
ZESZYTY NAUKOWE POLITECHNIKI ŚLĄSKIEJ 1990

Seria: MATEMATYKA-FIZYKA z. 64 Nr kol. 1070

DEDICATED TO PROFESSOR MIECZYSŁAW KUCHARZEWSKI 
WITH BEST WISHES ON HIS 70TH BIRTHDAY

Antoni OAKUBOWICZ

ON HOMOMORPHISM CONNECTED WITH DERIVATION

§ 1. Honomorphisas of modules of tensor fields

Let Xn be a n-dimensional space. By F ,B ,B * , T^ we shall denote the 
ring of functions on Xn , the aodule of vector fields on Xn> the nodule 
of covector fields on Xp and the nodules of tensor fields of type (p.q) 
on Xn respectively. Now let A, T(U be a given tensor fields of type 
( q + r + t , p + s  + w), (p.q), (t + r.w + s) respectively, that is:

A f t c tP u r T*+^
A w+s+p* ' 6 T q* u 6 w+s*

Then A acts as homoaorphisa on the nodule T^ as following:

t p — t *::. Tp 3 T .q W4-8 q

AT - U - (U^1***^* y1 ^ r ) e T j " ,  (1.1)Ca^.eeO;^

where for

A _ ^l** ’̂ r  (Jl*,*iJq)
C*)j # e • e e e Otp

we hove

A^l...-v>t A1 ... A,r a Uv i*,-Vt *̂1 • • q  2 j

"l.'.^w ¿ V "  otl**'<«p * Pl***Pq “’l* * ,tJw ¿*1*

Dor t » w » 0, r « p, s » q we have in (l.l) endonorphien of nodule 
of tensor fields T^ of type (p.q). Tensor field A of type (t ♦ r ♦ q, 
w + s ♦ p) in (l.l) is the netrix of hoaomorphisn in (l.l), where in (l.Z) 
the indices (),j .... .... ) and * * * * * * * * * )  ere rows
and columns respectively for each square blocks of CPj #... ,Vt ), ii^,..«^).

For endoaorphiaa, therefore for t » w - 0, r = p, s « q we have only 
one square aatrlx.
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When dim Der A » 0, then homomorphism (l.l) is iniection. For t=w«0, 
r = p, s = q for endomorphism for dim Ker A ■ 0 <==> det A / O »e have 
automorphism.

With homomorphism (l.l) is associated for t * w = 0 following homo
morphism

p  , Tq*r _  Tr # Tq*r 3 A .fAV - » V  Pi — Pq^ _ * p (A) = y
p + 8  S p + S

lul**-/As c<i*'*eCp
(1.3)

u 6 Ts •

where U » AT in (l.l) for t » w « 0.
To be made a problem to give the necessary and sufficient conditions 

for existence of the solution of system of linear equations AT = U, in 
which T ,U are given and A is unknown.

§ 2. Derivation and homomorphism connected with derivation

A linear endomorphism D is called a derivation if it satisfies the 
following conditions ĵ l] :

a) D is type preserving, i.e.

D e End (t p ), where Tp is a module of tensor fields
q , q of type (p.q)

(2.1  )

b) D(K x l_) = OK x L + K x DL for all tensor fields K and L

c) D commutes with every contraction.

Let D be a tensor field of type (l.l): 0 6T * .  Then 0 acts as deriva
tion on the module Tp as following:

P
OK •sr-i 0^i K*l — *ï - l « i \ * l — V  _

A,Ji=1 *i ¿ V ' ^ q

- V  O ^  .
A_J ¿“I*- •iuj-ili3/J3 + i---<Mq

a _ Kcti ,**<6p (2>2)

*̂1 ' * '/J’qcCl" "  *q Pl***Pq
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• • • X*_ _
where K » (K ") 6 T" snd

oV - 3 S , i i — Pq s.
¿ V ” iuq < V " c‘p *1-1 *i *1*1 *p ^1 ¿*q

- s
J-l

r 1 <5^ ... ... à * " 1 . o b  . / j +1 ... à \  (2.3)
*\ ¿“"I ^j-l /*;) ^ + 1  Mq

... A. ji,... ft 
Mp. = D H q is the tensor
D ¿‘l * • • ̂ q **1 * ' * ̂ q

field of type (p+q,. p+q) : MD e TPpPq> MD ia tba «etrlx too, where

(A-j, . . . ,&p. /Xj ¿tq) end (o^ .... ,ctp . Pi»-*-*pq) are rows and coluans
respectively; It is the matrix of derivation by means of a tensor field 
D of type (l,l) es endomorphism of module of tensor fields in (3.2).

To be made a problem to give a necessary and sufficient conditions for
the derivation acting in a module of tensor fields by means of a
tensor field D ot type (l,l) be the automorphism. We shall give them In
a effective form by giving the traces and the determinant of the matrixTl
of tensor field 0 « (d l̂i) :

. c<-j Ctp
6, := D *  6. : * 1! D r , D .. • D 
i * i [<*1 <t2 <*i]

(i « l,...,n-i); not sum over (2.4)

^  *— ...■*— 4^; • * det (Djj,).

Theorem (f2~1 ). The necessary and sufficient condition that the deri

vation acting in the module of tensor fields TP (p ¥ q ) bY means of a
tensor field D of type (l.l) be the automorphism, is

det Hq « $(6i • ' * * • ,®n ) ^ °* (2.5)

where <J> is functions of variables (^ , 62 > • • • < and is the matrix
of derivation.

Effective form of the function §  for any p,q (p ^ q) and any n(n>Z) 
is not found. For T^ (or T°) over 2-dimensional space X2 the function 

is following* [_2~] :



s
det m q = cf> » (k(p-k)62 ♦ (2k - p)2 . ft ) (2.6)

k=0

8 ■ i (p-l) for p odd

s “ §■ P f°r P even;

6 :■ 0*. ft. :■ det(D^).

Theorea ([2] ) . A derivation acting in the nodule of type (p.p)
by neans of a tensor field 0 of type (l,l) can never be the autoaorphien. 

Hononorphisa acting by help of tensor field H £ on the nodule
as derivation is following;

t P —  T t+P, t P 3 T — »■ HT - U £ T t+P.q w+q' q w+q
I
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P
HT « ’

i-1

EP Hvi ,**,?t^i T;4 * * * ;4 - i <*iAi+i*,*Ap_
<»1-• n

P. v. .. .1?. &.
- V  H 1  ̂ . T P ; (2.7)
Z_j cOj.-.td^ ¿ V ' - ^ - l P j ^ J + l * * ‘̂ q

u e T t+P>
• a • ̂  W+ P

where for A in (l.l) and in (1.2) we have r = p, s • q and

a^1 .. . ' \ .. •A.p^... fJq 

w l" • •‘‘W  *'¿“q“*!'''^p

: . y . . . ¿ A P . Z 1 . . . ¿ ^
4-71 i ^i-i w l*’,ww<*i *1+1 “ p Ẑ q1*1 Ẑ q

(2.8)

4 -i *1 .M P <̂1 ZH-l ai'"wwft3 Ẑj + l ¿ \

For t * w « 0 we have endonorphien as derivation.
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A*. • • *A*n Am • • *A._
For t - 0, w - 1, for U~ x p  - V-T,, p - d6 T, p and for

H6(J * W8 *'ave covarient derivative V g T  of tensor field T by help

connection (P,*).
6 fl

To be made a problem to give a necessary and sufficient conditions for 
homomorphism acting by help of tensor field H e T*** on the nodule T|p 
ae derivation for

Ker a J 0, det(T) / 0. (2.9)

where

TIp—  Ti+2p' T2P 3 T ■ ■ u '

-(uv l-*-v l ) e x t
CJj • . • *Ap^i a î lp W2+P *

where

r— i • • • V. <£.
HT - - V h , . T, , „ (2.10)

“ t " * w w"L A1 ...A1_1c*i A.i+i**-A.piiq---^p

- V  h ^ " * ^  . T
Z_j ai * ” w wfi3 ^•••^p/*i” '/J3-iP3^)+i*” <up ’

det(T) - det(T . )■, (2.11)
A l”  •A’p f V  " r p

where in the matrix (T^ A^Jj 1,16 in^ice8 .....\ ^  * * * * ^

are rowe and columns respectively.
Analogously problem le for the module Tp of tensor fields of type 

(p.p).

§ 3. Homomorphism associated with derivation

With derivation (2.7) is associated for t » w » 0  the following homomor

phism:

P  : t J — > TP , Tj , t J 3 0 — > r ( ° )  ■ OT « U £ TP , (4.1)

where DT is defined in (2.7) for D ■ H and for T » w « 0. The matrix 
of this homomorphism is following:
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(3.2)

where (A.J ,... ,... ,u ) and (<*,p) are rows and columns respectively.

To be made a problem to give the necessary and sufficient conditions
for existence of the solution of system of linear equations DT » U, in
which T,U are given and 0 are unknown. The general solution for all
tensor fields T.U is in [2^.

With derivation (2.7) is associate for t » 0, w « 1 following symme
trical homomorphism:

where ST is defined in (2.7) for S » H and for t - 0, w » 1 and where 
S is symmetrical tensor field of type (1.2), i.e. s£ f  * The »atrix
of this homomorphism is following:

where (A^,... ,... , £>) and f> <  •( ) are rows and columns
respectively.
Tensor field

and for S ? .  “I V ^ , ( S ? S* . IV* ■ r j l ) me have covariant derivat ive V ~ T  
P T  P T  PT TP P T  TP 6

(3.3)

(3.4)

For I

of tensor field T by help of symmetrical connection
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To be made a problem to give the necessary and sufficient conditions for 
existence of t)he solution of system of lineor equations ST = U, in which 
T,U are given and S are unknown. The genral solution for all tensor 
fields T.U is not known.

With derivation (2.7) is associated for t > 0, « > 1 and for Tj fol
lowing non-symmetrical homomorphism:

A ! T2 — ‘ T 3' T2 3 H ’ (H^ V  A(H) " AiHP ^  “ U ‘ (W  6 T3
(3.5)

where H is non-symmetrical : H ^ .  j* and where A ( h ^ )  is defined
as following:

A,6*.y- -H6 A.‘ 9ocju _ H^ 6  * 9\<t- i3’6;

For A g ^ .  ^ r  ( h ^  ? h£ i  I ^ J  we
have Einstein derivative E g g ^ ^  of tensor field g = ^9 ^ ^  by help of 
non-symmetrical connection Ig^.

To be made a problem to give the necessary and sufficient conditions 
for existence of the solution of system of linear equations A(H) • U, 
in which A,H are given and H is unknown. The general solution for all 
tensor fields T.U is not known, as well bs for Einstein derivative for 

det(g^) jl 0 or for rank ^ 9 ; ^  " 1 ’2 ' 'n~i anci for arbitrary di
mension n.

§ 4. Norden-, Otsukl-. and spinor - homomorphism connected 
with derivation

{h) flNorned-homomorphisra acting by help of p + q tensor fields N e Tw+1
(h « 1,2... P+q) on the module of tensor fields Tp of type (p,q) as

derivation is following:

Tp — a- T t+P, Tp a T AT = U T t + P , (4.1)q w+q q w+q

where for A in (l.l) and in (1.2) we have r ■ p, 3 =* q and

AV l*‘*V t^l** ‘̂ pPl* **Pq 
00̂  • • •

T ^ / l  i-l Î ^1 "  t \  ¿^i+1 ¿^P ¿Pi ¿Pq
/  1 °oC.••• <*. * £J1 * <*i+l •• •0 <*p * V l  •••<V-q
i-l
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- Y 6 H  . . . 6 . ¿ J 1 ... 6 ^  . n ' ¿ " Z ' t 1 ••• ¿ Pq
<*1 *p - ^1 ^j-l (j )‘V ' * <ww^j Pi*i < V ( ^

For t » w « 0 we have Nornde-endoaorphiea.
(1) , (2) (p)

For N N » ... ■ N » P , N « N » . . . « N » Q  we have Oteuki-hoao-
(1) (2) (q)

norphisa and for t « w ■ 0 we have Otaukl-endoaorphisa.

(l) (l) (2) (2) (q) (q) (q+l) q+1 (q+r) (q+r)
For N - N_ - S . N - N - S.....N - N - S , N . S ,...,N - S

(if (2) (q)
(1) (1) (2) (2) (p) (p) (p+l)

(p ■ q + r) or for N » N » S, N w  N ■ S ,..., N » N » S, N « S,...,
(1) (2) (p) (p+l)

(p+r)
N • S (q » p + r) we have apinor-hoaoaorphiea. For t « w » 0 we

(p+r)

have eplnor-andoaorphisa.
We inve8tigate the problea to find neceaaary and sufficient conditions

by aeane of the teneor fields of type (l.l) for t » w ■ 0 for the deri
vation, or O-endoaorphisa or S-endoaorphisa or N-endoaorphlsa acting in 

to be an autoaorphisa. We shall give thea in an effective fora by gi

ving the traces, deterainante and aixed invariants of tensor fields of
type (1,1).

In case of a derivation the traces and the deterainante of a tensor 
field of type (l,l) are needed only. In case of an O-endoaorphisa for 
teneor fields of type (p,p) the traces and deterainante of two teneor 
fields of type (l,l) are only needed as well. For others cases the problea 
is open.

Exaaple. For O-endoaorphisa for n » 2 and for K e T* the funktion

of two traces and two deterainante is following:

det M0_end • (f> ■+“C2 - 6 t)((<* + 4 (J)2 - 5(J(ot+ 4 (5) +

+ 4oct2 ♦ 4(562 - 16ac2 ),

where 6 «  p“ , V » Q^, * .  det(PjJi), (5« det(Q^) .and where M 0_end !•
matrix of O-endoaorphisa.

For derivation, i.e. P ■ Q » D (so t" »6,(5 «<*) we obtain:

det Mp » <*2 . (62 - 2d).

Exaaple. For O-endoaorphiea for n«2 end for K 6 we have:

det M0_encj “ (562 ♦off2 - (oC+ji)6t( + (<*-|5)2 ;
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for derivation D we get det MQ • 0 and a derivation acting in the 
aodule of tensor fields of type (l,l) can never be an automorphism, whet 
is true with theorem in § 3.

With Norden-, Oteukl-, spinor-endoeorphlsm in (4.1), (4.2) for t«w«0 
is aasociated following homomorphism:

(T) P*q i D /peq -\ (1) (2) (p)
r  8 .X Tl ~ * ' Ta*( x Ti ) 3 N * N ' N  N, N. N,.... (4.3)

h-i 1 1 U - l  V  (15(25

(T) .
— *■ I-1 (N) ■ U e T p , whore U is defined in (5.2).

(q)

(1) (2) (p)
For p*q - 2 and for N - N - . . .  - N - P ,  N « N • ... « Q we have

(1 ) (2 )
Otsuki-hoaoaorphisa. For p ■ q+r or q » p+r we have spinor-hoao- 
morphlso.

To be made a problem to give the necessary and sufficient conditions
(T)

for existence of the solution of system of linear equations P  (N) • U, 
in which T,U are given and N are unknown. The general solution for 
all tensor fields T,U is not known.

§ 5. Homomorphism acting by help of curvature tensor as derivation

sQ
Let R » be the curvature tensor field and let (g^^) 6 Tg,

( G ^ p ^  & T^, where t| is the aodule of tensor fields of type (0,2) 

of symmetrical tensor fields. Then R acts ss derivation on the aodule

T° as following:

m : T° — a- T®. T° 3 ( g ^ )  — *- m ( g ^ )  - ( G ^ ^  € T®, (5.1)

where

G0 t R«i4i9A6‘ (5'2)

Theorem (L.P. Elsenhart and D. Veblen).
The necessary condition for the metrlzability of space with symmetric 

affine connection Ap is following:

( g ^  6 Ker(m) and det(g^) / 0, 

where m is homomorphism in (5.1), (5.2).
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The condition (5.3) depende on invariante a,b,c, the are followlng:

a :» n-dia KerR, where R ie following homomorphism £3j] R: — *- T*.

T* 3 (v*0 —  R<v*0 - R ^ v *  6 ?*.

1 â\where T ie the nodule of contravariant vector fields and T„ is the o 2
■odule of tensor fields of type (1,2) antisymmetrical.

n 2 2
b :» (2 ) - din Ker R, where R is following homomorphism [3]

r 3 ( w V ) - ^ R ( w V )  - R (p ^ <?6e (aT)|.

w h e r e  R . r 4R , Tj" is the nodule of skew-symnetricalwhere R « Rrt(i?6 <*|J [? °e] ° (a, (a,
tensor fields of type (2,0) : (w/v x) g T* -t1 ■> « -w"/*; is the
nodule of skew-synnetrical tensor fields of type (2,2).

c :> (2 ) - ditn Ker R, where R is following coupled endonorfien £3]

% : T ^ - ^ (T°. T^ 3 (w?6 ) R(w?6 ) - R ^ g W ? 6 e t | .

~  6 (a) 
where R - (Rocjj/.̂  • R<tj3X/J. !" R« j i T2 is the module of skew-symme
trical tensor fields of type (0,2).

For Aj and A^, i.e. for 3-and 4-dimensional space with symmetrical

affine connection, the condition (5.3) depend only on invariants a,b,c 
and the cases of values of invariants a,b,c in the metrizability of A^ 
and A^ gives for (5.3) the classification of Riemann spaces Vj and 
with respect to the invariants a.b.c. This classification gives exact 
solutions of field of Riemann spaces and or Riemann space-times.

The classification of Riemann space-times is following:

(V466' V465* V464' V463' V462’ V442' V363' V362' V343' V241' Vooo)'
(5.4)

where vabc denotes the Riemann space-times. for which the curvature ten
sor has the values of the invariants equal a,b,c.

The cla8sivication of Einstein space-times with respect to the inva
riants a,b,c and Petrov-Penrose types is following
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(5.5)

where T 1# T ^ i  ■ 1,2,3) ere the Petrow types; I,D,0, II, III, N, Mare 

the Penrose types and G8bc ar® the *yP®8 with respect to the algebraical 
invariants a,b,c.

Example. Let us take Petrov space-time from his «tonography: H * G^III,

providet with the following metric tensor:

gal - a (t ), g22 » b(t), g23 ■ x . b(t)
2 ' gJ3 » a + x . b, g44 = c » const. ^ 0

remaining 9j^ * °S (x.y.z.t) = (x1 ,x2 ,x3 ,x4 ). .

(5.6)

Exact solutions of the field (5.6) with respect to the invariants a.b.c 
are following * 1

1) for H466

a t K2 (t + Kj)2 . b * K3 (t ♦ *1>2
#Kg»Kj ■ const f

2) for H363

a * K2 (t + K^)2 , b ■ K3(t ♦ Ka )2 ; K3

3) for H241

a « K2 (t ♦ K^)2 , b ■ 4K2 ,
~v~ u + Kj)2

4K„ (5.7)

Robertson-Walker space-times. The Robertson Walker space-tlmes has a 

following metric tensor:
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(g, ) a dlag(l - — — sr) - r2R2 - r2R2sin20),
*1* 1-kr

where R = R(t), (t,r,0,^>) = (x1 ,x2 ,x3 ,x4 ).

(5.8)

Theorem. Exact solutions of the field (5.8) with respect to the in-
variants a.b,,c

for k a -1 y

i) for RN

2) for RN

3) for M ■

for k = 0

. 1) for RN

2) for RN

3) for M

for k = 1

1) for RN

2) for RN

For Robert son--Wa
are non-!singular

1) for K .

2) for K i

3) for K

For the type RN.
the base of (;5.9

1) for k

2) for k i

466

363

466

363 
: R

466

363

: R 1* Ct

: R B O rt

000 (M »

: R / Ct

: R • Ct

= 0

: R / ct

: R * Ct

(5.9)

(5.10)

(5.11)

l) for K - -1 : R » i  A2 (coshY- l). t « \ A(sinh1f-’|f)

(3Ą)l 2 (5.12)

363

• *  2  ' A  L  U D  "I / , 2  V I - 3 4 I I I / .

the Friedmann solutions are singular and they are on
f

(5.13)

3) for k ■ 1 : R » Ct + 0, C,D arbitrary
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Corollary. In each Friedmann model there exlata a singular eodel, 
hence a closed model (for k«l) can become an open one:

§ 6. Relssner-Nordstrom space times

The Reissner-Nord8troe space-times has a following metric tensor:

( g ^  - diag(-A, r2 , r2sin2©), (6.1)

where A » 1 - ■—  * rQ ,H ■ const: r0 « arQ. (t ,r .©.«fO-ix1 ,x2 ,x3 ,x4 ).

Calculating the coordinates of curvature tensor for metric tensor field 
in (6.1) we obtain following non vanishing components for K •

Ar

121

R3 131

pi
141 131 * 144

(r - 3 Kro), Rj22
r

Ar
*  (r - 3Kr ) o

^ 4  (r - 2Kr ). R* . - 1° (r - 2K? ) 
2r 0 133 2r 0

r sin2® o
~Z

232 2Ar
(r - 2Kr ). R

2r

2

(r - 2Kr ) o
>

233

r

2r
(r - 2 K r ) o

R4 « D3 R2
242 232' 244 144

«343 ‘ «
3
344

r sin2©  o-
 2--- (r - Kr^).

(6.2 )

Theorem!(on classification of.RN space-times, main result). We havb the 
following exact solutions of field of Reissner-Nordatrom RN space-times:
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1) for RN466 í r * 3K?o and

2) for RN465 s r ■ 3Kr0 or

3) for RN442 : r - 2Kr_ o

4) for RN * M s r >  5Kr .ooo 0

Proof. The curvature tensor in (6

r / 2Kr0 r ¿ Kpo

K F o

(6.3)

^466 the six
block non-vaulshlng: (Ratp/f) / 0 and Is called regular; for the type

RN465 8 *ive block nonvanishing and one which is vanishing, namely
for r • 3KrQ the vanishing block is the first block: (R12 A.) * 0 and
for r - Kro the vanishing block is the sixts block: (R3 ĵj) ■ 0; for

the type RN442 *or r “ 2K^o we have *w0 blacks nonvanishing, namely

the first and the sixth one: (Ri2A? ^ °* R̂ 34A.^ ^ 0 and four blocks are
vanishing: ( R ^ )  - ( R ^ )  - ( R ^ )  - ( R ^ )  . 0; for the type RN000 -M

for r >  5Kr the curvature tensor tends to the null curvature tensor,o
i.e. Minkowski space-time M.

As we observe in (6.3), the type of RN space-times changes for r » Kr^,
2Kr , 3Kr , r >  SKr" snd it has for these values of the radins r the 0 0 o
following properties:

taqk Rnor RN465 tor
rectlons (vL w-*, 0, 0, 0, 0, 0) and for r ■ Kr0 in bldirections 

(0, 0, 0, 0, 0, v̂ -3w4-̂ ); for RN442 ior r “ 2K%  t*le aPace-time is

flat in bldirections (0, v ^ w 3-̂ , v ^ w 4̂  , v̂ -2w3-̂ , v 2w4 , 0;) for r > 5 K r ’o

we have RN «  H and the space-time becomes the Minkowski space-time.

2
For RN,„„ we have following formulas: dim Ker R » 2

Corollary. For for r * 3K^0 fba space-time is flat in bldi-

422 we have following formulas: dim Ker

*4 - t & t ^ . o .  R“ oet[9t6]-
P?61 2 ‘‘P ? 6! 2at

2 r<? si 2 ? 6 c? 6l
■R« B 14 ■ °* R̂ 2 3 C C - ° '1 2  P 1 2

M  . vC3 41  v & w 43 . vC2» i . v 0  4]

t[? t Ą  c&c®-] any. 
1 2  1 2

Proof. Proof results immediately from proof of theorem on the classi

fication of RN space times.
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Let us take K - 7 , P >  1 (P = 1 + £, 6 small)} therefore K > 7, 4 4
1 r~

then A ft 0 end —  / 00 .

On the base of classification In (6.3) we have following diagram:

In monography £ll] Professor wlchmann writes and reasons as follows: 
a treatment of the photon (quant) as a point particle is unfounded. From 
this it follows that It is reasonable to treat the photon as a non-point 
particle. Further, from this it follows that the photon (quant) has a 
radius rQ ¡t 0 .

In the present paper I have based on the above statement of Professor 
Wlchmsnn and I have introduced a theory of the photon (quant) arising 
from the wave in view of the space-time of Generalized Reissner-Nordstrom.

In monography [l2] Professor Plekara writes as follows: how from the 
wave arises quant (photon)?? It is question, on which we expect the answer. 
When we this receive, then the precipice between classical physics snd 
quantum physics will have covered.

In the paper £1 3 ] I have introduced a theory of the quant arising from 
the wave in view of the space-time of Reissner-Nordstrom. I have this 
delivered in Seminar on Differential Geometry at Institute of Matemática 
of Technical University of Szczecin 16th December 1988. During the dis
cussion Professor Kucharzewski and Professor Zekanowski have said.that very 
Important are properties of scalar curvature. Because scalar curvature 
for the space-time ef Reissner-Nordstrom vanishes identically, therefore 
in the present paper I have introduced the space-time of Generalized 
Reissnei— Nordstrom and I heve given application of the epace-time of 
p-Generalized Reissner-Nordstrom to the theory of the quant arising, as



104 A. Jakubowic;

example of the application in the microscopic gravitational theory with 
gravitational field of p-GRN for microscopic particle (planckeon).

The metric of p- Generalized Reisener-Nordstrom epace-times (in short 
p- GRN) is following:

k~2

d62 « -APdt2 + Ap_2dr2 + r2 (d02+sin20d>f^ ) ¡ A - 1 --- 2 ♦

r » dr .o o

The scalar curvature is following:

(p-l)r A + 2 - 2 A p
‘  2' I'P-1----------r A

Theorem (on the classification of p- GRN, p /< 2, with respect to the 
algebraical invariants a, b, c of curvature tensor)

1) typ p- < ^ 4 6 6 for r + Kro , r t 2Kr0 . r 4 3Kro

2) typ p- GRN465 for r * Kr or r » 3Kr 
0 0

3) typ p - grn442 for r ■ 2Kr
0

4) typ p- GRN r ooo » M for r >  5Kr" (p- GRN , o r abc are these p- GRN

which have the invariante a, b, c).

Theorem

lim R (I§. K - - +oo, iim (lim R (K « it¿)) - ¿(I#),
£ —*■ 0+ 2 4 <i-»-0+ £-»0+ 4 2

ot«p-l <t +0
rv  /vr r

where ¿(-S) is Schwartz distribution of Dirac delta in —§•:

My proposition of application of p- GRN in the theory of the quant 
arising, as example in the microscopic gravitational theory with gravi

tational field of p- GRN is following: (on the base of the above two 
theorems and principle 1 of Prof. Wichmann):
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Principles, l) The quant (the photon) has the radius rQ I 0, ro«a*ro .
2) The neighbourhood of the wave is the space-tlee provided with suitable 
Metric tensor for which the curvature tensor is of two types at least (in 
the classification with respect to the Invariants a, b, c of curvature 
tensor), this space-tiae tends to the space-tlee of Reissner-Nordstroa 
and in the neighbourhood inside the radius rQ of photon tha space-tiae 
has properties of the above two theoreas and in the neighbourhood outside 
the radius rQ of photon the space-tiae la of Minkowski one (nearly).
3 ) The quant (the photon) arises in consequency of the change of the apace- 
-tiae in this way, that on the inside of radius rQ of quant tha space- 
-tiae has properties of the above two theoreas and on the outside of ra
dius ?  of quant tha spaca-tiae becoaes tha space-tiae of Minkowski 
(nearly).

Stateaent. The space-tiae p- GRN satisfies the conditions given in 
principles 1, 2, 3.

Reaark. 1-GRN - RN and RN is Reissner-Nordstroa space-tiae for which 
have for scalar curvature R « 0.
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