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Summary. Legendre functions are the solutions of Legendre differen­
tial equation:

,2 . ' r ~ -1,,2 d w dw f. 2 ,. 2. I
(1-2) — 2 ' 2z di + [(v+1) “ V (l_z j jw = 0

where z, i>, p are arbitrary (see II], page 126).
The paper comprises a series of new formulae for derivatives of the 

n-th order of pJJ(z ) Legendre function of the first kind, e.g.

( 1 ° )  Dn | \ z 2- l ) , l /2  p £ (z ) j  =

= (-l)n(w-M+l)n(-M-^)n(z2-l) (,I' n )/2 P£~n(z),

(4°) Dn|-zn+(M^-l)/2 (z_t)-p/2 =

= I_ z(p+v-1)/2 ( -(p+n)/2 pP+n,
2n i>+n

Some applications of the formulae in summing the expressions that in­
clude Legendre P^(z) functions are given. For p = 0, v - 2 some of them
reduce to the formulae valid for Legendre polynomials P (z).n

The Legendre functions are solutions of Legendre’s differential equation
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z, v, p, being unrestricted. Under substitution w = (z^-U^^v, (I) becomes

2
(1-z2) - 2 (p+l)z + (v-p) (w+p+l)v = 0 .

dz

And, with £ = 1/2-Z/2 as new independent variable, the differential equa­
tion becomes

.2
+ (p+l)(l-2?)2X + (w-p)(v+p+l)v = 0.

d? ^

This is Gauss' equation. Thus a solution of (I) is of the form

W = K lz) = r(l-p) î ) ^ 2 F(-w, v+1; 1-p; 1/2-Z/2), | l-z| <2.

where
00

F(a, b; c;z) = (a)n (b)n Z , T(a+n)/ ----7— k--:—  , with (a) = . ,
^ 0  n n! n r(a)

is a Gauss hypergeometric series (see [1], pp. 126, 109 and 69). The func­
tion P^(z) is known as the Legendre function of the first kind. It is 
one-valued and regular in the z-plane supposed cut along the real axis from 
1 to to. We assume |arg(z±l) |<ir (see [1], p. 127).

Formulae for the first derivative of the Legendre functions P^(z),
v

dz vP^(z) = (z2-l)”*£(v-p+l )P̂ +1 (z)-(v+l)z P^(z)J , (1 )

^  P^(z) = (z2-l) _1 |wz P^(z) - (p+wJP^tz)] , (2)

d_ pM(z) = pp-l(2) _ _pz_ pM(z) >

/ 7 Z
z -1

are well known (see, for example, [1], 3.8.10. and 3.8.9., p. 162). In this 
note we give a number of simple and compact formulae for the derivatives of 
n-th order for some expressions involving these functions, and application to
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calculation of some expressions with Legendre functions. In what follows the 
symbol D means d/dz.

We have the following new formulae:

Dn [(z2- ! ) ^ 2 P > ) ]  = (1Oj

= (-l)n (^-M+l)n C-M-v)n (z2-l)(M-n)/2 P^-n(z) ,

DnJ\z2- l ) _,i/2 P^(z)J = (z2- i r (M+n)/2 P^+n(z) , (2°)

DnJzn -(M+u ) /2 - l  (z_1}*^2 pM^jj .  (3o}

= — ^ )2n (z_u (p-n)/2 p p - n ^ j
2 *"n 

DnJzn+ (p+v-l)/2 (2_13-M/2 ^ , 1  = ^

= -  z (M+V- 1 )/2  ( z - D _(M+n)/2 P^+n(i/z) ,2n v+n ’

Dn|-zn+(p-p-l)/2 (z_1 }p/2 pp (̂ }j = ^

(i> ^ ( v - n - D / 2  (z l)(p-n)/2 pP-n(i/5)
2n

Dn|-zn+(p-v)/2-l(z_irp/2 pM(̂ jJ =

(z_ir (p-n)/2 pH-n(̂ )f= 1_ (p-i>)/2-l
~  2 n  2

Dn[zn ^  (l-z2) ^ 2 P^(i)] = (7°)

= (w-p+1) l-fi-v) z"M_1(l-z2)(M"n)/2 PM_n(-) ,

(6°)
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Dnízn+^-1 (l-z2)’^ 2 P¡|(i)] = z*1’1 (l-z2)'(M+n)/2 F^+n(l) . (8°)

Dn L - ( ^ l ) / 2  {1_z)n/2 p P (J _ }l = (9o,
L *  VÎ -I

= (lłi_ (i>-(j+l) z~(v+n+l)/2 (1_z)(M-n)/2

2n 2n V+n V2

Dn | > /2 (l-z)_M/2 P»*(J-)1 = (10°)
L r  -I

(-1 )n z(v-n)/2 ^  ,-(n+n)/2 pM+n, 1 .
2n V"n Vz

Dn\zV/2 ( l - z ) ^ 2 = (1 1 ° )
L ^ ✓z J

z (p- n ) / 2  ( l - z ) iłi" n ) /2  P^-n ( - i - )  
2n 2n ł,-n Vz

(-1 )n z - ( i> +n + l) /2  j j _ z j- ( f i+ n ) /2  pM+n^JL) 

2n l'+n

Dn L - ( v + l ) / 2  (1_z ) i,+n p ^ z + 1 , 1  = (130)

L V 2.V1 J2\/z

= ( - n V - n + i )  z ' ( l ,+n+1)/2 ( i - z ) 1' p ' 1 (5^1)
n 2Vz

Dn \zV/2 (l-z)11̂ - 1 ^(511)1 = (14°)
L  ̂2Æ  J

= (-1 )"(-*-.,) z (l,- n )/2 (1-z) ’ 1" 1 P^ (511) .
n l’“n 2VI



>■:(-=-) ] - (.5°)
J J - 1

= (-l)n(i>-n+l) (z2- n i l ’" n )/2 pm ( 7 ^ 1  ■
v-n / j :;

Dn[(Z2-l) " (p+ 1)/2 P^(-- ?--- ]] = (16°)

/ ¿ T

= ( - l ) n (i>-M+l) (z2- l ) “ (l'+n+1)/2 PM ( ~ /  .) •n v+n' / >
/  z -1

These formulae are valid under the following conditions:
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1 arg (-z ± 1 ) | < n for (1°) - (2°)
I arg z|, |arg (z-1 ) | < it for (3°) - (6°)
I arg (-z" 1 ± 1 ) | < 7T for (7°) - (8°)
arg z|, ¡arg (z_1-l)| < n for (9°) - (12°)

Re —  > 0 for (13°) - (14°)
2Vz

Re z > 0 for (15°) - (16°)
z2-l

Moreover, (3°) and (5°), (4°) and (6°), (9°) and (11°), (10°) and C12°),
(13 ) and (14°), (15°) and (16°) are connected by virtue of the relation 

= (see (1). P- 140). All these formulae can be obtained by
differentation of the corresponding power series or by induction.

We prove, for example, the formula (2°). The proof is by induction. It is 
obviously valid for n = 0. Let us suppose that it is true also if k = n > 0. 
We shall show that it is valid if k = n+1. So we have to prove that

D ^ C z 2- ! ) - ^ 2 pJJ(z)] = (z2_n -(M+n+l)/2 pM+n+l(z)
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The proof follows from the relations (1) and

(4)(i>-p+l)P^+1(z)-(i>+fi+l)z P^(z) = Jz2-l Py+1(z)

(see [1], 3.8.8). Indeed, by the induction assumption and next according to 
the relations (1) and (4), we have in turn

Dn+1 [(z2-ir^/2 p£(z)J = DjDnj\z2-l)_M/2 P^(z)]j =

= D[(z2-l)-(f,+n)/2 P f n(z)] =

= -(p+n)z(z2-l)_(fl+n)/2”1 P^+n(z) + (z2-l)_(fl+n)/2 DP^+n(z) =

= -((,*n)z(z2-1)-(»‘+Il)/2“1 P f n(z) ♦

+ (z2-l) ” (fX+n)/2 |V-(ji+n) + lj P^j (z)-(i>+l)z P^+n(z)| (z2—1 ) 1 = 

1|^-(H+n)+lj P^^(z)-^+(p+n)+lJz P^+n(z)= (z2-l)-(̂ n ) /2-:

= (z2-l) ' (fl+n+1)/2 P f n+1 (z).

Thus the proof of the formula (2°) is finished.

Now we prove the formula (12°) as well. It is obviously valid for n = 0. 
Let us suppose that it is true also if k = n > 0. We shall show that it is 
valid if k = n+1. So we have to prove that

Dn+l[z-(„+l)/2 (1_z)-p/2 =

(-l)n+1 -(r+n+2)/2 ,, ,-(p+n+l)/2 „p+n+1f 1 ]
2n+1 ^+n+U  VzJ
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The proof follows from the relations

= -(2v+l) Æ :  P^(z)

(see [1], 3.8.3., p. 162). Indeed, we have in turn

Dn+! ̂ -(v+D /2 (lz)-p/2 = D|Dn |̂z' (l,+1)/2 (l-z)_tl/2 p^[— ]]

= Dp ~ 1)n z-(v+n+l)/2 (l z)-(p+n)/2 pp+n| 1 jj =

= i ^ g Ü [ 2 ( „ + n )+ i ]  z - ( v +n ) - 3 /2  z ( , +n ) / 2  (1 . z ) - ( ^ n ) / 2  p P + n j j _ J  + 

+ ( ~ D n z“ (f+n)-l/2 D L ( w +n)/2 .-(p+n)/2 ¡ W j J l  _
2n L ^JJ

^ 2 ( v +n) + l]z~(l'+n+3)/2 (l-z)-(,i+n)/2 +

+ z~(v+n)-l/2 z (v+n-l)/2 (1_z )- (fi+n+l)/2 pp+n+lf 1 ~j
y+n_1I v d

■ ^  . - " — • « ( [ « „ , « ] ( ! = ) “  C » ( - L )

^ oP+n+lf 1 l| _ (-l)n+1 ,, _,-(p+n+l)/2 _-(i'+n+2)/2 „p+n+lf 1 1
v+n-HVzi| 2n+1

This proves the formula (12 ).
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The formulae (1°) - (16°) can be applied to calculation of sums of Legen­
dre functions.

Example. Summation of some expressions with Legendre functions.
1. The following formula is true:

k=0

(5)

(_1 )n(-p-i')0„(z2-l)n/2 ^""(z) ._n 2n i>-n

Indeed, differentiating the product zv/2 (l-z) ^ 2 p^f-i—1 and next using
o ^formula (10 ), we get in turn

Dnjzv/2 (1 -z)#i/2 = Dn |\l-z)M zV/2 (l-z) _M/2 P^[— ]] =

n
= g  (¡^[(l-z)*1] • Dk [z”/2 (l-z) " ^ 2 P»|[-Lj] =

= V  (^)(-(i)n.k(l-2)rn+k ^  Z (^ k)/2 (l-z) - (fI+k)/2 p £ J ( - U  =
2 ( -Jt)k=0

n

(kH_M)n-k (l-z) ' n+(fl+k)/2 ziv~k)/2 P^+kiJ_]
k=0 2 v-kl y/zJ

Now taking into account the formula (11°) we have
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By the above, we get the relation: 

(-
2 n 2n[ z J v-n[

n

fcô  2k I  2 V' k ^

Next making the substitution z — » we have the formula (5).
z

2. The following relation is true:

r  t (~i‘’°~k—  (z2- D k c'-»*k*i/2(2) p“*k(z).
f e s 2 k' 1"-k-2'>„-k

(l>-p+l) (-u-i>) _
= (-1 ) n  n n (Z2̂ l ) n P^tz)

2n n! v

where

X (2A)nC (z ) = — ;—— F(-n , n+2X; X+l/2; 1/2-Z/2)n n!

( 6 )

is a Gegenbauer polynomial (see [1], p. 177).
We shall prove the relation (6 ). Differentiating the product (z2-l)*L/'ZP^(z), 

we have

Dn [ ( z 2- 1 ) M/2 P £ (z ) ]  = Dn (̂z2-l)fl (z2-l)_M/2 P ^ (z ) j  =

n
= Y2  i^)Dn-k[̂ (z2-l )MJ Dk ĵ (z2-l)_fl/2 P^(z)J = 
k=0

n
, fn. 2 (n—k)! , . , 2  . ̂ /i-n+k f̂i-n+k+1/2 ,) ) 7— ï— 0— %  , (z ”1 ) C , (r , k (n-k-2/i) ^ n-k n-kn-k

. (z2-i)_(,I+k)/2 pj;+k(Z ) =
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„n ,, 2 , ,p/2-3n/2 V- ' ( M)n-k 1 , 2 , ,k= 2 n! (z -1 T  )  c--- (z -1 ) •(n-k-2p) k 
k=0 n K  ̂ K‘

C*ł”?+k+l/2 (z) P^Cz)n-k v

where the formula (2°) and the Rodrigues formula for Gegenbauer polynomials

, (-l)n (A) 1/2-A f n+A-1/2,
■ r e a r 5 ■ - *  > °  >n L J

were used. From this, by (1°), we get the relation (6 ).
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PEWNE WZORY RÓŻNICZKOWANIA FUNKCJI LEGRENDRE’A P^(z) PIERWSZEGO RODZAJU

S t r e s z c z e n i e
Funkcje Legendre’a są rozwiązaniami równania różniczkowego Legendre’a 

2
2v d w _ dw [ r 2,„ 2.-11

(1-Z ) — 2 ” 2z dz + M ( 5 w = 0 ,
dz L J

gdzie z, i>, n są dowolne (zobacz [1 ], str. 126).

Praca zawiera szereg nowych wzorów na pochodne n-tego rządu funkcji Legen­
dre’ a P^(z) pierwszego rodzaju, na przykład



On some differential formulae. 171

(1°) Dn[(z2-1)M/2 P^(z)J =

= (-l)n(î -n+l)n(-M-i’)n(z2-l) (łl“ n)/2 P^"n(z),

(4°) Dn[zn+(^ - l )/2 (z-1) - ^ 2 ^(✓z)] =

= i- z(M*w-l)/2 (z_n -(n+n)/2 pM+n.^
2n v+n

Podano także zastosowanie wzorów do sumowania wyrażeń z funkcjami Legendre’a 
P^(z). Dla p = 0, v = n niektóre z nich sprowadzają się do wzorów dla wie­
lomianów Legendre’a P (z).


