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Roman WITUŁA

ON THE CONVERGENCE OF SERIES OF THE FORM E «m  <an,bn>

Summary. Biler P. and Witkowski A. asked in [1] when the series of
the form £ min ian>bn  ̂is convergent, where {aR} and {bn} belong to
the class d of all decreasing to zero sequences of positive reals such
that E an = E bn = “• In the paper, necessary and sufficient conditions
for a fixed {a } 6 d are given in order that £ min (a ,b } < a for n n n
some {b } e d. These conditions lead to large classes of concrete exam- n
pies of sequences {a^} e d such that the above property holds/does not 
hold.

Let d denote the class of all sequences {a }, a > 0  such thatn n
an a an+J for n e N, aR — » 0 and the series £ an is divergent. In [1]
(Problem 3.11), the following question is formulated: what can be said about
convergence of the series £ min{a ,b >, where {a ) e d? The answer given inj n n n
[1] is that the series can be convergent, i.e. there exist {a }, (b } e d suchn n
that £ min{a ,b } < <x>. n n

The aim of this note is to give more insight into this problem. Namely, we
give necessary as well as sufficient conditions for a sequence {a } e d forn
which there exist a sequence {b > e d such that £ mln{a , b } < co.n n n

Theorem. Suppose that (a } e d. Ifn

( 1 )

neN

for some sequence {b^} e d, then the sequence {a^} contains a subsequence 
{a^ > satisfying the conditions
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Y1 (n21 ' n2i-l)an2i < " !
ieN

L Li€N n2

(ill) - noi)a„ = « .

(ii) > > an < . ;

T &  n2i“n<n2i+l

21+1 2i n2.-l
1€N

Conversely, if contains a subsequence {an> satisfying conditions
(ii), (iii) and the following, stronger than (i), condition

(iv) (n2i - n2i-l)an,.-l < " ’
neN

then there exists a sequence {b^} e d with the property (1).
In particular, if lim sup a ,a * < to, then the set of conditions (i), r n n-1 n

(ii) and (iii) (or, equivalently, (ii), (iii) and (iv)) is sufficient and 
necessary for the existence of a sequence {b^} e d such that (1) holds.

Proof. Assume that (i) holds for a certain sequence ib } e d- 
Since (an>, (b^} e d, there exists an increasing sequence of positive 
integers {n^} such that

minia , b } = - n n

a if n e N„. , i e N  n 2i

b if n e N_. , , i e N ,  n ¿1-1

where Nfc = {n e N : n^ s n < nk+i^ ^or k s N - 
Evidently,

YY an < " and Y1 H bn
ieN rieN2i ieN ieN2i-i

< 00

Since a ^ b ^ b for n < n„. and b ^ b „ ^ a
n2i n2i n 21 n n2i n2i

for n £ n2i we have
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D “21 '  " « - ' ’ S ,  * E  b»
< 00

ieN leN ieN21-1

and

ieN leN leN,21

Consequently, conditions (i)-(iii) are satisfied.
Suppose now that a subsequence {a^ } of the sequence {an> fulfills condi

tions (ii)-(iv). Put b = a for n e N„, u N0., i e N and b = a,21 2i-l 2i n 1

for n € N such that n < n.. Clearly, b £ b , for n <= N, b — » 0 andl n n+1 n

Y L Y L  b" = E  (n2i + l ' n2i)an21-
ieN neN2i ieN

in view of (lii). Hence { b l e d .  It is easy to see thatn

min {a ,b } = n n

a for n e N , i e N
21 21-1

for n e N21 , i e N

and thus, by (il) and (lv),

Y1 -‘"‘v v  ■ Y1 ,n2i - "21-i’v , . * E  E  a»
n£na ieN ieN neN2i

< 00

which completes the proof.

Corollary 1. For every {t>n} e d we have

Y min{n *, b > = oo . n (2)
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Proof. Suppose that there is a sequence {bn> € d, for which (2) does not 
hold. Then, by (ii) and (iii), there exists an increasing sequence In,.} c N 
such that

V  (n2i+l " n2i ̂n2i+l < - (3)
ieN

and

y  (n2i+i ■ = ” u)
isN

or, equivalently,

ieN

and

y ei(i - ei)_i (4')l l
IeN

where e. = (n2i+1 - for i e N.

Hence e. — > 0, in view of (3'). But this means that conditions (3'), (4')l
cannot hold at the same time. Contradiction. The proof is thus completed.

Given a >0, let us now denote

, -, , . , a , , , a(a,k-1)a(a,0) = a; a(a,l) = a ; a(a,k) = a ;

L^x = lnx (x > 0); Lk(x) = lnfL^^x) (x > e(0,k-l))

for a e R and k = 2,3,
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Corollary 2. For arbitrary k e N there exists a sequence
(b } e d such that n

y min {f(n),bn> < ro , 

n>e(l,k)

where f(x) = x *(LjX) *...(L^x) 1 for x > e(l,k).

Proof. Fix k e N. By theorem, it suffices to show that there exists 
an increasing sequence {n^} of positive integers satisfying the conditions:

(!) > (n2i - n2i_1)f(n2i) < . ;

(II)

LieN

L LieN n2

X] (n2

f(n) < oo ;
ieN n2isn<n2i+1

(III) (n21+1 - n2i)f(n2i) = . . 
ieN

Let {m^} be an arbitrary increasing sequence of positive integers such
that

and

2(m^,k) > e(l,k); mi+i — ł 2 for ieN;

<  CO. (5)
ieN

Define

2i-l

2(mj,k)

2((mj+1) ,k)

if i = 2J-1,

if i = 2J,
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and

"21 =

1+n.2i-l

"zi+r1

if i = 2J-1,

if i = 2j.

For the above sequence {n^} we have

(n2i n2i-l)f(n2i) 5 E  ln n2i
ieN i€N

= ^  {In"1[2(m2,k) + 1] + in'1 
jeN

[raJ"2ln_12

[2(mj+1,k) - 1]}

+ (m2+1ln2-l) *] < e>
jeN

i.e. condition (I) is fulfilled.
Before checking condition (III) notice that the following inequalities can 

be obtained by induction with respect to k:

2(a+l,k) £ [2(a,k)]2 £ 4 • 2(a,k)

for a £ 1 and k e N\{1}., Therefore

(n2i+l " n2i)f(n2i ) =
ieN 
i-odd

= jy [2((mJ+l)2,k)-2(m2>k)-l]f(2(m2.k)+l) £
jeN

yy 2(m2+2mj,k)[2(m2,k) + l]_1ln~k [2(m2,k) + l]
jeN
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2(mj+2mj-l,k)-2(mj+2mj-l,k)-[2(mj,k) + l]-1[2(mj,k-l)ln3] k = oo.2
jeN

This means that condition (III) is satisfied. 
Now notice that

ri

E E ffa) 1E fieN n ^n<n ieN2i 2i+l Pj.

f(x)dx

ri

h s  -I ieN
< 

ieN
Pi)i .

pi

where = n2j-1 and = n2i+i”*‘ 0n the other hand,

LIcCr1+l)-(Llcp1 )~1 = Lk2((mj+l)2,k)-(Lk2(mj,k) ) ' 1 = 1 + y /m

for i = 2J-1, and

L^r.+D-d^p.)"1 = Lk2(m2,k)-(Lk (2(mj,k)- 2)“1 = 1 + ô./m2.
for i = 2J-2, where {3̂ ) and are certain bounded sequences of
positive reals. By (5) the above relations imply that

J2 ln(CLkr1)-(Lkp1) 1] < ®
ieN

i.e. condition (II) holds.
The proof of Corollary 2 is thus completed.
Let us notice that Corollaries 1 and 2 deliver many concrete examples of 

sequences related to the question of p. Biler and A. Witkowski. Corollary 1

shows in particular, that the sequences of the form (n_1> does not satisfy
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(1) for any {bn> e d. On the other hand, Corollary 2 gives a large class 
sequences {an> e d such that (1) holds for some {bn> e d. In a very 
special cases, we see that the sequences {a 1 of the form

i 1 1 f 1jn*ln(n)j * In*ln(n)•ln(ln(n)) ’■'* 

belong to this class.
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0 ZBIEŻNOŚCI SZEREGÓW POSTACI V minia ,b >.n n

S t r e s z c z e n i e
Biler P. i Witkowski A. stawiają w [1] problem zbieżności szeregów postaci 

£ minla^,b^}, gdzie (a > i Ib^} należą do klasy d ciągów malejących do zera 
liczb dodatnich, dla których J aR = £ b^ = oo. W niniejszej pracy podajemy dla 
ustalonego ciągu {a^} e d warunki konieczne i wystarczające na to, by 
Jminla^.b^} < <o dla pewnego 6 d. Warunki te prowadzą do szerokich
klas konkretnych przykładów ciągów 6 d, odpowiednio mających powyższą
własność i nie mających jej.

0  GiOAHMOCIiL PHJIOB B H M  

P  e  3 ¡o m e  

B m iJ ie p  I I .  h  B h t k o b c k h  A .  cnpam H B aioT  b  1  o  g x o u h m o c t h  p a # o B  

BH-,ąa Y. min 1 an> bR} r u e  <an> and lbn> n p H H aA Jiex a T  K j i a c c y  d yóH B a»m H xc.a  

nocjieAOBaTeabHOCTeii nojioxcHTejiBHHX wacea, TaKHx îto E a = E b = ».7 n n
B cjienyiomeii paSoie npeACTaBjieHH Heo6xoAHMHe h  nociaTOHHŁie ycjioBHiL
A jih tpHKcnpoBaHHoil nocjiefloBaiejibHOCTH {a > Ha t o , h t o  y min la ,b }n ’ l. n n
Hjih  H eK O T o p o ii n o c a e n o B a T e j ib H O C T H  ib ^ }  e  d. 3 t h  ycjroB H .fi o n p e n e jiH K T

BHpoKHe Kjiaccu npHMepoB nocjienoBaTejibHOCTeg |{a } e d, t e k h x  w t o1 n
c b o ^c t b o HMeeT MecTo He HMeeT MecTa.


