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SUBGROUPS OF CLIFFORD’S GROUP

Summary. Let K be a commutative field. The set H = (K\{0})x K equip
ped in the operation:

(a,b)(c,d) = (ac,ad + cb)

is called Clifford’s group of the field K. It is isomorphous with the 

multiplicative group of matrices in the form of ^  °j, where a,b e K, 

a * 0.

Let Fj c K\{0> , F2 c K be a non-empty sets and — * K <

f2: F2 * KMO}.
Theorem, (i) The set {(a,fj(a)) :a s Fj) is a sb-group of the group H

only provided that F. is a multiplicative subgroup of the field K and
-1

the function F^ b a — » a f^(a) 6 K satisfies the functional equa

tion (6).

(ii) The set {(f2 (a),a) : a e F^} is a subgroup of the group (H,*)

only provided that additive subgroup of the field K as well as an
function k:A — > K\{0) which satisfies conditions (7), (8) exist and
they are such that:

F2 = {k(a)a : a e A), f2k(a)a) = k(a) for a e A.

In particular, the general solution of functional equation (3) is
given in the paper.

Let K be a commutative field. We define a binary operation 

: H x H — ) H, where H = (K\{0>) x K, as follows:

(a,b)(c,d) = (ac,ad + cb). (1)

The set H endowed with operation (1) is called Clifford’s group of the 

field K (cf. [2] p. 281). It is isomorphic to the multiplicative group of 

matrices of the form ^ ®1, where a,b e K, a * 0.
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Using the well known method of finding subgroups (e.g. see [1]— [3]) we are 

going to give necessary and sufficient conditions for non-empty seta 

Fj c K\{0>, F2 c K and functions f ^ F2 — in or<*#r 

that the sets

Dj = {(a.fjCa)): a € Fj} ,

°2 = 3 6 F2 }

wei;e subgroups of the group (H, •). The case where K = R, Fj = R\{0), F2 = R 

(where R denotes the set of all real numbers), and fj, f2 are continuous is 

solved in [2],

Let us start with the following

Lemma 1. The following conditions hold:

(i) is a subgroup of the group (H,•) if and only if Fj is a multiplica* 

tive subgroup of K and f^ satisfies the functional equation

(ii) D2 is a subgroup of the group (H, •) if and only if there exists • 

function f : K — » K satisfying the following conditional functional equation

g(ab 1) = b 2 (bg(a)-ag(b)), (2 )

o

if f(a)f(b) * 0. then f(f(b)"2 (f(b)a-f(a)b)) = f(a)f(b)-1 (3)

such that F_ = {a 6 K: f (a) * 0} and f_(a) = f (a) for. a e F_.2 o 2 o 2

Proof, (i) Observe that

(a,b) 1 = (a \  -ba 2 ) for (a.b) e H

and consequently

(c,d) (a,b) 1 = (ca a 2 (ad-cb)) for (a,b), (c,d) € H.
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Thus Dj is a subgroup of the group (H,•) if and only if

(a.fjia)) (b.fjtb)) 1 = (ab b 2 (bfj(a)-afj(b))) e Dj for a,b e F^,

which implies the assertion.

(ii) In the same way, as above, we obtain that is a subgroup of the 

group (H,•) if and only if

(f2 (a),a) (f2 (b),b)_1 =

= (f2 (a)f2 (b)_1, f2 (b)"2 (f2 (b)a-f2 (a)b)) e D2 for a,b e F2.

It is equivalent to the following condition 

f2 (b)"2 (f2 (b)a-f2 (a)b) e F2 . and

f2 (f2 (b)"2(f2 (b)a_f2 (a)b)) =' f2 (a)f2 (b)_1 f°r a,b 6 F2- (4)

Assume that D2 is a subgroup of (H, •). Then (4) holds. Consequently the

function f : K — * K, o

f (a) = o
f2 (a) for a e F2 ;

0 otherwise ,

satisfies (3). Moreover, F„ = {a e K: f (a) * 0} and f_(a) = f (a) for2 o 2 o
a e F2 .

On the other hand, if there exists a function f : K — » K such that (3)

holds, F2 = {a e K: f(a) * 0>, and = ^or a 6 F2_ then F2 and f2

fulfil (4). As a result D2 is a subgroup of the group (H,•), which completes 

the proof.

We are going to solve functional equations (2) and (3) in a more general

case, i.e. in the classes of functions f: L — > E and g: E — > K, where E is a

linear space over the commutative field K and L is a multiplicative subgroup 

of K. We have the following

Lenraa 2. Let f: E — » K be a function satisfying (3) and 

F = {x € E: f(x) * 0}. Then the following conditions hold:
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(i) if F * ip, then f(0) = 1,

(ii) if x,y e F and f(x) 1x = f(y) Jy. then x = y,

(iii) f(f(x)y+f(y)x) = f(x)f(y) for x,y e F,

(iv) A = {f(x) *x: x e F} is an additive subgroup of E.

Proof, (i) Fix a z e F. Then, by (3),

f(0) = f(f(z)'2 (f(z)z-f(z)z)) = 1.

(ii) Fix any x,y e F and assume that f(x) ^x = f(y) *y- Then

f(y)x-f(x)y = 0. (5)

Thus, in virtue of (3),

f(0) = f(f(y)"2 (f(y)x-f(x)y)) = f(x)f(y)_1.

Since, by (i), f(0) = 1, we obtain f(x) = f(y). Hence (5) implies that x = y.

(iii) The proof is strightforward.

(iv) It is enough to prove that a-b e A for every a,b e A. Fix any x,ysF

and denote z = f(y) 2 (f(y)x-f(x)y). Then, by (3), f(z) = f(x)f(y) 1 *■ 0.

Thus f(z) *z e A. It is easy to verify that f(x) 1x-f(y) Jy = f(z) ^z. Hence

f(x) *x-f(y) Jy e A, which completes the proof.

Proposition 1. The following conditions are valid:

(i) a function g: L — > E satisfies functional equation (2) if and only if 

the function h: L — » K, h(a) = a g(a) satisfies the functional equation

h(ab) = h(a) + h(b), (6)

(ii) a function f: E — > K satisfies functional equation (3) if and only if 

there exist an additive subgroup A of E and a function k: A — > K M O )  such 

that

k(x+y) = k(x)k(y) for x,y s A, (7)

if x,y e A and k(x)x = k(y)y, then x = y, (8 )
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f(x) =
kiy) if x = k(y)y, y e A ;

(9)
0 otherwise for x e E .

Proof. (1) It is enough to notice that a function g: L — > E satisfies (2) 

if and only if

g(ab) = ag(b) + bg(a) for a,b e L.

(ii) Let f: E — > K be a function given by (9). We are going to prove that 

f fulfils (3). Fix x,y e E. The case where f(x)f(y) = 0  is trivial. Assume 

that f(x)fiy) * 0. Then there exist z,w e A such that x = k(z)z and y = k(w)w. 

Since f(x) = k(z) and f(y) = k(w), we have

fifiy) 2 (f(y)x-f(x)y)) = fik(z)kiw) 1(z-w)) =

= f(kiz-w)(z-w)) = k(z-w) = f(x)f(y) 1.

Thus f satisfies (3).

Now, assume that a function f: E — » K fulfils (3). Put

A = {fix) *x: x € E\f 1(<0))>. By Lemma 2(iv) A is an additive subgroup of E.

Define a function k: A — > K as follows:

kifix) Jx) = fix) for x e E\f 1(<0>).

It results from Lemma 2(ii) that k is well defined. We want to prove that k

satsfies (7) and (8). Fix z,w 6 A. Then there exist x,y 6 E such that

f(x)fiy) * 0 and z = fix) Jx, w = fiy) ly. According to the definition 

of k we have kiw) = fiy) and kiz) = fix).

Thus in view of Lemma 2(iii)

k(z+w) = kifix) Jf(y) 1(f(y)x+f(x)y)) = fix)f(y) = k(z)kiw).

In this way we have proved that k fulfils (7). Furtherr suppose that 

k(z)z = k(w)w. Then x = k(z)z = k(w)w = y and consequently z = fix) *x = 

= fiy) 1y = w. Hence (8) holds, too.
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Let

|k(y) if x = k(y)y, y e A ;

lo otherwise
f (x) = o

for x e E. In order to complete the proof it is enough to show that f = f.

Fix an x e E. If f(x) * 0, then f(x) ^x e A and k(f(x) *x) = f(x).

Thus

f (x) = f (k(f(x)_1x)f(x)_1x) = k(f(x)_1x) = f(x). o o

On the contrary, if f(x) = 0, then x i {k{z)z: z e A}. Thus = 0 and

consequently fQ (x) = f(x). Hence f = f, which completes the proof.

Lemma 1 and Proposition 1 yield the following

Theorem. The following conditions hold:

(i) is a subgroup of the group (H, •) if and only if is a

multiplicative subgroup of K and the function

Fj =» a — > a 1fJ (a)

satisfies functional equation (6),

(ii) D2 is subgroup of the group (H,•) if and only if there exist an addi

tive subgroup A of K and a  function k: A — » K\{0} satisfying (7) and (8) and

such that F2 = {k(a)a: a e A}, f2 (k(a)a) = k(a) for a e A.

The subsequent proposition and corollary explain condition (8) a little.

Proposition 2. Let A be an additive subgroup of E. Let k: A — > K\{0> be a

function satisfying (7). Then k fulfils (8) if and only if

z i (l-k(z))A for z e A\{0> . (10)

Proof. Assume that k satisfies (8). For an indirect proof suppose that

there exist z,w e A\{0> such that (l-k(z))w = z and denote y = w-z. Then

y * w and (l-k(z))w = w-y. Since z = w-y and, by (7), k(w-y) = k(w)k(y) *, 

we have k(w)w = k(y)y, which contradicts (8).
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Now, assume that (10) holds. For an indirect proof suppose that k does 

not satisfy (8). Then there exist z,w e A\{0}, z * w such that k(z)z = 

= k(w)w. Denote y = w-z. Then k(w)w = k(w-y)(w-y) and consequently, by (7),

w = k(-y)(w-y). Since, on account of (7), k (—y ) = k(y) \  we obtain that

y = (l-k(y))w, a contradiction.

. Corollary. The following conditions hold.

(i) Let A be an additive subgroup of E. Let B a multiplicative subgroup

of K. If

A n ((l-B)A) = 10} , (11)

then every function k: A — » B satisfying (7) fulfils also (8).

(ii) If a function k: E — » K\(0) satisfies (7) and (8), then k s 1.

(iii) If A is an additive subgroup of K and

B:= K\{l-ab_1: a,b 6 A\{0}>,

then every function k: A — » B satisfying (7) fulfils (8), too.

Condition (ii) is due to Z. Wilczyński; the author wish to thank him for 

that at this place.

Proof, (i) Since (11) holds and k(A) c B, we obtain that (10) is valid, 

which, by Proposition 2, completes the proof.

(ii) For an indirect proof suppose that there exists a y e E such that 

k(y) * 1. Then y e (l-k(y))E. Thus (10) does not hold, a contradiction.

(iii) Let us observe that, for every b e B and a., a_ e A\{0), we have
-1

b * 1-a^a^ and consequently a^ * a2 (l-b). Thus, on account of Proposition 2, 

we get the assertion.

Remark. By Corollary (i), (iii) one can find numerous examples of 

functions satisfying (7) and (8). For instance, if K = R, then the function

Z 3 n -> n11

fulfils (7) and (8), where R and Z denote the sets of all real numbers and 

integers, respectively.
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POLAND

PODGRUPY GRUPY CLIFF0RDA

S t r e s z c z e n i e

Niech K będzie ciałem przemiennym. Zbiór H = (K\(0})x K wyposażony w dzia

łanie

(a,b)(c,d) = (ac,ad + cb)

nazywamy grupą Clifforda ciała K. Jest ona izomorficzna z multiplikatywną

grupą macierzy postaci , gdzie a,b 6 K, a *■ 0.

Niech Fj c K\{0>, c K będą niepustymi zbiorami i fj:Fj— *K\{0>. 

Twierdzenie, (i) Zbiór {(a,fj(a)): a e F^} jest podgrupą grupy (H,•) wtedy

i tylko wtedy, gdy F. jest podgrupą multiplikatywną ciała K i funkcja

Fj 3 a -> a fj(a) e K spełnia równanie funkcyjne (6).

(ii) Zbiór {(f2 (a),a): a e F^} jest podgrupą grupy (H, •) wtedy i tylko 

wtedy, gdy istnieje podgrupa addytywna A ciała K i funkcja k:A — 3 K\{0} speł

niająca warunki (7) i (8) takie, że F2 = (k(a)a: a e A}, f2 (k(a)a) = k(a) 

dla a € A.

W szczególności, w pracy podane jest rozwiązanie ogólne równania funkcyj

nego (3).
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noArpynnn rpyrniH kjihmopaa

P e 3 b m e

Ilycrb  K 6y.neT noJieM. MHOatecTBo H = (K\{o}x K c  CHHapHOft 

onepaneft

(a,b)(c,d) = (ac,ad + cb)

H a3 HBaeTC& rp y n n o ii KjiH$(J)op^ia. iio jih  K .  OHa H30Mop$Ha Mjyji b t a n jih n a — 

th b h o U  rp y n n e  M aTpim BH ^a ^  °J,j r u e  a,b e K, a * o.

IlycTb Fj c K\{o>, Fz c k  ¿yAyi He n y c T H M H  M H o x e c T B a M H  h —

f2:F2 — > K\{0}.

T e o p e M a . ( I )  MHoacecTBo Ua.fjta)) :a s f1> a B jia e T c a  n o n r p y n -  

n o 8  rp y n n n  ( H , 0  io r .u a  h t o jib k o  T o m a ,  e c a a  Fj HBjmeTCH. M ynb-

THIIJIHKaTHBHOii nO A rpyiinofl K  H iyHKIJHfl Fj a a -- » a"1f1(a) e K

yAOBjieiBopaei $yHKi;noHaaiHOMy ypaBHeHHB ( 6 ) .
( I I )  MHoxecTBo { ( f 2 ( a ) , a )  : a g F2> aBjiaeTCH no,nrpyiiiioii rpyn-

nu  ( H , .  ) T or.u a h to jib k o  T o r n a ,  ec jiH  c y m e c iB y e T  axnHTHBHaa. i io a -

rp y n n e  A n o a a  K h $yH K n aa k:A —> K \{0>  r jib . k o t o p h x  bhiio JiHHBTca 

y caO B H a .(?), (8) H TaK&e aTC F2 = lk ( a )  a  : a € A>, f 2 (k (a ) a )  = k (a ) 

AAS a e A.

B ocofieHHOCTH n p e A d aB jieH O  o6m ee pemeHHe $yH K aaoH ajii>H oro 

y p a B H e H H a  (3)..


