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81PARABOLIC PROBLEM FOR THE CURVILINE TRAPEZIUM

The subject of the paper is the construction of the solution of the
biparabolic problea for the general donain with Laurlcella boundary
conditions. To the solution we shall apply the convenient heat potentials
with unknown densities gA. To determine qA, the systen of four Volterra
integral equations is used.

1. Introduction

Let us consider the equation
P2u(x,t) * f(x,t). (1)
where
P2 « P(P) . DE£-2D20t+D2,
or the equation
D*u(x,t) - 2D20tu(x,t) + D2u(x,t) - F(x,t).

We assuae that u(x,t)eC4,2(0) with respect to the variables (x,t),
where

we suppose that the function u satisfies the initial condition
oju(x.o) - fi(x), i m 0,1, for x eipjio), p2(0)), @)
and the boundary conditions

DAu(pl(t),t) - hi+l(t), 1-0,1, t 6(0,T), (©)
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DAU(P2 (t),t) - h1+3(t), i-0,1, te(0.T). ®

* 0,1, hi#i« 1,2,3,4, are given functions.

In [V] the similar problem for the bicaloric equation and for the
half-plane and in [2], the three parabolic problem for n-dimenaional
half-epace was treated. In the monograph [3] the similar problem for the
equation Pu»f with Initial and boundary conditions and in [V] the si-
milar problem for the equation (1) with limit conditions PMuix.0) =
* fj7Cx), Piu(pr(t),t) « h~Ct), P~uCpgCt),t) - kjrCt), 1 =0,1, was
treated. In the monograph [V]. vol. 11., p. 235, the biparabolic Cauchy
problem was solved.

2. Some definitions and denotes
In the sequel C.C”~, denote a positive constants.

(@) Definition 1. Denote by (tO the class of all functions
u(x,t)ec4,2 (d)n c1,1(5

(b) Definition 2. Danotte by (P) the class of all functions p~CO.1i-
- 1,2, such that pz#eC ([o,t]), D pz(t) >0 for te [o,r],i m 1,2,
(P2 (t)-Pj (s))>A >0 for (s,t)c [0,t]1x [o t] , A isa positive constants.
(c) Definition 3. Denoteby (f) the class of all functions f such
that fGC4(01),D1 - {(x,0):x 6(pl(0),p2(T))},D F(pJ(0)) - O, i-0,1,J-1,2.
(d) Definition 4. Denoteby (h) the class of all functions h, such
that heC2([0,t] ),0jh(0) - 0, 1 = 0.1.

(a) Definition 5. By (f) denote the class of the functions F, such
that FGC(O)n C1(D),D*F(p.]J(t).t)-0, i»0,1; J-1,2. te[oj], F(y.s) «
= FCpjCsJd.s) for y< p~(s) ,F(y.,s) » F(p2(s),s) for y>p2(s), s g (0,T).

3. Reduction of “he initial conditions (2) to the homogenous
initial conditions

La* us consider the function
w(x,t) » u(x,t)-r(x,t),r(x,t) = fQ(x)+1f* x ),

Lemma 1. If (a)-(e) are satisfied, u is the solution of the problem
(1)-(4), then: w g(k),

P2w(x,t) = F(x,t),F(x,t) » f(x,t)-P2r(x,t), (x,t)eD, (12)

dJI*»x ,00 - 0, 1 - 0,1, x e(P1(0),p2(0)), (2a)

exw(pl (£),t) " Hi+I(t),Hi+1(t) * h1+1(t)-Dir(PI(L).t).1 “0.1  (3a)
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dSx (p2 (t).,t) « Hi+3(t)«Hi+3(t) * hi+3(t)-0~r(p2(t),t) 1-0,1,
t £ (0,T). (4a)
Conversely. If the function w e(K) and satisfies (la)-(4a), then the
function u = (w+r) G (k) and satisfies (1)-(4).

We omit the simple proof.

4. The potentials w”

Let us consider the following potentials

WAX.t) < ald ql(s)(t-s)l/,2exp(B(t ,s)(x-pl(s))2)ds,

0
t
w2 (X,t) -1 aJ g2 (s)(t-s)“1"2 (x-pl(s) )exp(B(t ,sX x-PjCs))2)ds,
0
t
Wj(x,t) « aJ q~Cs)(t-s)l/<2exp(B(t,s)(x-p2(s) )2 )da,
0
t

wad(x,t) "jJ g4 @)(t-s)“1/2(x-p2(s) )exp(B(t ,s)(x-p2(s) )2ds.

t P2(s)
wg(x,t) - ad J F(y ,s)(t-s)1"2exp(B(t ,s)(x-y)2)dyds ,
0 Pjfs)

where
A - (zVjtTl, B(t,s) - (-Ait-s))"1.

Let
t p2(a)

Wg(t) WgCpjCtd.t) » A J J F(y ,s)(t-s)1"2exp(B(t,s) x

PjCs)

X

(pi(t)-y)2 ))dyds ,

t P2(s)
w2 (t) - OXwD(X’t)X-Pj(t) Aj | F@yr>(t-ssise
0 PI(s)

X

Dxexp(B(t,8)(x-y)2)] (t)dyds -
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t P2(s)

aad ) F(y.9)(t-s)/B(t 8) (pict )-y)exp(B(t.s) (piCt)-y))2dyds
0 PIU)

t p2 (@)
£3(D) ® w5 E2(1), 1) » Al J Fiy.sHt-s)172 x

°PIQ)

exp(B(t,8)(p.(t)-y)2)dyds,

X

w*(t) » 0w (x,t) *A f f Fiy.sXt-s)1n2
3 x-p_(t) J J

° PI(e)

t P2(a)

Oxexp(B(t,8)(x-y)2) dyds - 2A | f FCy.eKt-a)l/2»
x-Pj,C) ¢ 3

PjCa)

X

(P2 (t)-y)exp(B(t,8)(p2 (t)-y)2)dyds.

X

5. The properties of

Lemma 2. If Fg(F), then: 1° the Integrsl w5 is locally uniformly
convergent at every point (pi(t),t), i-1,2, te [o.,t] , 2° v»g(t)-»-0 as
t-»-0, 1*1,3, 3° The integral

t p2Q9)
I(x,t) *AJ J F(y,s)(t-8)1"2Dxexp(B(t,8)(x-y )2 )dyde »
0 Pj/s)
t p2<8)
m -a/ Fly.a)(t-e)-1/72 (x-y )exp(B(t ,s)(x-y)2)dyds
0 PjCs)

is locally uniformly convergent at every point (p~N(t)ft)( 1-1,2, t& (0,f],
4° wl(t)-*- as t-*0, i-2,4, 5° Pw.(x.t) » Af J F(y,s)(t-e)"1/2 x
5 5 o(t)

x exp(B(t,s) (x-y)2)dyda for (x,t)c.0, 6° P2wb(x,t) « F(x,t) for (x,t)
belonging to O.

Proof. Ad 1°, 2°. We have

lws(x, )] A J/ (t-a)l/2 ds<Ct3/2~ CT3/2
3 D(t)
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Consequently the integrals w*, i = 1,3, are locally uniformly convergent
for te[o,T] and are continuous for (x,t) 6 D. Moreover Wg(x,0) m O,
1-1,3.

Ad 3°, 4°. We have the estimate

t
11(x, ) [« (Asup|F D(p.(T)-p. (0)) F (t-s)*1/2ds = Ct1l/2=5CT1/2.
D 2 1 )

Consequently the integral 1 is locally uniformly convergent in D and
o5 (pi{t).,t) = iCp~tJ.t) 8nd Wg(x,0)«0, 1-2,4, for x e (p~0) ,p20)).
Ad 5°, 6°. By Poisson theorem we obtain

@
Pw_(x,t) = lim A T F(y,s)(t-s)1//2exp(B(t ,s)(x-y)2)dy +
*t

*

AJFfF(y.8)P ((t-s)1"2exp(B(t ,8)(x-y)2))dyds «
D

v

> AJFF(y,s)(t-e)“1/,2exp(B(t,s)(x-y)2)dyds.
D

Hence P2Wg(x,t) » F(x,t) for (x,t)ED.

6. The properties of wi# i-1,2,3,4

Lemma 3. If g£ C([o ,t]), J-1,2,3,4, p~CP), i»l,2, qi(0) »0,
i-1,2,3,4, then:

1° PACx.t) - 0, i-1,2,3,4,for (x-t)eO,
2° oJw~(x,0) =0, i=0,1; J =1,2,3.4, for every x€ (p1(o0),P2(0)),

3° Wi(x,t) —mWwj (pi(t),t), J =1,2,3,4

DxWi(x.t) — "mA J ql(s)(t-s)V/,2Dxexp (B(t ,s)(x-pjis))2) ds,
0 X-Pj~Ct)

OxWj(x,t)— "mA J g3 (s)(t-8)1/2Dxexp(B(t ,s)(x-p2(s))2) ds,
x-P1(t)

oxw2 (x,t)— »A \] g2 (s ) (t-s)“1/2Dx [(x-Pj (s))exp (b(t,s)(X-pJj(s)Yix p (tXh
0
t
Dxw4"x,4)— Jg4 (a)(t-s)-1,/720x [(x-p2 (8))exp(B( t ,aXx-pgis))2]
X-p~t)

as x- ep”Ct), 1 = 1,2.
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Proof. We shall give the proof only for the function Wj, because the
proof for the remaining functione w”, 1 = 2,3,4, is similar.

Ad 1°. We have

PWjix.t) m aJ g (s) (t-s)ir2D”exp(B(t,s) (x-p~s) )2)ds -
0

lim g (») (t-e)l/,2exp(B(t,a) (x-p. (s))2) -
a>t 1
t
A J gl(e)Dt((t-s)1r2exp(B(t .sHx-Pjfs) )2)ds =
0
t
» A J ql(s)Pxt ((t-e)l/,2exp(B(t ,8) (x-PjCs) )2)ds
0
t
AJ ql(e)(t-e)”1/,2exp(B(t ,s)(x-pl(e))2)da

v

By [4], p- 491, we obtain P~~x.tJ-0.

Ad 2°. We have

lw, (X, €)™ a (sud |g-] ) f (t-e)l/,2de —»-0 as t-*0,
1 Co.t] 1 0

IDG@ A (X, B~ A (sup 171 )1Im(t-s )1/, 2exp(B( t,s) (x-Pjis) )2) +

t

+ arJ]ql(s)] (t-s) 172exp(B(t ,s)(x-pJ(s))2)ds +
0
t

+ laj () 1 (t-s)“3//72(x-pl(s) )2exp(B(t ,s Jix-Pj~ (s))2ds
0

Cl1J (t-s)"V,2de + C2J (t-sJ1/2 -————-—- exp(B( t,s)(x-pl(a)f)ds

iC3tl/2-s-0 as t->0.

Since ziexp(—zz)A C, where Kk is a positive constant and z > 0.

Ad 3°-6°. By [4]1, p- 490, the function Wj is continuous for (x,t)eD
and also.
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7. The integral equations for qt

Let g~

5

i*1,2,3,4, be unknown functions and w(x,t) »N(w.t) be

T

the solution of the (le)-(4a) problem. By the boundary conditions (3a),
(4a) we obtain

the following equations

4t
(IkJ X 1J Pi(8)LKi(t"8)d8 * k-1,2,3,4,
10
where H ) » Hk(t) - Wg(t), K=1,2,3,4,
11 68 » ACt-s)1/,2exp(B(t,s)(PL(t)-pL(s)N2),
1o -9 - A(t-8)"1/,2(p1 (t)-pl(s))exp(B(L,s)(pl(t)-pl(s))2),
L1z € 9 » A(t-s)1/,2exp(B(t ,s)(pl(t)-p2(s))2),
L1a T-8) = A(t-8)"172(pi (1)-P2(s))exp(B(t,s) (P (t)-p2(s))2)-
w1 ©S) » A(t-s)* 172 (pl (ti-Ri*(s))exp(8(t ,s) (piit J-Pjis) )2),
Lop 1-5) » A [(t-s)_172+(t-a)~3"2 (pjiti-Pjis) 2]exp (B(t .sHp ti-p~s)?)
Loz t-8) « ATt-sIMfpjiti-PgisitexpTBft.sifpjitd-Pgis))2).
Log €)= J[(t-8)71/2+(t-8) :i/,2(p4 (1)-p2(8))2] X
x exp(B(t ,8)(pi(t)-p2(8))2),
gy £-8) - A(t-s)1/2exp(B(t.s)(p2(1)-p1(s))2).
. t.s) - A(t-s)*1"2(p2 (t)-pl(s))exp(B(t.s)(p2(t)5p1(s))2),
33 T-8) « A(t-$)V/,2exp(B(t ,5) (P2 (t)-P2(s))2) -
134 ) > ACE=5)1/,2(p2 (1)-p2 () Jexp(B(E .5 ) (P2 ()-p2 (s ))2),
g1 E-9) « J(t-8)"1/,2(p2 (t)-p2 (s))exp(B "t ,s)(p2 (1)-p2(s))2),
4p -5) » Ji(t-8)_1/2+(t-5)3/,2(p2 (1)-p2(s))2" X

x exp(B(t,s)(p2 (t)-p2(s)) ),
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L43(t,a) » A(t-9)"1/2(p2 (t)-p2 (a))exp(8(t,8)(p2(t)-p2(8))2),

t44 (t,8) m ~[Ct-8)_172+(t-8)"3/2 (p2 (t)-p2(8))2] x

x exp (B(t .8 )(p2 (t)-p2(s))2)-

8. Transformation of the equation

Differentiating both sides of the"equation (lk). asaueing that
DtHk(0) « 0, k = 1,2,3,4, we obtain the system

4t
(lka) "~ J ql(8)DtlkI(t,8)d8 - DtHk(t). k-1,2,3,4.
i=1 0

Lemma 4. If p~fP), i-1,2, H16C1([o .t]), 0~(O) - 0. 1-1,2,3.4,
then the systems k-1,2,3,4, are equivalent.

Proof. We have L., (t,s)-*0, i-1,2,3,4, as s-»t. Moreover the in-
t
tegrals S qi (a)D{I1A(t,s)ds, i-1,2,3,4. are locally uniformly convergent

for t e(0,T]. Consequently from (ij) follows (17a). Integrating (ljb) we
obtain (ij)-

Similarly we can transform (lk) to (lka) and conversely (17Ma) to (ij,)-
k-2,3,4.

9. Transformation of the system (i”a) to (Xkb)

Applying to both sides of the system (lka), k-1,2,3,4. Abel transfor-
mation [3], p. 82, we obtain the system (lkb), k-I1,...,4, of form

4 t 1 1
(ko) £ 3 i ()[I(E-y)-1/,20yLKI (y,5)dylds - ey <wroyHk@)dy
-1 0
k-1,2,3,4

Lemma 5. If gAeC([o .t3), i-1,2,3,4, than the systems (I17a) and (Ik®)
are equivalent.

Proof. If qi( i1-1,2,3,4, satiafy (lka), then after Abel transformation
they satisfy also the system (lkb).

Conversely. We shall prove that the solution g», i-1,2,3,4, of the
system (Xkb) is the solution of (lka).

Let
4 X

Rk(X) - DxHk(X) - 2 J Q1 (s)DxLki (x,s)ds, k-1,2,3,4. G)
i-10
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Let i«l,2,3,4, be the solution of (X ). Substituting in (5) QA by
we obtain by Abel transfornation

V4
J (z-x)"1/2Rk()dx - 0, k = 1,2,3,4. ®
0

We shall determine RACx), k « 1,2,3,4. By (6) we obtain

v 2
J (y-2)"1/2[3 (z-x)“1/2Rk(x)dx]dz = 0. k» 1.2,3,4. (@)
0 0

J . _ - -
Interchanging in (7) the order of integration we obtain

y'y
/ r/ ((y-2)(z-x))"1/2dz]Rk (x>dx « 0, k «1,2,3,4. ®
0 x

By transfornation 2z » x+(y-x)u we obtain

y
J ((y-2) (z-x))~V/,2dz « (3(1/2,1/2), @ being beta Euler function (9)
X

By (8), (9) we obtain

y
J Rk(x)dx = 0 for ye(0.T). k = 1.2,3,4.

0
Differentiating the last identity we obtain
Rk(t) =0 for t6(@O,T), k « 1,2,3,4.

Consequently the system g*, I = 1,2,3,4, satisfies the system (lka).

Lemma 6. If Hk6 C2([0 ,£] ), DyH (0) - 0, k = 1,2,3,4. then

t t
Hk(t) »J (t-y)"1/20 Hk(y)dy = 2 J (t-y)1/202Hk(y)dy, k = 1.2,3,4,
0 L 0

We omit the simple proof.
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10. The equations anci

Applying in the system (i”h) the change of the integral variable
y = s+(t-s)u, we obtain the system

4 t
(1kc) J qi(a)Hki(t ,s)ds - Hk(t), k » 1,2,3,4,
i=1 0
where
t
Hkirt,a” *J (t-y)~1/"20y Kl (y-s)dy
a
Let

KACt.s.u) » pl(s+(t-s)u)-pl(a), K22(t,s,u) m p2(s+(t-a)u)-p2(8),

Ki2(t,a,u) P1(8+(t-8)u)-p2(s), K21(t,8,u) m PgCa+Ct-siuJ-PjCs).

By the last formulas we obtain

Hu (t,s) «J [(1-u)-1/2u_1/2 + (t-3)"1(1-u)"1/2u"3/2K"1(t,s.u) +
0

+((1-u)"VY/2u” 1/,2K11 (t ,s ,uipjis* (t-s)uj exp (B(s+(t-s)u,syK2” t,s,u)du,

1
HI2(t,s) «J [(1-u) 1/2u"1/2K11(t,s,u)e(l-u)-1/2u-1/2pl(s+(t-s)u)+
0

+(t-s)(1-Ur 1/72U*1/2K31(t,8,u)+(t-s)-1(1-u)-1/2u“3/2K21(t,s,u) x

X Pj(s+(t-s)u)llexp(B(s+(t-s)u,s)K21(t ,s,u),

H13(t,s) - J[(1-u)"1/2u"1/2+(t-srl(l1-u)"1/2u“3/2K22 (t ,s,u) +
0

+(1-u)~1/,20"1/2 Kj2(t,s,u)pj(s+(t-8)u)] exp(B(s+(t-8)u,s)K22 (t,s,u)du,

1
H14(t,a) = J[(t-s)"1(1-u)_1/2u_3/2K12(t ,s.u)+(1-u)_1/2u-1/2 +
0

e (t-s)_2(l-url/2u-5/2K22 (t.s.u)+(t-s)"1(1-u)"1/2u_3/2K22 (t,9,u)] x
x exp(B(a+(t-S)Hu,8)K2g(t ,9,u)),
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1
H21 (i ,s) »J [(I-u t,s,u)exp(B(s+(t-s)u,s )K" (t,s,u)]du,
0
1
H22(t,s) ej [-u)*“172U_3/2 (t-8)"1K11(t ,Sdu)exp(B(s+(t-8)u,s) X
0

X Kjjct ,8,u)]du,

1
H2J(t,8) * J [(1-u)-1/2u_1/2K12(t ,s,u)exp(B(s+ (t-s)u,8 )k22 (t,S,Ui]du .
0

H24 (t,s) »J [(1-u)“1/2u™1/2+(1-u)*“1/2u"3/2 (t-8)_1K12 (t(8,u)] X
0
X exp(B(3+(t-3)u,s)K22 (t,8,u))du.

We obtain the kernels replacing in by K22 and the kernels
Hj k, k =1,2,4, replacing in H1|(, k m 1,2,4, px by P2.P2 by pJ, KJ2 by
K21 and KJX by K22.

Similarly we obtain the kernel H44, replacing in H22, by K22 and
the kernels k, k *1,2,3, replacing in H2k, k » 1,2,3, Pi by P2 .R2
by Pj and K21 by K12, by K22,

Applying the mean value theore we prove that the kernels Hik(t.s) are
weak singular of form (t-a)“1/2MI1k(t,s), Mik being continuous.

Differentiating both sides of the system (lkc) we obtain the system
(lkd) of the form

]
4 t
@i/ g~ (E)+2g2 (£)p” (t)e IJ gA(s)DtHII (t,s)ds m HI(E),
i=1 0
4 t
(12d)  q2(t) + ) qi(s)DtH2i (t,s)ds m H2 (1),
i=1 0
4 t
Gjd)  qj (£)+2q7(t)p2 (t) + ) qi (s)DtH3i (t ,s)ds * H3 (1),
1=1 0
4t
(ird) A4~y ety | gAis )D{H4i (t,8)ds = H4 (1),
i=1 0

Hi(t) = DtH1(t), i « 1,2,3,4,



48 F. Barariakl, 3. Musialek
or
4 t
(ijd) gl(t) « F1(t) + *J qi(s)Nli(t,s)ds,
i-1 0
F1(t) = H1(t)-2p~(t)H2 (), ,NI1i(t,8)-2p~(t)0tH21(t.8)-DtH11(t,s).-
(120) g2 (t) - F2 (t)+ q1(8)N21(t,8)ds,
i-1 0
F2 (t) « H2 (1), N2i(t,s) - -H21(t,8),
4 t
(ijd) gq3(t) m F3(t) + "J* g~sIN~Ct ,s)ds.

i-10

F3(t) - H3 (t)-2p~(t)H4 (L), N3i(t,8) - 2p~(t)DtH41(t,8)-DtH3i(t,a),

4 t
(ird)  qa(t) = FA(t) + ~ |3 gA(8)N4i (t,s)ds,
i-1 0

F4(t) - HA(t), N41(t,s) - -DtH41(t.s).

Lemma 7. If pt 6(P), i-1,2, gtz - C([o,t]), 1-1,2,3,4, Hie(h),
i - 1,3, H1 e(hl), i - 2,4, then tha systems (I”~c) and (IMd)are equi-
valent.

We oait the simple proof

11. Solution of the system (i"d)

Let us consider the system

1-4 t
(1kAJ gr(t) - FA(t) +A.~J g~slH~Ct.elde. i - 1,2,3.4
j-10
Let

Nij) (£"8) 2 / HIK(t"SI)Hkj(s1"9)d31"
k-1 s

4 t

Ni"jI)(t,8> * X j J NIL.K(E,91)NK?2j*18)d#1™ i.1*1-2.3.4J n"2.....
k-1 s
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Theorem 1. If F16C([o t]), i » 1,2,3,4, then the functions

t 4

are the solution of the system (lkd), and the solution is unique.

Proof. See £3], p- 97, [6], p- 4.

12. Fundamental theorem

Theorem 2. If thg. assumptions of Lemmas 1-7, and theorem 1 are sati-
sfied, then the function w » wi 18 t,le solution of the problem (la)-

-(4a) and the function u-w+r is the solution of the (1)-(4) problem.
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