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STABILITY OF ADDITION FORMULAE FOR TRIGONOMETRIC MAPPINGS
§ 0. Introduction
It is known that the functional equations ofd ’Alembert
F(x+y) + f(x-y) - 2FCOT(Y) ()
and Wilson
g(x+y)*g(x-y) » 92(x) - 92(y), 2

satisfied by f « cos and g « sin,respectively, areboth stable in
the sense of Baker ("superstable™), Naeiely, the following theorems hold
true:

Theorem A. (3.A. Baker [V]) Let £>0 be a given nuaber and let (G,+)
be an Abelian group. Then any unbounded solution f: G-rC of the in-
equality

ITOx+y) + F(x,y) - 2FCOF(y)1 <=6 , X,y €6,

satisfies d"Alembert®s equation (I).

Theorem B. (P,W, Cholewa £3]]) Let £ >0 be a given number and
let (G,+) be a uniquely two-divisible Abelian group. Then any unbounded
solution g: G->C of the inequality

Jg(x+y) g(x-y) - g2(x) + g2WMI "~ £ , x,y 6 G,

satisfies Wilson’s equation (2),
Since the pair f = cos, g = sin yields also a solution of the fol-
lowing system

Jf(x+y) » FOOT(Y) - 99y
fgx+y) = FOO9(Y) + gCOT(Y)

; natural question arises whether the superstability phenomenon described
ibova carries over system (3). In spite of the fact that nowadays stability
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problems are pretty vivid in the field of functional equations, it seems
that considerations of that type with regard to systems of equations have
not been undertaken till now.

8§ 1. Exponential mappings and their stability

In the light of the classical Euler formulae linking complex trigono-
metric functions and the exponential one, the stability behaviour of
exponential mappings will play the crucial role in the sequel. Therefore,
we begin with a generalization of 0. Lawrence s result from [V](Theorem 1).

Theorem 1. Let (S,*+) be a semigroup and let (A,Q-ID be a normed alge-
bra. Assume that the Cauchy difference

Cp (x,y)» F(x+ty) - F(X) F(y), X,y €5,

of a map F: S - »-A has the property that all its sections Cp(x,*),
x e S, are bounded (not necessarily uniformly). Then, for every a
belonging to the right ideal generated byCp(Sxs) in the subalgebra
<f(s£> of A, generated by F(s), the function a-F isbounded.

Proof. We shall suitably modify the induction procedure applied by
3. Lawrence in the proof of his Theorem 1 from [4]. Observe that any
element a of the right ideal spoken of in the statement of our theorem

is a linear combination of elements
b m Cp(x .yjFixj )e...*F (xk> @)

where X]j xfe,x,y 6 S. Obviously, it suffices to show that b-F is

bounded. To this aim, we shall first prove that
Cp(x,y)*F is bounded for all (x,y) € S2. éG)
o
Indeed, fix arbitrarily a pair (x,y) 6 S andput

*p(s)sup JIC_(s,.t), s e S.
t es

By assumption, <p is finite on the whole of S. Now, for any 2z 6 S, one

has
HCPCGVF@DIT & IF (x+y)F(z) - FOOF(+2) 11 + 1IFOOF(y+z) - FOOF(Y)
*F(@D) 1< IF(x+y IF(z) - F(x+y+z)ll + |If(xey+z) - FOOF(y+2) ||
+ TFCOL BF(y+2) - FOOF@IT = ICp (x+y+z) I+ | Cp(x,y+z)l
¢ LEEI NCp (v .2)1™ F(x+y) + <pG) + DF(x) I <p(y)
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with the latter constant being finite and independent of z. Thus, (5)
has been proved.
To show that b;F is bounded with b having form (4), assume inducti-

vely that Cpix.yiFix® ... F(xK.1)*F is bounded (say, by cX,y .-Xj,-- -x"))

for any choice of elements Xx,y,xA,...x~" 6 S and fix arbitrarily an

x® 6 S. Then, for any z €S, one has JICp(X,y)F(x1) ... F(xX*"_1jFix?jFi z) ||

N0 (xLYIF(XL) .o F(x_1)= (F(xk)F(2) - F(xk+z)Il + HCp(x,y)F(x1) ...
FOXK_LIFOKDI ~ Hep OGYIF(xL) ... F(x ~ )= ]lp (xE,z )M +c (X ,y - X" ...x)

NPICp X LY))F (O ) --- FOXK DIk ) + c(x,y,x1,.. ,xfc1), which proves that

Cp (X,y)F(XJ ) --- F(xk)“F 1is.bounded and completes the proof.

Remark 1. Plainly, if the ideal considered is the left one (resp. two-
-sided), then the functions F*a (resp. both a*F and F-a) are all
bounded.

Remark 2. The elements Cp(x,y), (X,y) 6 S2, are noninvertible in the
algebra <~F(s£> (with unit) provided that F 1itself 1is unbounded.

Remark 3. 3. Lawrence [V] has assumed that the Cauchy difference Cp
of F is bounded (i.e. that all the sections Cp(x,*), x e S, are uni-
formly bounded).

As a corollary we obtain a generalization up to the numerical value of
the bounding constant) of 3.A. Baker’s superstability result [Y] (see

also Baker-Lawrence-Zorzitto [Y])-

Theorem 2. Let (S,+) be a semigroup and let K stand for the field
of all real or complex numbers or for the field of quaternions. Assume
that the Cauchy difference C~ of a function f: S- >-K has bounded
sections Cf(x,-), x eS (not necessarily unformly). Then either f itself

is bounded or
f(x+ty) = FOOT(Y)

for all x,y e S.
Proof. Any element a j* 0 of the algebra K is invertible; there-

fore, it remains to apply Remark 2.

Remark 4. It is well-known (see 3.A. Baker []JI]1) that the superstability
of exponential functions fails to hold even in the case of mappings
having values 1in the algebra Mg(C) of all complex (2x2 )-matriceS.
Baker’s counter-example reads as follows: take any positive and
F: R — *-M2 (C) given by the formula

Fix):» " IO‘O/]O . xeR.

Then jF(x»y) - F(x>F(y)Il = const > 0. Therefore, the Cauchy difference
Cp is bounded but F 1is neither bounded nor exponential.



78

R . Gar

§ 2. Stability of the trigonometric system the scalar case
Formally, system (3) Is not superstable. To see this, take functions
f,g: R —» C given by the formulas:
f(x):- i (ex + r(x)), g(x):« (ex - r(x)), x eR,
where r: R - C is any nonexponential function such that |r(x)| ~ 1,

Then both F
inequalities

X e R. and g

are unbounded and satisfy the system of

CIfx+y) - FOOTCY) ¢ gQa(I ~ 1 (x »£ R2
Ngx+y) - F()gy) -gCf(I ~ 1
but the pair (f,g) does notyield a solution to (3).

Nevertheless, in a sense, we are close to

Theorem 7 below); namely,

Let (S,+)
be such that the sections

we have the following

Theorem 3. be a semigroup and
h(x,*) and k(x,*)

Assume that a pair (f,g) of complex functions on

tions
FIf(x+y) - F-QCOF(QY) ¢ gO)g(I = h(x,y)
1 ,
Aax+y) - FAgy) - g@OfMWM I "~ k(x,y)
S
for all (x,y) e .SxS. Then either
() both f and g are bounded,
or
() the pair (f,9) is a solutionof (3),
or
ary f-1 Fe6, (.ji(F.G),
where F: S -*C is exponential and G: S — *eC
(iv) f and g are defined by (iii) but ,F

exponential.

In particular, there exists a pair
S such that ~ o 90"
- df and g - K

(0 "9Q)
yields e solution to
are bounded,

Proof. Put F:m f + ig and G:» f - g

IF (x+y) -

+ > gx+y) -

FOOFMWI - 1(F(x+y) -
fFCO9y) - gOOf(y) DI 7
(x,y) e S2.

are bounded for all

superstability (see also

let h,k:S xS - *-[0,00)

X € S.
S satisfies estima-

®

is bounded, or

is boundedand G is

of complex functions on
(3)and the differences

and note thet
FOOFY) ¢ g(O9y) )
h(x,y) ¢ k(x,y) =:

H(X,Y),
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Similarly,
I6(x+y) - G(X)G(Y)| < H(x.y), (x.y) 6 S2.

This naans that, for any x e S, the sections Cr(x,') and Cb(x,*) of
the Cauchy differences Cp and CQ of F and G, respectively, are
bounded (by h (& ,”) = h(x,*) + k(x,*) ). An appeal to Theorem 2 leads now
to the following four cases:

(I") both F and G are bounded,

ill") both F and G are exponential,
(ill") F is exponential and G 1is bounded,

(iv’) F Is bounded and G 1la exponential.

Since f m j(f ¢ G) and ¢ » “ G) thestatements (i") - (ivo
imply the corresponding properties (i) -(iv) which were to be proved.

To show the last assertion one has to take (f,<90)" (0,0) in case
), (f ,g,,) m (f,g) in case (ii) and

(f0.80) m o ifD).f<9 * «>)"
(f0.90) m “  AQ)< 579 + if))

in cases (ill) end (iv), respectively. Actually, only tha latter two
statements (those concerning cases (ill)and (iv) require emotivation.
So, assume (ill ) holds true. Then

fO« |(F + ig) » |f and 90 :m |(g - if) - JIT F
whence

f.(x+y) - FOCHTOY) ¢ 9.(x)0(y) * JF(x+y) - JFCOF(Y)- ip()F(y)*0
since F is exponential: moreover,

go(x+y) - FO)9QY) - go()Ffo(y) - ji-Fix+y)-j [f (XIF (y)-NMFCOOF (¥)-0

Thus, the pair (f0>90) yields a solution of system (3). On the other
hand, the functions

f. fo . £ . if _ |ig . |(f - ig) - *G
and
9 " 90 « 9 - 89 o |if - fi(f - ig> - |iG

are both bounded, for so is G.
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The proof in case (Ilv") 1is similar.

Remark 5. Conversely, any pair (f,g) of mappings f: S—-=C and
g: S—>C fulfilling any of the conditions (i) - iv) yields a solution
of system (6) with some constant functions h and k. More precisely,
if Ifl1, o& and |g] é |b for some constants o, jJt , then (6) holds true
with hi« + 02 + j2, k:» G + 2CP5. In case (ii) inequalities (6) are

satisfied with h » k» 0. Finally, one hes(6) with

h(x,y) = k(x,y) »: G(x+y) - GG x,y) €sz2,
and

h(x,y) » k(x,y) »: JIF(x,y) - FOOF(Y)IL, (x,y) 6 S2,

in cases (iii)and (iv), respectively.

§ 3. Stability of the trigonometric system; the vector-valued case

We have already seen (cf. Remark 4) that the stability problem for
exponential functions 1is much more sophisticated in the case where the
mappings considered are vector-valued. Observe that for the trigonometric
system superstability fails to hold even in the scalar case. To say
something in the affirmative we shall try to reduce a suitable trigono-
metric system to exponential type vectoi- valued mappings by using complexi-
fications.

Lst (A,I-0) be a normad algebra (real or complex). By a complexi-
fication c¢(@) of the algebra A we mean the product linear space
c(@) = Ax a endowed with addition and multiplication by scalars defined

coordinatewise and with multiplication

(x,y)*(u,v) m (xu - yv, xv + yu), (X,y), (u,v) € c(a)

(see Zelazko |5~, for instance). One of possible norms in c@) Iis
116GV » Ix 11+ 1y 1, X,y e Al If the algebra A has a unit e, then
the pair (e,0) serves as the unit in c(A).

Let us recall that an algebra is called simple providedthat it does
not admit any nontrivial two-sided ideals. For Instance, thealgebra
Mn(C) of all complex (n xn)-matrlces is simple.

Theorem 4. Let (S,*) be a semigroup with a neutral element (monoid)
and let (A,llI-II) be a normed algebra. Assume that functions h,k: SxS->[0,00)
are given such that sll the sections h(x,*) and k(x,*), x €5, are
bounded (not necessarily uniformly). Suppose that a pair (f,g) of mappings
from S into A satisfies the estimations
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FIf(xty) - FOOTF(Y) "¢ gCOIMII < h(x,y)
1IlgCxty) - FCOgCy) - gCOTMII < k(x,y)

for all (x,y) eS»S, If the subalgebra < "{(f(xX),g(x)): x es}”™> (gene-
rated in c(a) by the image of S under the diagonal map S3x ->-(f(x),
g(x)) e c(a)) is simple, then either both f and g are bounded or the
pair (f,g) yields a solution of system (3): in other words, systea (7)
is superstable in the class of functions considered.

Proof. Consider the diagonal F: S —-»c(A) given by the formula
F(x):» (F(x),g(x)), X 6 S. Then, by meansof the definition of addition
and multiplication in c¢( ), th8 Cauchy difference Cp of the function

F assumes the form

(@ CF(x,y) = F(xty) - F(X)F(y)

» (F(xty) - FOOF(Y)+g(x)a(y ). g (x+y)-F(x)g(y)-g x)Fy)) .
(x,y)6SxS. Since
M) nw,v)t« Jlull ¢ IvIi(u.,v) e c(@,
relation (a) jointly with (7) implies that
ICPOGYIT € H(x,y), (x,y)esxs,

where H:= k+k. Therefore, the x-sectionsCp(x,¥*) of the map Cp are
bounded for all x G S. An appeal to Theorem 1 (seealso Remark 1) shows
that all the products a-F remain boundedwhenever ae3(Cp(sxs)) - the
two-sided ideal generated in <F(S)> by Cp(SxS). Since the algebra
<F(s)> is simple one has

Cp(SxS) C @(Cp(SxS)) {0} or 3(Cp(Sxs)) «<F(S)>.

Therefore, either Cp » 0 (i.e. F is exponential) or the functions
F(z)=F are bounded for all z eS; in particular, in the latter case,
F(0)-F is bounded (0 stands here for the neutral element in S) and

IFGII < 3F(s) - FOFSI ¢ lIf ©Of GOl

<supH(O0,t) + sup JF(ODF(E)I

tes tes
for all s eSS, i.e. F itself is bounded. Thus F is either bounded
or exponential. In view of (b) and (@), respectively, this means that
either both f and g are bounded or
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Cp(x,y) = (0,0) for al pairs (x.y) e SxS,

i.e. the pair (f,g) yields a solution to systen (3). This completes the

proof.

Remark 6. The assumption that the semigroup (S,+) forms a monoid may
be replaced by the requirement that the algebra A has a unit e. In
fact, the boundedness of F is then derived from the fact that ee<F(s)>.

The next two theorems concern the special case where the algebra con-
sidered is “~he algebra Mn~C) of all complex (n xnj-iatrices.

Theorem 5. Let (s,+) be a semigroup and let f,g: S- >-Mn(C) and
6”0 be such that inequalities

F(xty) - FOOF(Yy) + g(x)g(y) < 6
g(x+ty) - F(x)g(y) - gGOf(y)1™ £

®)

are satisfied for all X,y e S. Then there exist functions F,G: S - >MnQD
such that

(F(x+y) - FOOF(Y))2 « (G(x+y) - G(X)G(y))2 « 0, x.y esS, ®

and the functions f - ~(F+G), g - are bounded.

Theorem 6. Let (S,+) be an Abelian group and let f,g: S - * Mg(C)

and £ 3*0 be such that system (8) holds true for all x.y e S. Than
there exist functions f,.g.: S-» ME(C) such that the psir (f;.g;)
yields a solution of system (3) and the differences 9“90 are both

bounded; 1in other words, system (8) is stable in the class of functions
considered.

« To prove the latter two theorems it suffices to put F:» f+ig and
G:- f-ig getting

| C~(x,y) 1] si 26 and ICa(x ,y)Nif 26, x.yeS.

Now, applying Lawrence’s Theorem 5 (resp. Theorem 6) from [4J we get the
existence of mappings F,G: S - Mn(C) Ffulfilling (9) (reap. F,G: S-s-MgiC)
exponential) such that the differences F-F and G-G are both bounded.
Consequently, setting fQ:= ~(F+g) and ¢gQ:= 2X~-6)» we infer that

f-fQ * + (G-G)J and 9"90 “ 2T N * (G-G)NJ are bounded as

well. Moreover, 1in case of Theorem 6, the pair (fQ ,s0) yields also
a solution of system (3), for F and G are both exponential in that

case.



Stability of addition.. 63
§ 4. Concluding remarks

Setting A =R (the field of all real numebers) in Theorem 4 and
bearing Remark 6 in mind we get the following

Theorem 7. Let (s,+) be a semigroup and let functions h kt SxS- >-[o,«)
be given such that all the sections h(x,*) and Kk(x,»), x £S, are
bounded (not necessarily uniformly). Suppose that functions f,g: S- R
satisfy system (6). It at least one of the functions f and g 1is un-
bounded then the pair (f,g) forms a solution to (3): in other words,
system (6) 1is superstable in the class of real functions.

Proof. We have c(R) « C. Therefor*, the algebra <-[(f(x),g(x)) :xes}>
is simple in a trivial way and it remains to apply Theorem 4.

Remark 7. Note that system (3) actually admits unbounded real solut-
ions; the pair f(x) » excos x, g(x) » exsin X, x € R, provides an

example.

Remark 8. The simplicity assumption occuring in Theorem 4 towards the
algebra generated by the set {(f(x),g(x)): x 6 s} cannot be omitted.
Indeed, consider the mappings f,g: C - >-M2(C) given by the formulas

eZcos Z, O ezsin 2z, 0
f(z) = g(z)*= ,ZeC
‘_L o ™ o

where Tj is a given positive number. Then one has

"0, CI-
If(x+y) - FOOF(Y) + g(x)a() | . x,yec,
7.
and
0, O
lg(x+y) - TOO9y) - gO)FNI \rj-Zrj2\, x .,y e C,
0, T3-ZTj _

i.e. system (7) is fulfilled by the pair (f,g) with constant functions
h = r and Kk «]t?-272)2]. Nevertheless, none of the functions f and g
is bounded and the pair (f,g) fails to be a solution of (3).

This happens in spite of the fact that the algebra Mg(C) is simple.

The reason is that

“crsen: = ooy (I8 6 3)" Xy vel}

and the latter subalgebra of c(Mg(C)) fails to be simple, for it
contains the proper two-sided ideal
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