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Roman WITULA

ON THE CONVERGENCE OF SERIES OF THE FORM E «m <an,bn>

Summary. Biler P. and Witkowski A. asked in [1] when the series of
the form £ min ian>bn” is convergent, where {aR} and {bn} belong to
the class d of all decreasing to zero sequences of positive reals such
that E an = E bn = “e In the paper, necessary and sufficient conditions
for a fixed {an} 6 d are given in order that £ min (a],I ’bn} <a for
some {b.} e d. These conditions lead to large classes of concrete exam-
pies of sequences {&"} e d such that the above property holds/does not
hold.

Let d denote the class of all sequences {an}, a >0 such  that
an a antJ for ne N, aR —»0 and the series £ an is divergent. In [1]
(Problem 3.11), the following question is formulated: what can be said about
convergence of the series % min{an ,bn >, where {an) e d? The answer given in
[1] is that the series can be convergent, 1i.e. there exist {an}, (bn} e d such
that £ min{an,bn} < %

The aim of this note is to give more insight into this problem. Namely, we
give necessary as well as sufficient conditions for a sequence {an} e d for

which there exist a sequence {bn> e d such that £ mln{an 'bn} <@

Theorem. Suppose that (an} ed. |IF

neN

for some sequence {b"} e d, then the sequence {&“} contains a subsequence

{a~ > satisfying the conditions
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Y1 @2l " m2i-Dagi <" !

ieN
(i) t%‘ L an < .
& RZivn<n2i+l
ain 2141 ~ "%z T €
1€eN
Conversely, if contains a subsequence {an> satisfying conditions

(i), (i1 and the following, stronger than (i), condition

av) m2i - n2i-Dan,.-1 <"~
neN

then there exists a sequence {b"} e d with the property (O).

In Particular, if Iimnsup a * < 1, then the set of conditions (i),

n-%n
(i) and (iii) (or, equivalently, (ii), (dii) and (iv)) is sufficient and

necessary for the existence of a sequence {Pb"} e d such that (1) holds.

Proof. Assume that (i) holds for a certain sequence ib } e d-
Since (an>, (M} e d, there exists an increasing sequence of positive

integers {n"} such that

an if neN2i , ieN

b if neN , 1eN,

n tl-r

where N = {ne N : n" s n < nk+ti® "or k s N-

Evidently,
Y a<'adYIH Ior
00
ieN rieN2i ieN ieN2i-i
Since a ~ b ~ b for n<n,. and b ~b . N a
n2i n2i n 21 n n2i n2i

for n £ n2i  we have
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<®
DNqu...«_.yS Y * E i »
1€l IeN |eN21_l
and
ieN IeN IeN,21

Consequently, conditions (i)-(iii) are satisfied.

155

Suppose now that a subsequence {a” } of the sequence {an> fulfills condi-

tions (ii)-(iv). Put b =a for n e Ny,

21 Z2i-1

for n €N such that n <n,. Clearly, b £ b
1 n n+

YLYL b"=E (Ri+l " n2i)an2l-
i

ieN neN2i eN
in view of (lif). Hence {t?]led. It is easy to
a for neN ,
21 21-1

min {an ,bn} =

for neN2l ,

and thus, by (aI) and (Iv),

Yl v wYl gi-"2iv . *E E a<>

nEna ieN

which completes the proof.
Corollary 1. For every {en} e d we have

Y min{n *, bn> - ® .-

T

u NO_.,
21

for n <N,

see that

ieN

ieN neN2i

ieN and b
n

= a

1

—-»0 and
n

@
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Proof. Suppose that there is a sequence {bn> € d, for which (2) does not

hold. Then, by (ii) and (iii), there exists an increasing sequence In,.} c N

such that
Vv M2i+1 " n2i M2i+l < - (©)
ieN

and
y (@@Hin =~ 7))
isN

or, equivalently,

ieN

and
y el -el) i @)
eN

where e. = (N2i+l1 - for i1e N

Hence e.l —>0, in view of (3"). But this means that conditions (G%), @")

cannot hold at the same time. Contradiction. The proof is thus completed.

Given a >0, let us now denote
ata,0) = a; aCa, by = a&; aCa,ky = a2@.k-D ;

L™ = Inx X > 0); Lk@®) = InfL™™x) & > e(0,k-1))

for aeR and k = 2,3,
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Corollary 2. For arbitrary k e N there exists a sequence

(bn} e d such that

y min {f(n),bn>< 0,

n>e(l,k)

where f(X) =x *WJX) *...("™ 1 for x > e(l,k).

Proof. Fix k e N. By theorem, it suffices to show that there exists

an increasing sequence {n"\} of positive integers satisfying the conditions:

O LN M2i - n2i_1)f2i) < .
1€l

an LN f(n) < o ;
1€ n2is|n_<n2i+1

am )S,I (g1 - 2R = .
i

Let {m} be an arbitrary increasing sequence of positive integers such

that

2(m™N,k) > e(1,Kk); mi+i — + 2 for ieN;
and
< co. (5)
ieN
Define
2(mj,k) if i= 231,
2i-1

2((mj+1) K if i =2,
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and

2i-1

“zi+rl

For the above sequence {n"} we have

n2i n2i-1DFf(N2i) 5 E In n2i
i€N

= A {In"1[2@m2,K) + 11 + in"1[2Mi+1,K) - 1}

[@721In_12 + (2+1In2-1) *] < e
jeN

i.e. condition (I) is fulfilled.
Before checking condition (I11) notice that the following inequalities can

be obtained by induction with respect to k:
2(a+l,k) £ [2(a.K)]2 £ 4 = 2(a,k)

for a £ 1 and k e N\{1}., Therefore

@2i+1 " n2iyfn2i) "
eN

i-odd

= Jy [2((MI+D2 ,K)-2(M2>k)-1TF2(M2 _K)+1) £
jeN

WZ(m2+2mj LO[2@m2,K) + 1 1In~k [2(m2 ,k) +1]
jeN
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2 2(mj+2mj-1,k)-2(mj+2mj-1,k)-[2(mj ,k) +1]-1[2(mj ,k-1)In3] k = @
jeN

This means that condition (I1l1) is satisfied.

Now notice that

ri
BIE fo-
i I ieN 5.

N\
ieN n2i n<n2i+

ri
< Pi)I .
et ieN
pi
where = n2j-1 and = n2i+i”*“ On the other hand,

Lk2((mj+D)2 ,k)-(Lk2(mj,K))'1l = 1 + y /m

LiCri+1)-(Lipl)~1
for i =231, and

al
Lk2(m2 ,K)-(Lk (2(mj . K)- 2)“1 = 1 + dﬁ

for 1 = 2J-2, where {3%) and are certain bounded sequences of

LAr.+D-d”p.)"1

positive reals. By (5) the above relations imply that

\Q In(CLkr1)-(Lkpl) ﬂ< ®

ieN

i.e. condition (I1) holds.
The proof of Corollary 2 is thus completed.
Let us notice that Corollaries 1 and 2 deliver many concrete examples of

sequences related to the question of p. Biler and A. Witkowski. Corollary 1

shows in particular, that the sequences of the form (n_1> does not satisfy
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(@D for any {bn>e d. On the other hand, Corollary 2 gives a large class
sequences {an>e d such that (1) holds for some {bn>e d. In a very

special cases, we see that the sequences {a 1 of the form

i*ln:!ml* ltln(n)-:lﬂ(nn(n)) “a

belong to this class.
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0 ZBIEZNOSCI SZEREGOW POSTACI V minian ,bn>.

Streszczenie

Biler P. i Witkowski A. stawiajg w [1] problem zbieznosci szeregéw postaci
£ minla®,b"}, gdzie (@ > i Ib"} nalezg do klasy d ciagéw malejacych do zera
liczb dodatnich, dla ktérych J aR = £ b = @ W niniejszej pracy podajemy dla
ustalonego ciggu {a“} e d warunki konieczne i wystarczajace na to, by
Jminla™.b”"} < <© dla pewnego 6 d. Warunki te prowadza do szerokich
klas konkretnych przykkadéw ciagow 6 d, odpowiednio majacych powyzszg

wkasnos¢ i nie majacych jej.

0 GIOAHMOCIIL PHJIOB BHM

P e 3 jome

Brrrvep Il. h Bhtkobckh A. cnpamHBaioT b 1 o gxouhmocth pa#oB
m

BH-,aa in lan>bR} rue <an> and lbn>npHHaAlJiexaT Kjiaccy d y6HBa»mHxc.a
nocjieAOBaTeabHOCTeili nojioxcHTejiBHHX wacea,; TaKHx ~ito E a, = E bn = ».
B cjienyiomeil paSoie npeACTaBjieHH Heo6xoAHMHe h nociaTOHHtie ycjioBHiL
Ajih tpHKcnpoBaHHoil nocjiefloBaiejibHOCTH {ah> Ha to, hto y_min Ian ,bn}
Hjih HeKOTopoii nocaenoBaTejibHOCTH ib”~} e d. 3th ycjroBH.fi onpenejiHKT
BHpoKHe Kjiaccu npHMepoB nocjienoBaTejibHOCTeg l{an} e d, tekhx wto
cbo”ctbho HMeeT MecTo He HMeeT MecTa.



