ZESZYTY NAUKOWE POLITECHNIKI SLASKIEJ 1992
Seria: MATEMATYKA-FIZYKA z. 67 Nr kol. 1115

Jurij A. BRYCZKOM
Krystyna SKORNIK

OF SOME DIFFERENTIAL FORMULAE FOR LEGENDRE FUNCTIONS
OF THE FIRST KIND

Summary. Legendre functions are the solutions of Legendre differen-
tial equation:

d?w dv - F 2 2.1

2 - 5- 1
l-2) —2 " 2zdi + [(vD) “V (I.Lz j jw =0

where 2z, B, p are arbitrary (see II], page 126).
The paper comprises a series of new formulae for derivatives of the
n-th order of pliz) Legendre function of the first kind, e.g-

(1°) Dn|\z2-1),1/2 p£(2)j =

= -Dn@w-M+Dn -M-Hn @Z2-1) (,I' n)/2 PE~n (),

“°) Dnlzn+(M~-1)/2 (z_t)-p/2 =

=1_ z(ptv-1)72 ( -(p+n)/2 pP+n,
2n >n

Some applications of the formulae in summing the expressions that in-
clude Legendre P~(z) functions are given. For p =0, Vv -2 some of them

reduce to the formulae valid for Legendre polynomials Pn -

The Legendre functions are solutions of Legendre’s differential equation
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z, V, p, being unrestricted. Under substitution w = (z"-U"Mv, (1) becomes

2
1-z2) - 2(pthz + (v-p) (Wwp+Dv = 0 .
dz

And, with £ = 1/2-7/2 as new independent variable, the differential equa-

tion becomes

2
+  (prDHA-2?)2X + (w-p)(v+p+tDv = 0.

d?

This is Gauss® equation. Thus a solution of (1) is of the form

W=K 12 =r{d-p) )™ 2 F(w, v+l; 1-p; 1/2-2/2), [1-z] <2.

where
Fabem =, @uOnZ g g - 1@
~O n n! n r(a

is a Gauss hypergeometric series (see [1], pp- 126, 109 and 69). The func-
the Legendre function of the first kind. It is

tion PA(2) is known as
z-plane supposed cut along the real axis from

one-valued and regular in the
1 to ©b. We assume Jarg(zzD) <ir (see [1], p- 127).
Formulae for the Ffirst derivative of the Legendre functions P’\\/(z),

dz PQ(Z) = @22-1)"*E(v-p+1 )P +1 (2)-(v+Dz PM2)J , @)
N PN = @2-D_ 1wz PM2) - (prwdPMtz)] (@)
d pM@ = pp-1 _ _pz_ pN(@ >

z -1
/77

are well known (see, for example, [1], 3.8.10. and 3.8.9., p.162). In this

note we give a number of simple and compact formulae for the derivatives of

n-th order for some expressions involving these functions, and application to
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calculation of some expressions with Legendre functions. In what follows the
symbol D means d/dz.

We have the following new formulae:

Dn[@z2-1)~2P>)] = 10j

= (-Dn@-M+1)nC-M-v)n (z2-1) (M-n)/2 P~-n(2)

DnJd\z2-1) _,i/2 P~z)d = (z2-ir (M+n)/2 P™n(z) , (2°)
Dndzn-(Mtu)/2-1 (z_1}*~2 pM™jj . @o}
= -~ )2n (z_u (p-n)/2 pp-n"j

2 *'n

Dndzn+ (p+v-1)/2 (2_13-M/2 ~ , 1 =

= - - - I\ 1
>n z(M+V-1)/2 (z-D _(M+n)/2 ijr-rr]](llz) N

Dnj]zn+(p-p-1)/2 @ 1}p/2 pp™ H =

(Cd A(v-n-D/s2 (z 1)(p-n)/2 pP-n(i/f5)
2n
Dnfz+ V)21 i rp/2 pMjJ = 6
=1 @EP)2-1 @ ir @-n)/2 pH-nC )f
Dn[zn ~ (1-z2)"2 PAND)] = @

= (w-p+1) I-fi~v) z"M_1{d-z2)(M"n)/2 PM_n(-) ,
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Dnizn+™-1 (1-z2)°~ 2 Pil(D)] = 21’1 (1-z2)*(M+n)/2 F+n(D)

DnL-(~1)72 {1 z)n/2 pP@ _} =
L * VI 4

= (i >+t z~(vin+l)/2  @Q_z)M-n)/2
2n 2n V+n V2

Dn|>/2 (1-z)_M/2 P»*(J-)1 =
L r 4

1)n z(v-n)/2 ~ ,—(n+n)/2 pM+n, 1
2n V'n Vz

DN\A/2 (1-z)~2 =
L

N oz J

z(p-n)/2 (l-z)iti"n)/2 P~-n(-i-)
2n 2n +nVvz

(-1)n z-(i>+n+1)/2 jj_zj-(fi+n)/2 pM+n~JL)
2n F+n
DhL-(v+l)/2 (1_z)i,+n p~z+1,1 =
L V 2vz J

= (-nV-n+i) z'(l,+n+1)/2 (i-z)Ip'l (5"1)
n 2vz

Dn\zv/2 (1-Z)u~ -1 ~(511)1 =
L ~N2E D

= (-1)"(*--,) z(,-n)/2 (Q-z)y'rr 1 P~ (Bl1)
n In 2VI

K.

Skornlk

@)

(90,

ao”)

(11°)

(130)
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>mi(-=-) - (5%
JJd -1

= Dn@Enmbd) @-nil'*n)/2 pm ( 7M1 =
vV /j :;
Dn[(Z2-1)" (p+1)/2 PN— ?2— 1= @6°)
/T

= (-1)n@>-M+) (z2-1)“("+n+1)2 PM(~ 1 )

/ z -1

These formulae are valid under the following conditions:

targ (-z £ 1)] <n for (@) - @9
larg z], larg (z-1)] < it for @) - 6
larg (-z'1 + 1)| <7 for @) - @
arg z|, jarg (z_1-D] <n for ©) - @29
Re — >0 for (13°) - @4
2Vz
Re z >0 for (15°) - (16°)
z2-1

Moreover, (3°) and (G°), (@°) and (6°), (©°) and (11°), (@0°) and C12°),
(13 ) and (14°), (15°) and (16°) are connected by virtue of the relation
= (see (@O- P- 140). All these formulae can be obtained by
differentation of the corresponding power series or by induction.
We prove, for example, the formula (2°). The proof is by induction. It is
obviously valid for n = 0. Let us suppose that it is true also If k =n > 0.

We shall show that it is valid if k = m+l. So we have to prove that

DACz2-1)-22pl®@] = Z_n -(M+n+1)/2 pM+n+1(2)



166 J. A. Bryczkow, K. Skornik
The proof follows from the relations (1) and
(I>-ptDPMH L @D-G>+HFi+D)z P (2) = \JZZ—' Py+1(2) (@)

(see [1], 3.8.8). Indeed, by the induction assumption and next according to

the relations (1) and (4, we have in turn

Dn+1 [(z2-1r~/2 pE(2)d = DjDnj\z2-1)_M/2 PM(2)]1] =

= D[(Z2-D-(F,+)/2 PFn@] =

= —(p+n)z(z2-1)_(F1+n)/2"1 PA+n(@)+ (2~ 1)_(Fl+n)/2 DP +n(2) =
= -(G*nN)z(@Z2-1)-CG+HID/2*1L PFfn (@)
+ @2-1)" @x+n)2 -G+l PAj @->HD)z Prn@)] @z2-1) 1 =
= @-1)-Cn) /2=t =(H+n)+1j PAA(Z)-~+(p+n)+1Jz PA+n(@)
= (@2-1) ' (fl+n+1)/2 P Fn+l @).
Thus the proof of the formula (2°) is finished.

Now we prove the formula (12°) as well. It is obviously valid for n = 0.
Let us suppose that it is true also if k = n > 0. We shall show that it is

valid if k = ntl. So we have to prove that

Dn+l[z-(,+1)/2 (Q_z)-p/2 =

(-Dn+1l  -(r+n+2)/72 ,, ,-(p+tn+1)/2 ,p+n+lf 1 ]
2n+1 ~n+U Vz
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The proof follows from the relations
= -Cv+D) £ : PAN2)

(see [1], 3.8.3., p- 162). Indeed, we have in turn

Dn+! A—(v+D/2 (1z)-p/2 =DIDn}z (I,+1)/2 (I-2)_tl/2 p~[- 1]

=Dp~1Dn z-(v+n+)/2 A 2)-(p+n)/2 pp+n| 1 jj =

ing O [2(,+n)*i] z-(v+n)-3/2 z(,+n)/2 (L.z)-(~n)/2 pP+njj_J +

+ (~Dn z“(f+n)-1/2 DL(w+n)/2 =(p+tn)/2 W j JI
2n L NN
~2(v+n) +1]z~-@"+n+3)/72 (1-z)-(,i+n)/2 +

+ z~(v+n)-1/2 z(v+n-1)/2 (A_z)- EA+n+1)/2 pp+n+lf 1 §

y+n_1l vd
| I = s ([« o, ](M=) C»(-L)
N oP+n+lf 1 1] _ (-Dn+1 ,, _,-(p+n+1)/2 _-(i"+n+2)/2 ,p+n+1f 1 1

v+n-HVzi | 2n+1

This proves the formula (12 ).
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The formulae (°) - (16°) can be applied to calculation of sums of Legen-

dre functions.

Example. Summation of some expressions with Legendre functions.

1. The following formula is true:

k=0
Lan(—p—i')Qﬁ(zz— I)n/2 "'i'>'_'|gz) -

Indeed, differentiating the product zvw/2 (I-z)~2 p~-i—-1 and next using
N
formula (100), we get in turn

Dnjzv/2 (@Q-z)#i/2 = Dn \I-2)M zv/2 (1-z)_M/2 PMN[- 1] =

g Ci“"[(1-2)* -Dk[z/2 (1-2)"~2 P»|[-Lj] =

=V OO kA-2)rn+k ~ Z(™ k)y/2 (1-2)-(fl+k)/2 p£J(-U =
k=0 2 (»
n
KH_M)n-k (I-2) 'n+(fl+k)/2 ziv-k)/2 PA+kiJd_]
k=0 2 v-kl yz)

Now taking into account the formula (11°) we have
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By the above, we get the relation:

(_
2n 2n[f z J v-n[
n
fco 2k I 2 V' k~”
Next making the substitution 2z —» we have the formula (5).

z

2. The following relation is true:

r t (k- (zZ2-Dk c"-»*k*i/2@R) p“*k(2) -
fes2 Kk"1'-k-2">,-k

(6)
>pth ()

Lyn n n (Z2\1)n P tz)
2n n! \%
where
K2y = OV ecn, niax x+i2; w2-272)

nr

is a Gegenbauer polynomial (see [1], p- 177).
We shall prove the relation (6). Differentiating the product (@2-D)*/ZP™(2),
we have

Dn[(z2-1)M/2 P£(z)] = Dn~@2-DA @-1)_M2 PA(2)] =

n
= Y2 iMNDn-kP@-1)M Dk j\2-1)_fl/2 PA2)J =
k=0
n
) , - L2 ik AMFi-ntk+L /2
},k) an" % A k@ 1) Cn-k ¢

(z2-i)_(1+k)/2 pj;+k (@) =



170 J.A. Bryczkow, K. Skérnlk

n

- " o ,(ZZ_ITp/Z—Sn/Z \5— = (Mn-k

1,2 .k
(n-k=2p) g -1 -
k=0 nKA~ K-

CHp+k+1/2(2) P)CZ)

where the formula (2°) and the Rodrigues formula for Gegenbauer polynomials

) Dn A 1/2-A i i ntA-1/2,
lrearnSI-*> OL > 3

were used. From this, by (1°), we get the relation ().

REFERENCES

[1] Bateman H. , Erdelyi A.: Higher transcendental Tfunctions, 1zdatjelstwo
“Nauka', Moskwa 1973, wvol. 1;

[Z] Bateman H.: Higher transcendental functions, Ilzdatjelstwo ''Nauka™, Moskwa
1974, wvol. 2;

[3] Bateman H. : Higher transcendental functions, Ilzdatjelstwo 'Nauka', Moskwa
1976, wvol. 3.

PEWNE WZORY ROZNICZKOWANIA FUNKCJI LEGRENDRE’A P~(z) PIERWSZEGO RODZAJU

Streszczenie
Funkcje Legendre’a sg rozwigzaniami roéwnania rozniczkowego Legendre’a
v dw aw [ r 2,, 2.-11
(1-Z ) —2 " 2z dz + M ( 5 w=0,
dz L J
gdzie z, B, n sa dowolne (zobacz [1], str. 126).

Praca zawiera szereg nowych wzoréw na pochodne n-tego rzadu funkcji Legen-

dre’a P~(z) pierwszego rodzaju, na przykdad
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(@) Dn[(z2-1)M/2 PM2)d =
= Dn @ -n+Dn (M-iHn@z2-1) H“n)/2 PM'n @),
@) DnEzn+*-1)2 (z-1)-~2 ~( 2)] =

= i- zQMw-D/2 @ n -@)/2 pin A

2n v+n

Podano takze zastosowanie wzoréw do sumowania wyrazen z funkcjami Legendre’a
PM2). Dla p =0, v =n niektére z nich sprowadzajg sie do wzoréw dla wie-

lomianéw Legendre’a P (2)-



