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THE LIMIT PROBLEM FOR FACTORISED PARTIAL DIFFERENTIAL 
EQUATION OF PARABOLIC TYPE

Summary. The subject of the paper is the construction of the (1)— (5) 
problem’s solution. There are two theorems given: Theorem 1 concerning 
the uniqueness and Theorem 2 concerning the existence. Theorem 1 is 
valid for the solutions that belong to the class (K). Green functions 
for the parabolic operator P and for the operator L are appiied 
The solution is expressed as the sum of appropriate Green potentials.

1. INTRODUCTION

The subject of the present papers is the construction of the solution of 
the equation

L2Pu(x,t) = f(x,t), P = D2 - Dt. L = D2 - q(x), L2u = L(Lu), (1)

in the strip D = {(x,t) : |x| < a,t€(0,T)} with the limit conditions

u(x,0) = f (x) for xe(-a,a), (2)o

u(-a,t) = tij(t), u(a,t) = l^it) for t € e(0,T), (3)

Pu(-a.t) = h3 (t), Pu(a,t) = h4 (t) for t e (O.T), (4)

LPu(-a,t) = hgit), LPu(a,t) = hgit) for t e (0,T).

In the paper [4] the similar problem for another domain is investigated.
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2. UNIQUENESS THEOREM

Definition 1. Denote by (K) the class of all functions u e C5 ’1(D)nC6,1(D) 
with respect to the variables x,t.

Theorem 1. If q(x)e C2 ([-a,a]), q(x) > 0 for x e [-a,a] and the functions
u^ € (K), i=l,2, are the solutions of the problem (l)-(5), then u^ s u^ in D.

Proof. Let U(x,s) = Uj(x,s) - u2 (x,s), then 

L2PU(x,s) = 0 for (x,s) € D and 

U(-a, s) = U(a,s) = 0, PU(-a, s) = PU(a,s) = 0.

LPU(-a.s) = LPU(a, s) = 0 for s e [0,T].

Let V(x,s) = LPU(x,s), then

LV(x,s) = 0 for (x,s) € D (6)

Multiplying both sides of (6) by V we get

V(x, s)LV(x, s) = V(x, s )D2V(x ,  s ) -  qi x ^ t x . s )  = 0 (7)

Integrating both sides of (7) over the interval (-a,a) we obtain

V(x, s)LV(X,«)dx = Ij(x,s) + I^Cx.s) = 0 , (8)

-a
where ®

2,,,
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For Ij, by Integrating by parts, we have

Ij(x,s) [D^Vix,s)] dx £ 0 .

By (8), (9), (10) we obtain

V(x,s) = 0  or LPlKx, s) = 0 for (x,s) e D

Let PU(x,s) = Vj(x,s) then LVjtx.s) a 0

for (x,s) e D. Hence V]LVj = 0 for (x,s) 6 D.

Analogously as above we obtain

Vj(x,s) = PU(x,s) = 0 for (x,s) e D.

Multiplying both sides of the above equality by U and integrating 
D(t) = {(x.s): Ixl < a,s e (0, t)> we obtain

t a

U(x,s)[D^Uix,s)- D U(x,s)]dxds = K + K,, s 0, x s 1 2
0 -a

where

t a

Kjix,t) U(x, s)D*TJ(x, s)dxds,

over

'11)



38 W. Kubaszewski

Integrating by parts the integrals K Jt K2 we obtain

t a

Cj(x, t) = - | (DxU(x,s)) dxds s 0, ( 12)

0 -a

a t

K2 (x.t) = - 2 D U^(x,s)dsdx = - | s i
l^ix, t)dx s 0. (13)

By (11). (12), (13) we obtain U(x, t) = u^x, t) - u2 (x, t) s 0 for (x, t) € D.

-a 0

3. GREEN FUNCTION

Let us consider the sequences

1 2  1 1 x = x = x, x0 = x + 4na, x0 . = - x - 4na - 2a ,o o 2n 2n+l

2 2X. = x - 4na, x_ . = - x + 4na + 2a, n = 0,1,2,...2n ¿n+1

Let y denotes the arbitrary point of the interval [-a, a] and let

dn.i = (xi - y)> 1 “ 1>2'

1/2 2 U t = (t_s) exp(B(t,s)d .), i = 1,2; n = 0,1,...n, 1 n, i

Un , = U , i = 1,2; B(t-s) = (-4(t-s))_1.0, i o

It is known (2], p. 476, thas the Green function G for the equation 
Pu(x, t) = 0 and for the stripe D with the boundary data of Dirichlet type is 
of form

G(x,t;y,s) = Uo (x,t;y,s) + H(x,t;y,s) ,
where

H(x, t;y, s) = ^ (-l)n [Un jlx.t-.y.s) + Un 2 (x,t;y,s)].
n=l
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Moreover, by [5], p. 302-303, we have

-3/7 ?DyG(x,t;-a,s) = (a+x)(t-s) exp(B(t,s)(x+a) + Hj(x,t;y,s),

where

Hjix.tiy.s) = ^ (t-s) 3/2(x+4na+5a)exp(B(t, s)(x+4na+5a)2 ) +
n=0

+ y (t-s) 3/2(x-4na-3a)exp(B(,s)(x-4na-3a)2 ), 
n=0

DyG(x,t;y,s) = (x-a)(t-s) 3/2exp(B( t, s) (x-a)2 )+H2 (x, t; y, s),

where

H2 (x,t;y,s) = ^ (t-s) 3/2(x+4na-3a)exp(B(t, s)(x+4na+3a)2 ) +
n=0

+ ^ (t-s) 3/2(x-4na-5a)exp(B(t,s)(x-4na-5a)2 ).
n=0

In the paper (1) the Green function g for the equation Lu = 0 for
x € (-a,a) with the boundary conditions of the Dirichlet type and the' Green

2function gj for the equation L u = 0 for x e (-a,a) with the boundary 
conditions u = 0, Lu = 0 for x = ± a are given.

4. GREEN POTENTIALS

Let us consider the Green potentials of following form

w (x,t) = A f f  (y)G(x,t;y,0)dy = w ‘ + w2 , o J o  o o
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V/1 (x, t ) = A f f  (y)U (x, t;y,0)dy , O J o o
-a

a
w2 (x, t) = A f f  (y)H(x, t;y,0)dy , o J o

-a

t
W j ( x , t )  = A J  h j ( s ) D y G ( x , t ; - a , s ) d s  = wj  + wj • 

o

t
wj(x, t) = A J  (s)(a+x)(t-s) 3/2exp(B(t, s) (-x-a)2 )ds , 

o

for x e (-a,a), wj(-a,t) = hj(t) t 6 (0,T) ,

t
w2 (x,t) = A J  hj(s)H^(x,t,s)ds , 

o

t
w2 (x,t) = A J  hj (s)DyG(x, t; a, s)ds = + w2 ,

o

t
w2 (x,t) = A J  h2 (s)(x-a)(t-s) 3/2exp(B(t,s)(-x-a)2 )ds ,
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w3 (x,t)

w^tx,t)

Wjix,t) 

Njfy.s)

w4 (x,t) 

w*(x,t) 

w^(x,t) = 

N2 (y,s) =

w5 (x,t)

t a
A J  |  Nj(y,s)G(x,t;y,s)dyds = w* + w3 ,

t a
= A J  J  N1(y,s)Uq (x,t;y,s)dyds ,

t a
‘ J I"  ̂(y,s)H(x,t;y,s)dyds ,

o -a 

h^isJDygC-a.y) ,
t a

* i  i  N^iy,s)G(x,tjy,s)dyds = w* + ,

t a
‘ j  j  N^Cy,s)UQ (xf t;y,s)dyds

t a
* i  J  N2 (y,s)H(x,t;yTs)dyds ,

h9(s) J  Dyg(y,s) az

y=-a
t a

■* j  j N3 (y,s)G(x,t;y,s)dyds = w* +
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t a
Wg(x,t) = A i Í N3 (y,s)H(x,t;y,s)dyds , 

o -a

a
N3 (y,s) = h9 (s) J  g(y,z)Dyg(-a,z)dz ,

-a

t a
w6 (x,t) = A J  J  N4 (y,s)G(x,t;y,s)dyds = w* + ,

o -a

t a
w*(x,t) = A j  j  N4 (y, s)lMx, t; y, s)dyds , 

o -a

t a
w*(x ,t) = A J !  N4 (y,s)H(x,t;y,s)dyds ,

o -a

a
N4 (y.s) = h lQ(s) J  Dygiy.z)

-a

t a
w7(x,t) = A J  J  N5(y,s)G(x,t;y,s)dyds = w* + w!̂

o -a 

t a
w*(x,t) = A j j Ngiy, s)Uo(x, t;y, s)dyds ,

dz

y=a

t a
v^(x.t) = A I J NgCy,s)H(x,t;y,s)dyds , 

o -a
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NgCy.s) = | g(y,v)[ | g(v, z)f (z, s)dz]dv

5. PROPERTIES OF THE POTENTIAL wo

Lemma 1. If fQ e C([-a,al), f(± a) = 0,
then : 1° L2Pw (x, t) = 0 for (x,t) e D, 2° w (x,0) = f (x) o o o
for x € (-a,a), 3° w q (± a,t) = 0 for t e (0,T),
4° L iPw (± a, t) = 0, i = 0.1, for t e (0,T). o

Proof. Ad 1°. We have
Pw (x.t) = Pw1(x,t) + Pw2 (x,t) and by [2], p. 446 we obtain o o o

a
Pw^Cx,t) = J  fQ (y)P(x t)UQ (x,t;y,s)dy ■ 0 for (x,t) € D ,

-a
and

a
Pw^(x.t) = J  fo (y)P(x tiH(x, t;y, s)dy b 0 for (x.t) e D ,

-a

Consequently L T ^ C x ,  t) = 0 for (x.t) e D .

Ad 2°. By [2], p. 450 we get

w (x,0) = w*(x,0) + w*(x,s) = f (x) for e (-a.a) . o 0 - 0  o

Ad 3°. By of the properties of the Green function G we obtain 
a

w (± a, t) = A [ f (y)G(± a,t;y,0)dy = 0 , o J o
-a

because the integral w q is locally uniformly convergent at every point 
(± a.tj.t 6 (0,T).

By 1° we obtain 4°.
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6. PROPERTIES OF THE POTENTIALS Wj, «2

Lemma 2. If h. e C1(tO,T])> h, (0) =0, i = 1,2, then: 
o 1 1 o

1° L Pw. (x, t) = 0 for (x,t) € D, i = 1,2 2 vrtx.O) =
x € C-a, a), 3° v^i-a.t) = (t), (a, t) = 0 for t 6 (0,T), 4
for t e (0,T), i =0,1; 5° w^-a.t) = 0, w2 (a,t) = fi2 (t)
6° L iPw2 (± a, t) = 0  for t e (0,T), 1 = 0 , 1 .

Proof. We shall give the proof only for w^. The proof for 
Ad 1°. By [2], p. 480 we have.

Pw|(x,t) = A | h^sJP^ t (a+x)(-s) 3/2exp(B(t,s)(x+a)^

Pw2 (x,t) = A J  hjCslP^ .̂Hj (x, t; y, s)ds = 0

Consequently L*Pw^(x, t) = 0, i = 0,2, for (x,t) e D

Ad 2°. We have

|w*(x,t)| s A(sup|h (s)|) C -- > const.h (0) as t
1 (O.t)

where

t

C = (a+x)(t-s) 3//2exp(Bft, s)) (a+x)2 )ds = 2 i/ tir"

By [5] we have

0|w (x,t)| s A sup|h (s)|const
1 (O.t)1

(x+a)2 (t-s)1/2 y~"(n)~2ds 
n=l

0, i = 1,2, for 
° L1Pw1(±a, t) = 0 

for t e (0,T),

w2 is similar.

)ds = 0 ,

0,

0 as t — » 0.

Consequently Wj(x,0) = 0. By [5] and by 1° of our lemma we obtain the asser­
tions 3°, 4°.
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7. PROPERTIES OF THE POTENTIALS «3> i*4

Lemma 3. If h. € C ([0, tT] ), h. (0) =0, 1 = 1.....6, then:
1° L^PVL (x, t) = 0 for (x, t) e D. 1 = 3,4, 2°wi(x,0) = 0, i
x e (-a,a), 3° w(± a,t) = 0 for t 6 (0,T), 4° Pw3 (-a,t) =
t e (0,T), 5° PW3 (a,t) = 0 for t € (0,T), 6° LPw3 (± a,t) = 0  for 
7° Pw4 (-a,t) = 0  for e (0,T), 8° Pw4 (a,t) = h4 (t) for
9° LPw 4 (± a, t ) = 0 for t s (0,T).

Proof. We shall give the proof only for w3. The proof for w4 is 
Ad 1°. By [2], p. 476 we have.

Pw3 (x,t) = Nj (x, t) = h3 (t)Dxg(-a,x)PW3 (x,t) = 0 ,

LPw3 (x,t) = h3 (t)LDxg(-a,x) = h3 (t)DxLg(-a,x) = 0, L2Pw3 (x,t)

Ad 2 . We have
t a

|w (x,t)| s A sup|h (s)| G(x,t;y,sjdyds s

0 -a

s A sup|h„(s )| 
(0,t)

-1/7(t-s) ds — > 0 as t

Ad 3 . By the properties of the function G we obtain

t a

w3 (± a,t) = A Njiy.sjGCf a,t;y,s)dyds = 0 .

0 -a

Ad 4 . We have

Pw3 (x,t) = h3 (t)Dxg(-a,x) — > h3 (t) lim Dxg(-a,x) = h3 (t) ,

= 3, 4, for 
h3 (t ) for 
t e (0,T), 
t e (0,T),

similar.
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Ad 5°.

Pw3 (x,t) — > h4 (t) lim Dxg(-a,x) = 0

and LPw 3 (± a, t) = 0 .

8. PROPERTIES OF THE POTENTIALS wg,

Lerana 4. If h. 6 C (10,T]). 1^(0) = 0, i = 1.. 6, then:
1° L2Pwi (x,t) = 0, i = 5,6, for (x, t) e D, 2° vrix.O) = 0 for x e (-a,a),
i = 5,6; 3° w.(± a, t) = 0, i = 5,6, for t € (0,T), 4° Pwi(± a,t) = 0, i=5,6,
for t € (0, T) 5° LPw5 (-a, t) = hgU) for t € (0,T), 6° LPvigta.t) = 0 for
t € (0, T), 7° LPw (-a, t) = 0 for t e (0,T), 8° LPw,(a,t) = h,(t) for t(0,T).6 D O

Proof. We shall give the proof only for w,.. The proof for is similar.
Ad 1°.

Pw5 (x,t) = N3 (x,t) = h5 (t) g(x,z)Dxg(-a, z)dz

By [1] and [3], p. we get

Lw5 (x,t) = hgitlL g(x,z)Dxg(-a,z)dz = h5 (t)Dxg(-a,x)

By the properties of the Green function g we have

LLw5 (x.t) = h5 (t)DxLg(-a,x) = 0.

The proof of the assertions 2°-6° is similar to the proof the assertion 
2°-6° of Lemma 3.
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9. PROPERTIES OF THE POTENTIALS w„

Lemma S. If f e C(D) r> C^D), then 
1° L2PW7 (x,t) = fix,t) for (x,t) e D, 2° w? (x,0) = 0 for x e (-a,a), 
3° w? (± a, t) = 0, t e (0,T), 4° Pw? (± a.t) = 0, t e (0,T),
5° LPw 7 (± a.t) = 0, t 6 (0,T).

Proof. 
Ad 1°.

Pw7 (x,t) = Nglx,t)

By [3], p. 210 we obtain

glx,v)[ g(v,z)f(z,t)dz]dv

-a -a

LPw7 (x,t) glx,z)f(z,t)dz.,

and

LLPw7 (x,t) = fix, t) for (x,t) e D .

Ad 2°.

|w7 (x,t)| s (|sup fix, 11) Const -1/2(t-s) ds — » 0 for t

Ad 3 . By the properties of the function G we obtain 

t 0

w(+ a, t) = A (v^(y,s)G(± a,t;y,s)dyds = 0 .

-0 v

Ad 4°.

Pw7 (x,t) = Nglx,t) = glx,v) g(v,z)f(z,t)dz dv

-a -a
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By the properties of the function g we get

a a

PW? (± a,t) g(± a,v) g(v, z)f (z, t)dz dv = 0 .

-a

a

LPw7 (x,t) = g(x,z)f(z,t)dz ,

-a

a

LPw? (± a, t ) = g(± a,z)f(z,t)dz = 0 for t 6 (0,T).

-v

10. FUNDAMENTAL THEOREM

By Lemmas 1-5 we obtain the following result.
Theorem 2. If the assumptions of the Lemmas 1-5 are satisfied, then the

is the solution of the C1)— (5) problem.
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ZAGADNIENIE GRANICZNE DLA SFAKTORYZOWANEGO RÓWNANIA 
TYPU PARABOLICZNEGO

S t r e s z c z e n i e

Przedmiotem pracy jest konstrukcja rozwiązania zagadnienia (l)-(5). Podane 
są dwa twierdzenia, twierdzenie 1, o jednoznaczności i twierdzenie 2, o ist­
nieniu. Twierdzenie 1 zachodzi dla rozwiązań należących do klasy (K). Do 
konstrukcji rozwiązania stosowana jest funkcja Greena dla operatora parabo­
licznego oraz funkcja Greena dla operatora L. Rozwiązanie wyraża się przy 
pomocy odpowiednich potencjałów Greena.

rPAHMHAfl SAM ^A ¿Jlii <£AKT0PH30BAHH0r0 yPABHEHHA 

IIAPABO JDPiECKO 1X3 THIIA

P- e  3 r  u  e

I Ip e s M e T O M  H a c T O H ą e i i  p a ó o i H  a B j i a e T o a  K O H C T p y x m ia  pem eHHH. 3a -  

A a ’iH  ( 1 )  -(5) . S o p M y j iH p y io T c a  n e e  T e o p e M H :  T e o p e u a  1 , o ó  o a h o -  

3H a a H 0C T n ,  n l e o p e M a  2 , o  c y n e c iB O B a H H H . l e o p e M a  1 B H n o jiH e H a  

r o k . p e m e H H ił,  n p H H an jie a cam H x  k  K j i a c c y  ( K ) . k o h c T p y K i iH H  p e m e -

h h s  n p H M e H H e T c a  (Jiym cm Ła F p m a  a j ih  n a p a C o j i i n e c K o r o  o n e p a i o p a ,  

a  x a x a e  $ y K K H , M  T p m a  h j l s  o n e p a i o p a  jL . P e m e m ie  $ o p u y j iH p y e T c a  

npa noMO^H cooTBeTCTBeHHLQc noTeHuuaJioB Fp im a•


