKNE =D& -YrxX2v @ = 0
and subsequently TjiXj ANPSE=72 (I"V2-X3> ... XB@E) = ... =

=V CYj YK)®)-

From (iv) it follows thatthere exists the only element T)°() inAk(T PM)*
such that (1.5) holds.
1.3. For any n-dimensional premanifold M we have a one-one correspon

dence

w §F »w A M —— >A"M.

Moreover, (@ =u)’=a eu’ and (ij éru ) =u1 ’+2u > for

w, RRE€EA M and a € M

Proof. Let us take any 4 € A> (M). Thenfor any smooth local vector fields
Xj---- Xk, according to(1.5) and (1.1), we have t° (Xj X )=

= HXJ Xk). Thus, T1)° = 7. Now, assume that o, e Ak(M) and o> = v
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According to (1.2) we have D, =D

9= Py, ... @d. similarly,

DUl = D<Y (0...0)-

Hence 1t follows that % =D and, by(@.D),

e MA..ae. MuE>=< @ a..ae .EW@E>forped ,
] *k X1 *K 1 “

1s < ... <1I™in, where (eN.-.-.e™) is a local base for M on a neigh-
bourhood of the point p. This yields o= Q-E.D.

Proposition 1.3 allows us not distinguish u and u’. We willoften write
inthe sequel u(Xj--- XYinstead of u- XY .
2. LIE BRACKETS OF VECTOR FIELDS

Let X and Y be smooth local vector fieldsin a premanifold M. For any
PeDXn DY and any a e M such that peDawe set

IX. Y] (® @ = XipHdya) - YtpMd"®), @.D
where for any aeM and q € Da lva we write

AN @D = X@ @- @2
We have thus define the smooth local vector field [X,Y], calledLie brackets
of Xand Y, in M with the domain n Dy.
From (2.1) and (2.2) it follows that for any smooth localvectorfieldsX,Y,Z

and any c in R when M is a real premanifold (in C when M is a complex

one) we have
X+c, 2] =[X,2Z] +clv.2),
xX.Yl + [v,X] =0,

[DXY1,Z1 + [TY.Z1.X] + nz.X1.Y] = 0.
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The above properties of Lie brackets allows us to consider the exterior
diffferential for all elements of A> (M), and next, under the hypothesis that
M is an n-dimensional premanifold for all u belonging to A (V).

3. EXTERIOR DIFFERENTIAL

For any 5 € A’KQM) and any smooth local vector fields X ,.... X" we set
k
d,(x0o. v = axi“txXh. .. Xi-1,Xi+l. ... Xk) +
i=0
G.D

+ A (-DIRU(XiLXI), X0 . XH L XIEh - L X=X+ o . XK)?
Ofi<jsk

3.1. For any v e Ak Mwe have di) e A k+1(M), the natural domain of d7)

coincides with the natural domain of © and

dod=0, G.2)
i.e. for any smooth local vector fields X ,...,X+j we have
ddn(Xo.-.-... Xk+1)(@ = O @G3)

for q in the natural domain of 1) .

Proof. By an easy verification we state that di) e A’k+1 and qg =
= To prove (3.2) we take arbitrary smooth local vector fields

o mM\*1 ad st

U =DXo ft-"- A\ +1 n Dr(0 0) -~

From proposition 1.1 we get dd™(Xo Nz EEAL1 N T et US
remark that any set U e topM the set of all smooth local vector fields X
such that = U is a group with respect to addition. Hence (see [3] and

also [1]) we get (3.3). Q.E.D.
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3.2. If M is an n-dimensional premanifold, then there exists exactly one

operation d which to eah u e A.k(M) assigns did e Ak+1(M) in such a way that
for any smooth local vector fields Xq we have
@id)” g Xk)=did” Q Xk). (€X))

For each ®e A (M) we have Ddid:DH and
ddid = 0 . @-5)

Proof. It sufficies to reffer to 1.3 and 3.1. Q.E.D.
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FORMY ZEWNETRZNE NA n-WYMIAROWEJ PREROZMAITOSCI

Streszczenie

W pracy wprowadzono pojecie formy zewnetrznej na n-wymiarowej prerozmai-
tosci. Udowodniono rownowaznos¢ punktowej 1 globalnej definicji formy zew-
netrznej. Udowodniono tez podstawowy dla teorii kohomologii de Rhama preroz-

maitosci skonczenie wymiarowych wzéor d od = 0.
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BHEFFIHHE &OPMH. HA n -MEPHHX 11PEMHOPOOBPA3HHX

Pe3d3bue

B pafioTe BBOFIHTca- hohhtzs BHejnHeit (JopV&L aa fn~MepHOM npeMHO-
poo6pa3HH. noKa3HBaerca paBHOcajiBHOciB To%eaHoro a i\no6ajiBHoro
onpe”ejieHHa BHemHea $opMH. Jj,O0Ka3HBaeTca- Taase ocHOBHaa. hjut Teopaa
KoroMOJioraa ,g¢ PaMa KOHeaaoMepHHa npeMHorooSpaaafi (JopMyjia dod = o



