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SOME PROPERTIES OF ALMOST SYMPLECTIC PSEUDO-RIEMANNIAN MANIFOLDS

Let M be anm-dimensional smooth manifold and A be asmoothtensor
field on M of type (1.1)such that forevery xe M. ANz TXM=-*"TXM
isomorphism. Let

P= | (5+A) and Q =i (0- A)

where (X=6 [T M m idT M every x 6M. Evidently P + Q <<% and
P-Q =A.
Lemma 1. The following are true
1. AP «PA, AQ « QA.
2. PQ -QP.
For every x &M, moreover:
3. Ax[ker Px] -KerPx. Ax[ker Qx] w=Ker Qx.
4. Ker Px ¢ Im Qx, Ker Qx ¢ Im Px<
5. KerPx n Ker Qx = {o}.
Proof. Simple.
A is said to be an almost product structure on M if A2 «o . N
Lemma 2. The following are equivalent:
1. A isanalmost product structure.
2. P2 mP (respectively Q2 = Q).
3. AP »pa. P (respectively AQ = QA = Q).
4. PQ -QP= 0.
5. For every x EM, Ker Px - Im Qx (respectively Ker Qx = Im Px).
Proof. Simple.

Corollary. If A isan almostproduct structure, them TxM > Ker Px ®

© Im P forevery xe M.
LetXus now specialize M and A. Take m = 2n and assume that on M

there is given an almost symplectic structure to and moreover a pseudo-
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Riemannian metric g with signature (k,2n-k), where k e {o, ,n} de-
notes the number of minus signs in the canonical form of.g. On M there
exists exactly one smooth tensor field A of type (1,l) such that

w(u,v) « g(Ax(u),v) (O]

for every x 6 M and every U, v e”M, where Ax: TAM —»T™M 1is an iso-
morphism. From now on let A be this tensor field.

To get the explicite form of A, take forarbitrary x e M a canoni-
cal basis {ei>*"*>e2n} of TXM with respectto g such that

f-i if i e {i k}
g(e ,e ) » 7

aii [ 4if 6 {kul .. .2ns
2n
For every i e {l,...,2nj then we have A~”e”) *“ |d];Je5 wlth
i-i
f-w(el.ej) if je {1 K}
% Us(ei .Bj) if j e {k+i 2n}.

For every x 6 M obviously A - <SX , —SX hence PX ~ 0 and QX # 0.
(11 i8 equivalent to every of the two relations

w(u,v) * 2g(Px(u),v) - g(u,v)
co(u,v) « -2g(Qx (u),v) ¢ g(u,v). d )

(1) implies

g(Ax (U).v) « -g(u,Ax(v)) @
and

w(AX (u),v) = -w(u,Ax (V) A3)
which respectively are equivalent to every of the two relations

fg(u,v) » p(Px(u),v) + g(u,Px(v))
\g(u,v) « g(@Qx(u),v) + g(u,Qx (V)

JftKu.v) = cu(px (u),v) +0)(u,Px(v))
~co(u,v) « w(@Qx (u),v) + a)u,Qx (v)).
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Because of (2") and (3X) for every x 6 M the linear eubspaces Ker Px
and Ker ox of M are g¢o- as well as g-isotropic.

Theorem. For every x e M

dim Ker PX - die Ker QX

and thus
die la P dia la Qx.

Proof. For arbitrary x e M, let {sj,... »®2n}1 NG "M e* 2}
and ot (i,J e {l,...,2n}) be as above. (2) iapllet that <Ji9ii
for every i,J e {l,...,2n}. Hence the aatrix O<m (KA") associated to
Ax with respect to {sj e2n™ can be wrltten 8

12 1k *1 k+l “1 k+2 o** *1 2n
12 0 2k 2 Kk 2 k42 2 2n
-C. s . -. ok A
ot m ik h2k k k+l K k+2 k 2n
Al k+l *2 k+l k k+1 *+l k+2 *e” Ak+1 2n
*] k42 %2 k42 o k+2 mA+ 1 k2 0 %e+2 2n
*1 2n “2 2n ‘k 2n _<k+l 2n ~\*2 2n

6 being +1 or -1, or -1. consider 01 -Cl+££. With respect to

then Ottl is associated to 2Px and oi_l is associated to 2c£. To prove our
theorem we have to show that ot+" and Ol_~ have the seme rank. For this we
transform ottl into 01 in for steps by procedures which always are such
that the rank of the aatrix is not changed.

1. We multiply the elements of the first k rows of ottl by -1 and get
a aatrix of the type
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2. Transposition of this matrix gives

\
-1

-1

3. By multiplication (of all elements) with -1 we get the matrix

( \
\ o

4. Multiplication of the first k rows of this matrix by -1 leads to
a_4.
This shows that really ottl and oi” have the same rank. Thus the theorem
is proven.

By a standard procedure it becomes obvious that the common number
d » dim Ker * dim Ker Qx is independent of x.

Corollary 1. There exist two co- and g-isotropic d-dimensional smooth

distributions D* and on M such that Djn e {0} for every
x 6 M.
- 1 é 1 _ - 2 _
Proof. Define D™ and D by = Ker Px respectively DX = Ker Qx for

every x G M.

Corollary 2. d ™ k.

Proof. For arbitrary x e M, let {eieeee««gn} and 9ii "le e*e* NN

be as above. Without difficulty we can find a basis {b™,... ,bd}of Ker Px
such that for every i 6 {l,...,d} we have
2n
bi « 2 Pijej-
j-i
2n

Under the assumption d tk from gCb”.b") * 0 we get

j»d
hence b~ m 0 which gives a contradiction. Thus we have d ™ k.

As a direct consequence of Corollary 2 we get
Corollary 3. If g is Riemannian, then d = 0.
Corollary 4.1f A is an almost product structure, then d = k = n.

Proof. By Lemma 2 and the Theorem we get dim Ker Py * dim Im P
Hence by means of 2n m dim Ker Px + dim Im ?x the assertion of the
corollary becomes obvious.
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We now give three examples with n=k=2 illustrating what may happen
with respect to d. For this for arbitrary x 6 M let,... 4} be a
basis of TxM with

r-1 if i
g(ei,ed) =J 1 if i"J s {3. 4}
t 0 otherwise

By TW we denote the matrix (co(en,e”)). It is easy to verify the following

1. IfW» then d

2. 1fW* then d » 1.

3. If U » then d = 2.
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