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PROLONGATIONS OF CONJUGATE CONNECTIONS

0. Introduction

Let M be a nanifold. We denote by TP,rM ■ J^(RP ,M) the bundle of 
r-jets at 0 of nappings Rp — ► M. In Section 1 we introduce notations 
and we recall fundamental properties of this functor. If G is a Lie 
group, then T p 'rG has a natural Lie group structure and an action of G 
on a manifold M can be prolongated to an action of Tp,rG on Tp,rM.

If P(M,G) is a principal fibre bundle, then Tp,rP(p,rM,Tp ,rG ) is also 
a principal fibre bundle. If co is a connection in P(M,G), then A. Mo- 
rlmoto [VJ. [8] defined its prolongation to T p,rP(Tp,rM,Tp,rG ).

In Section 2 we define a natural Lie algebra isomorphism

SiG : Tp 'r (X(G)) X(TP 'rG),

where £(G) denotes the Lie algebra of a Lie group G.
In Section 3 we modify the definition of prolongation of connections 

from p (m ,g ) to Tp,rp(Tp *rM,Tp,rG) using the natural isomorphism fflg. 
Next we prove that if and co2 are <p-conjugate connections in a

principal fibre bundle P(M,G), where <f> is a given endoaorphisn of the 
structural group G, then the prolongations of c i a n d  fc>2 are Tp,r<f>- 
conjugate in Tp ,rP(Tp *rM,Tp ,rG ) , where Tp,rY>is the induced endomorphism 
of Tp,rG.

In this paper all manifolds are always differentiable manifolds of 
class C ~  and all objects on manifolds (as functions, vector dlelds 
etc. ) are also of class C°° .

1. The functor TP,r

Let M be a manifold. We denote by Tp 'rM « j £(Rp ,m ) the manifold 
of r-Jete at 0 of mappings Rp— *- M. If «p ■ M — >-N is a differentiable 
mapping, then we define the Induced mapping Tp,rtp: Tp,rM — *-Tp,rN by 

the formula

<TP,rV){j£f') - lr0(Vof) (1.1)
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Tp,rM is a fibre bundle with the projection jts Tp,rM — *■ M given by
- y( °) .

If G is a Lie group, then we define a Lie group structure on TP,I'G
by

jo - (1.2)

where for mappings ^,rj : Rp — G, ■ R p — > G is given by ( ^ X u )  *
4(u)"7(u) for u e Rp .

If P(M,G) is a principal fibre bundle, then Tp *rP(Tp *rM,TP,rG ) is also 
a principal fibre bundle, where the action of Tp,rG on Tp,rP is de
fined by the formula:

iro t -  j U -  & t v

for Jo(f£Tp 'rP and j o ^ £ T P 'rG (eee A. Morimoto [7], [V]).

Let Pq (m ,h ) be a reduced fibre bundle in a principal fibre bundle
P(m ,g ). The inclusions i: P Q — *■ P and i: H — *- G induce the inclusions
Tp,ri or Tp,rPo and Tp,rH into Tp,rP and TP,rG respectively.

The action of T p,rH on TP,rp0 is the restriction of the action of
Tp,r on Tp 'rP to the submanifold Tp,rP . Thus we haveo

Proposition 1.1. If P0 (M,N) is a reduced fibre bundle in a principal 
fibre bundle P(M,G), then Tp ,rPo (Tp,rM,Tp,rH ) ie a reduced fibre

bundle in TP,rP(t p ,rM,TP,rG ).

Let V be a vector space. Then Tp,rV is also a vector space with
the linear combination of elements defined by

If A is a Lie algebra, then we define

d m * ] - (i-3)

where for mappings k,k'« Rp — A , £k,k'J : Rp— ► A is given by [k.k'Jiu) = 
= £k (u ), k' (u )] .

If M is a manifold, then for every p,q,r,s there exist a natural 
dif feomorphism
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(see A. Morlmoto (VJ'Es]])« To define this difisomorphism we need the fol
lowing lemma:

Lemma 1.2. (Lemma 1.1 in [V])* V  '• rP — >-T^'8M is s differentiable 
mapping, then there exist a mapping if* Rpx R p — >• M and a positive number 
& such that for u e Rp , || u || <  6 we have

(1.5)

where T|fu * Rp — >■ M is given by ’?fu(v) »^(u.v).

Now we define the mapping <*^r ’p8 as follows. If J E ¥  is an element

of Tp *r (Tp *8m ) , then Lemma 1.2 implies that there is a mapping
iff; RpxR^ — *- M such that the quality (1.5) holds. We set \

(1 .6 )

Tp ,rM is given by

V<v> - iro VŸ (1.7)

and for u e Rp , v e Rq

•^V (u) - y u (v) -Y(u.v) ( l . j )

The mapping ocPr,qs is a diffeomorphism such that for any mapping 
<p: M — *■ N the following diagram

TP.r (Tq.sM ) tP *. TP *r(Tq 'SN )

otPr.qe
M otPr -p8 (1.9)

Tq,S(TP ,rv)
TP 'S (TP 'rM)  TP ' 8 (TP ,rN )

commutes (see Proposition 1.6 in E8])-
For the inverse mapping we have the following formula (see Corollary 

1.4 in E8] ) !

(ecg'-^T1 = ^ s 'pr. (1 .1 0 )

Let N be a submanifold of M and i: N — a- M be the natural inclu
sion. Now Tp,ri : TP,rN — s»TP 'rM is the natural inclusion of Tp,rN 
into Tp,rM and the commutativity of the diagram (2.9) implies
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oC5 r 'qs - rf£r 'q 8 lTP,rN. (l.u)

2. A natural isomorphism between Tp,r(jL(G)) and £(Tp,rG)

Let G be a Lie group. We will construct a natural isomorphism between 
two Lie algebras Tp ,i"(£(g )) and £(Tp 'rG). This isomorphism is also used 
in [4]. .

Let X = j£k be an element of T p ,r(£(G)), where k: RP — ►  £,(G) is a 
mapping. It means that for every u e Rp , k(u) is a left invariant vector 
field on G. We consider the mapping

k: RpxR 3 (u,t)— *- exPgt k (u ) e G (2.1)

-G and k( : Rp — *■ G by the following formulae

ku (t) « k( (u) ■ k(u,t). (2.2)

From (2.1) we obtain

( ^  kU)(0) . ke(u). (2.3)

where e is the neutral element of G. Since k(0,u) « e, thus 1rk « e
D r  Jo o

is the neutral element of the group TK ' G. Let £lg(x) be the left in
variant vector field on Tp,rG such that

toG(x))e = 3T (joi‘t >lt-0 e T e(Tp,rG), (2.4)

where k and k( are given by (2.l) and (2.2).

Proposition 2.1. The mapping

£2q  : TP,r(£(G)) — *• £(TP,rG) 

is linear.

Proof. is a mapping of class C°“ between two finite dimensional 
vector spaces. If X is an element of Tp,r(£(G)) and a is a real number,
then we denote by k and k the mappings defined by (2.1) for X and
aX respectively. Since aX = j^(ak), thus

k(u,t) = expr (taX) * k(at,u).
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It implies that k{ = kat and now we have

- < V ° * » e  * at < J& > L  ■ 8 ar W l  0 •It*0 I t«u

that is, 1?G (aX) = aS^j(x), Since SJG is of class C°° , thus iiG is linear.

Proposition 2.2. Let X » j£k be an element of Tp,r(X(G)). If k

and kt are given by formulas (2.1) and (2.2), then A{ « j£kt is the
1-parameter subgroup of fflgix).

Proof. For a fixed element u e Rp , k{(u) is the 1-parameter subgroup 

of k(u)e X(g ). It implies that kt (u)k8(u) - kt+9(u ) and k0 ^  “ e '
From this we obtain

A tA e ’ A t+s' Ao * •

that is, A is an 1-parameter subgroup of Tp,rG. According to (2.4),

A„ induces ffl_(x). t G

Proposition 2.3. The following diagram

TP 'r (X(G)) -----^ ---*• X(TP 'rG)

Tp,r(expr ) \  // sxp
Tp 'rG

Tp 'rG

commutes.

Proof. Let X - j£k e T p,r(X(G)) and k, kt , A { be such as in Pro

position 2.2. Now

(•xp » ffi,J(x) - Aj - J9 («xpG o k )  - Tp ,r(expG ) (x).

Proposition 2.4. ia a linear iaomorphlsm.

Proof. Let X » j£k be an element of Tp,r(X(G)) such that flg(x) - 0 
and let k, kt , A { be such as in Proposition 2.2. The condition ilG (x)»0 
implies that At - e for all t. According to Proposition 2.3 we obtain

(Tp,raxp_)(tx) « (exp o a r )(tx) - A - e.
Tp G

Since Tp,rexpG is a diffeomorphism of some neighborhood V of zero 
onto a neighborhood of e and tx belongs to V for a sufficient small 
t, thue tx • 0, and hence, X = 0.
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In this way we proved that Sl£ is injective, ffig is now a linear iso
morphism beacause

dim TP'r (X(G)) - (P+ r )dlmX(G) = (P+r )dim G

dinXCTp,rG) » dim Tp,rG = (P+ r )dim G.

Proposition 2.5. If J^jr is an element of Tp ’rG, then the mapping
Ad. , » ill1 ° Ad.r °S2_ is aiven by the formula 

o^ G G
_  '
Ad _ ( x )  « x '

a

whore X ■ j^k, x'= j^k' and k'(u) = A d ^ u j(k(u)) and Ad denotes the 
adjoint representation of a Lie group on its Lie algebra.

Proof. Let k, k( bo defined by (2.l) and (2.2) for an element X » j £ k  
Of TP *r (JUG ) ) . Now

-fl-1 3T (jo (̂ ‘ 1 ) [t.0 )- (2-6)

Let k1 (u,t) « (u)kt(u)£_ 1 (u) and k*(u) = k1 (u,t). For a fixed element 
u e r P , k*(u) is an 1-parameter subgroup of G which induces on G a left 
invariant vector field

k' (u) ■> Ad^(u )(k(u))

Now, from (2.6) and (2.4) we obtain (2.5)

Proposition 2.6. i2G is a Lie algebra isomorphism.

Proof. Let X = j£k and Y <= j£l be two elements of tP ,r (JC(G)).
According to Proposition 2.4 we need to show only

ftG [x.Y] r  [aG (x).SiG (Y)].

Let k,kt be mappings defined by (2.1) and (2.2) for X ■= j^k.

According to Proposition 2.2, A ( « 3okt is the 1-parameter subgroup of
52^(x) and now

'[flG (x).^(Y)] - g- ( A d ^ f i y Y ) ) ^  , S26 )(Y)|^o )

66 0. Gancarzewicz
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(in the last equality «te used the linerarlty of & q ). Next using Propo
sition 2.5 we have

t-0
where

ÏÏF xt(u)|

lt(u) * Adk (u)(l(u))

Since k((u) is the 1-paraneter subgroup of k(u), thus

■ [k(u ), 1 (u
I V “U

and hence

[ftG (x).fl^(Y)] . ii!G (Jo[k,l] ) - Q g [x ,y],

that is, the proof is finished.

Proposition 2.7. If f: G — *-G, is a Lie group hoaoaorphism, then the 
diagram

TP-r (X(G)) ■TP,r(X (f))a» TP'r (X(G' ))

X(TP'rG) — ..̂ .TP,rf.L ^  X(TP ‘ rG 1 )

coaautes.

Proof. Let X m j£k be an element of TP'r (X(G)) and k, k( be 
defined by (2.1) and (2.2). We define

k'(u.t) « f (TT( u , t ); k;(u) - f(kt (u)).
I

Now k^(u) is the 1-paraneter group of £(f)k(u). According to (2.4) it 
implies that

(a^.TP-'ttfmx)),,. |p (3^)1 - ( j ¡ ( fk ,
11 sO I

- U ( T P ' rf ) ( k  j^kt)| »j,« ((X(TP ’rf )o a G )(x))5„

t *0

where S' is the neutral element of Tp,rGÍ
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Propositions 2.1 7 2.7 prove the following nain theorem of this sec
tion

Theorem 2.8. flG is a natural Lie algebra isomorphism. This theorem 
implies :

Proposition 2.9. If H is a Lie subgroup of a Lie group G, then 

£2h - £2G |Tp 'r (£(H).

Proof. The inclusion i: H — *-G induces the inclusions Tp,r(£(i)) 
and £(Tp 'ri) of Tp,r(£(H)) and £(Tp,rH) into Tp,r(£(G)) and 
£( t p ,rG ) respectively. Now, the commutativity of the diagram in Propo
sition 2.7 implies this proposition.

To finish this section we prove

Proposition 2.10. Let X » j£k nr an element of TP 'r(£(G) ) and 
be an element of Tp,rG. If k^ : Rp — ► TG is given by

k|(u) - dL|(u )(ke (u))

then X : TP ,rG — *7 Tp ,r(TG ) defined by

V  3 > * }

is a section of Tp 'r (TG ) — --- ËE2». t p ’ rG , where It: T G — *- G is the tan
gent bundle projection, end we have

ftG (x) - <*g1,pr 0 X.

Proof. Since

(T P ' rI t ) ( x  ) » J p ( I t 0 k | )  - j£ 4 ’

thua X is a section and ct*1 'pr 0 x is a vector field on Tp,rG. For 
— p r nthe neutral element e of T G we have X- » X because kg « k.

According to (2.l) we can used k given by (2.1) to calculate oCG1,pr.

We obtain

toG (x))e " ('*G1 'P r ° x)e

Hence, to verify (2.7) we need only to show that ctG 1,pr° X is a left
invariant vector field, that is, we need to show that for every

j£i1 e Tp,rG we have
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(dL r . oc“ 'p r )(x _ ) = ot“ 'Pr (X _ (2.8)
j U  Jo 7 G 3 ^ - ? >

where dL , Is the tangent napping.
Jo4

Let k, kt be defined by (2.l) and (2.2) for X = j^k. We denote 

k^(u,t) « |(u)(k(u,t))

(k4 )u (t) = (k^)l (u) » k^(u.t).

Now

(^r (̂ fc)..)| * “ ks.(u).l3t lk| V | t.0 * q(u ) e ” ^

Thus from (1 .6 ) - (1.7) we obtain

(dL « <*p1 ’p r )(x ) = dL )
3 ^  l o V  ¡ I K *  °  V  ll-°

it (3o (̂ kv i t.0 ) ■ - r - pr(3 ^  - v

because £(u)k^(u) ■ £(u ) ^(u)k(u,t) ■ k|^(u). Thus the equality (2.8) 
holds and the proof is finished.

3. Prolongations of conjugate connections

Let P(m ,g ) be a principal fibre bundle and ce be a connection form 
on P(M,G). We consider co as a mapping

cjü : TP — >• 41(G) «= TeG C  TG 

of TP into T G , and we define

CO pr « oCp1,pr « TP,rco o <*p r ’1 1 : T(TP,rP)  >T(TP,rG) (3.1 )

copr is a mapping such that

COPr(T(TP,rP)) C T i (TP,rG4,
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where ë iet the neutral element of Tp,rG, and for every point p of 
Tp,rP, copr transforms zero of Tp (Tp,rP) into zero of T-(Tp,rG).

This allows us to calculate the linear part of <opr. We denote by

o.pr - (o>p r )(0) (3.2)

this linear part of u)pr . determines a connection form in Tp,rPpr __
called prolongation of to (for detals, see A. Morimoto [7j, |_8J).

Using the natural isomorphism S2G we can define the prolongation copr 
in the following way. We consider to as a mapping

CO! TP — *- ¿(g ).

Now from (3.1), (3.2), (Proposition 2.10 we obtain immediately

cOpr - n G » (Tp 'ru) odP/-11) ^

(We need to verify that Tp,rod « oCpr,il transforms zero of T (Tp 'rP) 
into zero of - fP *r (JUG) ). ).

We recall now the definition of conjugate connections ([3], [V]):

Definition 3.1.- Let 00, £5 : T P — ► XXg) be two connection forms in a 
principal fibre bundle P(M,G) and y»i G — *- G be an endomorphism of the 
structural group G. We denote

H^, - e G : <f(£) - 4 }. (3.4)

cola called «p-conjugate with ¿3 if there exists a reduced fibre bundle 
P0 (M.Hr ) in P(M.G) such that for every local section 6 : U — >-P0 of 

P0 (M'Hy) "• have

6* ¿3 - L y

where - 6 *00 denotes the pull-back of to by 6 .
It is easy to show the following proposition (see [V]):

Proposition 3.2. <0 is y c on ju ga te with cô if there exist a reduced
fibre bundle PQ (M,Hy) and a family of local sections 6g : U0 — î- P, a eA,

of P(m,G) such that i8  80 °Pen covering of M and for every
a 6 A we have 6 (u ) c P_ and a a o

6*io - X,«p 0 6*co. (3 .5 )
\ *

We have the following theorem
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Theoren 3.3. Let co, co be connections In a principal fibre bundle 
P(MtG) and <p: G — ► G be an endomorphisn of G. If u> is <f-conJugate 
with u>, then cop(. la Tp,r<p-conjugate with copr.

Proof. If a connection co is considered as a napping a»: TP — ►X(G), 
then the pull-back 6*co is defined by

j

6*00 » co o d6. (3.6)

Since co is tp-conjugate with co , thus there exist a reduced fibre bundle

P (M,h J  , where H<p is given by (3.4), and a family, of local sections
f 1

6 : U — *■ P of P(M,G) such that jU J is on open covering of M and8 8 *• 8 '

for every a G A

reduced fibre bundle P0 (Tp,rM,H) in Tp,rP(Tp 'rM ,TP ,rG) such that

From (3.7), (3.10) and (3.11) we obtain & a (Ua ) c  PQ for every a e A.

(3.7)

6*co » o 6*0). (3.8)

we define

Ua - TP,rUa ■ TP ,rM|ua
(3.9)

(3.10)

The family { ua} a e ^ an open covering of Tp,rM. According to Propo
sition 1.1, Tp,rPo (Tp,rM, T p,rHy) is a reduced fibre bundle in T p,rP

(Tp,rM, Tp,rG). If Ja£ e T p,rH * then r P — th>t 18
It iaplles that

(Tp - V ) ( j ^ )  . j £ ( ? .£) ■ j^|.

Thus, we have

Now, using standard methods ([V], [V];, we obtain that there exists a

(3.11 )
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From (3.6) and (3.8) we have ,

(x) o d6 * j[,cpoCOo(j6 8 * 8

and it implies

TP ,roO O TP ’r (d6a ) - TP,r(£<p) O TP«rw  O TP,r(d6a ). (3.12)

According to the general notations for tangent mapping we have d6a « T ' 6§ 
and now from the commutativity of the diagram (1.9) and the formula (2.10) 
we obtain

Tp,r(d6a ) - (otp1 *p r )_1 o d6aoeJ1 'pr . oc^'11 o d6 o <i“ 'pr (3.13)
a a

Now, from (3.12), (3.13) and Proposition 2,7 we have

*

a G °  Tp ' u 3 o otp r ' 11 O d6a o ocJ1 ,p r  = °  Tp ,ro> o Tp , r (d B a ) «

- S2g o Tp,r(Jc<f) o Tp,rw  o 0tp r '11 d6a o otG1,pr
a

= JC(TP,r«p) 0 £2 o Tp 'rco O <*Pr '11 o d§ . 0C.1.1,pr • O r a ua

Since <*G1,pr is a dif f eomorphism, thus 
a

ftG O T P,rw o « p 1 'pr ° d 6 a = I ( T P,r<f) O SiG o T P ,rGd o <*p1,pr o d6 a .

Since SlG and X(Tp,r<p) are linear and restrictions of d6fl to every
fibre are linear, thu3 the last equality implies

SLr ° (Tp,rW  o 0c^1 »Pr )(°) » d5 «
o r a

- X X t P ' V  • « 6  ° (jP'rM ° 4 1,pr)(0> ° P6a

and using (3.3) amd (3.6) we obtain

6 ^ pr ■ X(TP ‘r«p) o 6 > pr.

According to Proposition 3.2, the last egality means that topr is Tp 'r<p

-conjugate with c«>pr* The proof is finished.
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