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Summary. It Is shown that known results about the convolution of di-
stributions, tempered distributions and Gel"fand-Shilov distributions in
K*(Mp)-epacee with the supporte which are compatible, polynoaielly com-
patible and (Mp)-compatible, respectively, remain true if the" supports
are meant in the sense of tojaslewicz. Moreover« theorems on convergence
of distributions of the respective classes with the supports compatible

in a suitable sense are proved.

1. Various conditions for the existence of the convolution of locally
integrable functions and the convolution of Schwartz distributions defi-
ned on Rd are known in the literature. |In particular, there is a condi-
tion which guarantees the existence of the convolution independently of
the growth of the convolution factors (functions or distributions), viz.
it is expressed in terms of the supports of the convolution factors. The
condition is called O-condition ([4], p- 383 ) or the condition of com-
patibility of supports (sets) in R (C123i DU » P* 124)*

The following results are very well known: (@) iff and g are
distributions with the supports in compatible sets, then the convolution
f*g exists and represents a distribution, (b) if fand g are locally
integrable functions with the supports contained in compatible sets, then
the convolution f*g exists almost everywhere and represents a locally
integrable function.

It was shown in [V] that the statement (@) can be reversed as follows:
@) if X,Y are two sets in Rd such that the convolution f*g exists in
the distributional sense for arbitrary distributions f and g with the
supports contained in X and Y, respectively, then Xand Y are com-
patible. To reverse the statement (b) a modification of the notion of
compatibility was introduced in [9].

An analogous condition for the space of tempered distributions (poly-
nomial compatibility of supports) was introduced in [V] (see also [VJ)
and for the space K*"(Mp) of Gel’fand-Shilov type ((Mp)-compatibility)
in [153 (see also [16] ). The results similar to the statements (a) and
(@" ) were proved for tempered distributions in £s3 (see also Q@]) and [V]
and for distributions of Gel’fand-Shilov type in [is] (see also [[lej)-
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In all the results mentioned above the support of a distribution Iis
meant in the classical sense, i.e. as the smallest closed set outside
which the distribution vanishes. In case of locally integrable functions
the following modification of the notion"of support is natural: this is
the smallest closed set outside which a given locally integrable function
vanishes almost everywhere (see [13], p.- 196 and [V]).

However, the notion of support of a distribution can be sharpened by e
using the concept of the tojasiewicz value of a distribution at a point
([10]). Namely, by the support of a distribution in the sense of tojasie-
wicz we shall mean the set of all points in Rd at which the value of
the distribution does not exist or is different fromO.

We shall show thatall the results mentioned above remain true if the
supports of distributions are meant in the sense of tojasiewicz.

Moreover, we shall prove the following results on convergence of se-
quences of distributions of a given class. Suppose that (fp) and (gn) are
two sequences of distributions (tempered distributions, distributions of
Gel’”fand-Shilov type) such that the supports (in the classical ortoja-
siewicz sense) of fn are contained in a set A, the supports of gn are
contained in a set B for n«l,2,... and the sets A,B are compatible
(almost compatible,(M )-compatible). if -*fQ and gn- " 90 in [WIC)
sense of distributions (tempered distributions, distributions of Gel ’fand-
-Shilov type), then fn*éln - *ofo*go in the respective sense,

2. For arbitrary sets A,8cR”™ we use the following notation:
A-B={x -y xeA, yeb};
Sx(@,B) *{y eRd: x - yeA, yeb};

AA = {(x,y) e R2d: x +y 6 a}.

For given x =m yee- s N) L,y = @1, ) 6 & snd ~_BR1, we use
the standard notation:

* 1y - (Ei 1Vi Id 1 7d)s

XX » (A.A ..... );

11 =VII1 + eee + 2

By intervals in wemean sets of the Eorm I * I. lx .. X I,,d where

1~ = [i’Pi] are c”osea intervals in R
We shall prove the following theorem:

Proposition 1. Let X,Y C R™. The following conditions are equivalent:

(i) for every interval 1 C Ru there is aninterval 0 c Rd such that

SX(X,Y) ¢ 0 for all x e,
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(1") for every bounded set Kc Rd the set (K-x) n Y is bounded
in Rd;

(i) for every interval 1 c Rd there is an interval 0 c Rd such
that Sx(Y,x) C3 for al x e I;

(ii") for every bounded set K c Rd the set X n (K-Y) 1is bounded
in Rd;

(lii) for arbitrary sequences (xn)C X, (yn) CY, |[xn] + |]yn |->00
implies I*n+Yn |- "m°° S

(iii") for every bounded set K C Rd the set (XxY) D KA 1is bounded
in R2d.

Remark 1. Conditions (i), (ii), (iii) were formulated and proved to be
equivalent in [12] (see also [Y], p- 125).

Remark 2. Conditions (il), (ii;), (1117) with the word "bounded" repla-
ced by the word "compact"™ are well known and they are sometimes called
©-conditions (see [Y], p- 383). They are matched to supports (of di-
stributions or functions) in the classical sense which are closed sets.
Clearly, if X and Y are closed subsets of Rd, then the two formula-
tions with the words "bounded"™ and '"compact", respectively,of any of con-
ditions (i), (ii*), (iii*) are equivalent. This follows from the following
facts:

1° a set in Rd is compact if and only if it is bounded and closed:

2° if A c Rd is closed,then aa ¢ RZd is closed:

3° if AC Rd is compact and B C Rd 1is closed, then A-B c Rd is
closed.

In the case of supports in the sense of toJasiewicz which are not
closed sets, the above formulations of conditions (i*), (ii"), (ill") are

more appropriate.
Below we shall give a complete proof of the equivalence of all con-

ditions (i) - (iii), (i) - (iii").

Proof of Proposition 1.
(1) =>(Ci") It is enough to notice that Sx(x,y) = (Xx-X) n Y.

(i) — > (iii") Let K a Rd be bounded. Then the sets M » (k-x) n Y
and L » K - M are bounded and

(X XY) n K& CL*«,

i.s. the set (XxY) n KA is bounded, as desired.

(iii" ) =£> (iii) Suppose that (iii) does not hold, i.e. tjj*re are
sequences (x ) 6 X and (yn) e Y and a positive m>0 such that
Ixnl ¢ Jynl- - and |xn+yn]< m for n C N. Put K = [-m.mj . We have
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X +y 6K or, equivalently,a (XH’X ) e (xxy)n«lja for n 6 N, which
means that the set (xxy) N K is unbounded in R while K is bound-
ed in Rd. This contradicts (ill").

(iii) (i) Suppose that (i) does not hold. Then there exist an
interval 1 ¢ Rd and sequences (xn) c I and (yn) c Y such that
xn " xn - yn G X and Inl > n

for all n e N. Hence |xn] + |Jyn]-»><*> and the sequence (]|*n+ynl) 1i8
bounded. Contradiction.

The proof of the following chain of implications is similar:
(i) ==> (@(Gi")=>(iii")=> (ii).

Hence all the conditions in Theorem 1 are equivalent.

Definition 1. Sets X,Y c are said to be compatible if one of
conditions (i) - (iii), (i") - (iii") holds (of. QI2~,[1], p- 124).

Proposition 2 (cf. [Y])- Let X,Y c Rd. The following conditions are
equivalent :

(i) there exists a polynomial p of real variable such that

Sx(x,Y) ¢ G-p(IxD, p(Ix]f] M

for all x 6 Rd:

(X1) there exists a polynomial p of real variable Such that

x|+ Jylé pClxty D

for arbitrary xe X and y £Y;

(ill) there existsa k e Nand a c¢c> 0 such that
Xl + |yl < c(l+ Ixtyl Dk

for arbitrary x6 X end y eY.
Proof.

(O] =#e (11) Suppose that (1) holds for some polynomial of real va-
riable and let x £ X, y £Y. Put x - x +y. Since x -y eX and
y £Y, we gfct

Y1 P(Ix D.
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in view of (I). Hence

0

IXI + Jy | < Ixtyl +1-yl+lyl Ixtyl + 2p CIx 1) <aCIxtyl ),

where q is theplynomial defined by q(t)m 2p(t)+t fort eR1. The
implication is proved.

b (ill) 1t is enough to notice that for every polynomial p of
real variable there exist a k eN anda C> 0 such that

p(t) ~ Cc(l + Dk for te R1.

Gty ==> (i) Supposethat (ill) holds for some k 6N, C >0 and put
p(t) « C*2 (I+t~ ) . Assume that x -y 6 X and y e Y. Then we have

[yl1é kx-yl + lyl<C(l+]xj)k -6 p(Ix]),

which proves (1) and completes the whole proof.

Definition 2. Sets X,Y c Rdare said tobe polynomially compatible
if one of conditions (i) - (ill) holds (cf. [5] and [VD)-

Now, consider a sequence of continuous functions Mp: Rd-» [1 00) sa-
tisfying the following conditions:

(@ 1 é Mp(x)”™ Mp+j/x) for * e Rd» and P £NS
(b) for each j»l,...,d and p eN there is a Cp~>1 such that

Mp Al *eax *e ex XLdA A CpIMp AL *ex " x%xAd A* whenever irjlr e 1ot
and

(c) for each p 6 N there exists a q e N such that MAA ;l 6 Ll and

IJiijmMP(xiM’l;*) . 0;

(d) for each peN there exist a q 0 N and a constant Cp > 0 such
that Mp(x+y) éCpMg (x)Mp(y) for x,y e Rd;

(e) for each p6N there is a ge N and a Cp > 0 such that
Mp(-x) é CpMp(x) for x 6 Rd;

(f) for each p6 N there is a q € N such that MA(xX) ~ FpMg™x ™
for x e Rd: )
(g) thero exist 3 p GN and a Cp> 0 such that |x]é CpHp(x)

for x 6

Conditions (a) - (c) were assumed already by Gel’fand, Shilov and
Vilenkin in [X] , [X3* Condition (d) together with the assumption that
Mp are even (i.e. a stronger condition than (e)) is usually postulated
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when the convolution of the distributions in k'(MP) are studied (see
e.g. |[II])- Conditions (F) and (g) appear in [is]-

Proposition 3. Let X,Y C Rd. The following conditions are equivalent

(@) for each p e N thereexist a g >N anda constant Ap> 0
such that

Mp(y) sS ApMg(x) for all y e Sx(x,Y) and x e Rd;

(b) for each p 6 N thereare a q e Nand a constant > 0 such
that

M OOM N B Mo (x+ for all X eX and e VY.
Io()p(y) pq( y) y

Proof. Assune that (@ ) holds and fix p e N. For this p choose a
suitable index qQ, according to (d). Now applying subsequently condi-
tions (a), (f), (@) end again (f), we natch and index g~ to qQ, then
an index 3 to 02 « naxCp.gq”, then a g4 to q7 and finally an
index q to qg m nex(qgo,q4), respectively.

Take arbitrary x e X and vy e Y. Clearly, y e Sx+~(X,Y). Hence, in
view of the conditions Just nentioned, we have

M (XM (y) < DM (x+yDH  (-yIM_(y>
P P p q0 q P

<SDE M (X+ty)M (MDM_()
P go qo P

<0 E F M xty)M ()
P po p2 qo p3

"O E F A M xX+ty)M (x+y)
P % P2 P3 % p4
<D E F A F M (xt+ty).
p g0 g2 g3 g5
i.e. () holds.

Now, suppose that condition (b) is valid and let p e N. According
to (b), find a suitable g e N and a constant 8 >0 such that the
respective inequality holds. Let y e Sx(X,Y) for an arbitrary x e Rd,
i.e. x-y eX and y eY. By (a), we have

Mp(y) ~ Mp(*-yIMp(y) < BpMg(x)-

i.e. () holds.
The proof is conpleted.
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Definition 3. Sets X,Y ¢ R are said to be (M )-compat ible if one of
conditions (@) - (b) holds. »

Remark 3.1f sets X,Y C Rd are polynomially compatible, then they are
compatible. This results, for instance, from the inclusion (I), because
8up-fp(Ix]) : x e i}< 00 for an arbitrary polynomial p and a compact set
(interval) I ¢ R*. The converse implication does not hold (see |V],[V])-

Remark 4. The original definition of (Mp)-compatible sets was given by
3. Uryga in £13] and £14]in the form of condition (b). He also proved in
£13] and [JI14] that (M )-compatibility implies compatibility.

Remark 5. If Np~x) “ (I+|x]) , then (M )-compatibility is equivalent
to polynomial compatibility of sets in (see [13]).

3. We shall use the standard notation and classical properties of di-
stributions, tempered distributions and distributions of the spaces
k®* (m ) of Gel’fand-Shilov type. We refer the reader to the books [14],

end [3] for details.

In the whole paper, we shall consider distributions defined on Rd.

Given a distribution f e 5, by s(f) we shall denote the support of
f in the classical sense, i.e. thesmallest closed set in Rd outside
which f « 0. By s~ff),we shall denote the support of f in the sense
of tojasiewicz, i.e. the set ofall x GRN for which the tojasiewicz
value of f at x does not exist or exists and differs from O.

The following proposition is crucial for our considerations and it is
based on results of the paper [IcQ.

Proposition 3. For an arbitrary f 6 3" we have

cl(s™(F)) - s(F).

Proof. Evidently, if x ~ s(f), then f » 0 1in some neighbourhood
of x, so the tojasiewicz value f(x) is 0, by Théoréme in [lo], part 2.3,
i.e. s”if) C 8(f) and thus cl(st(F)) C s(f).

Suppose, conversely, that x ” cl(st(f)). Then the -tojasiewicz values
f(y) at all points y from some neighbourhood of x are equal 0. By
Corollaire 3 in [lo] , part 5.2, f = 0 in this neighbourhood, i.e.

x N s(f) anj the implication s(f) C clis”if)) holds as well.

We shall need the following properties of compatible, polynomially

compatible and (m )-compatible sets:

Proposition 4. If X,Y are compatible, polynomially compatible or
(m )-compatible sets in R and UC X, V C Y, then U,V are also compati-
ble, polynomially compatible, (Mp )-compatible sets, respectively.
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Proof. The proof follows directly from the definitions.
For a given non-empty set A in Rd and ot>0 let

Aot - (x e Rd: d(x,A) » inf{|x-y|] :y e a} < ot].

In addition, we may adopt « < f°r every o > o.

Proposition 5. If, X,Y are compatible, polynomielly compatible or
(Mp)-compatible sets in Rd,then for arbitrary ct,|JJ >0 the sets
end the sets cl(x), cl(Y) are compatible, polynomially compatible and
(Mp)-compatible, respectively.

Proof. In cese of the sets X<I(.Yp, the assertion is proved: in OI],
p. 126, for compatible sets X,Y; in 05] for polynomially compatible sets
X,Y; and in j*15] for (M )-compatible sets X,Y. Since A" D cl(a) for
arbitrary A C R and cft>0, the second assertion is a consequence of
Proposition 4.

From among many equivalent definitions of the convolution let us
choose the definition of.V.S. Vladimirov (see 018], p. 62) and modify
it to the case of tempered distributions end distributions of k'(MP)—

-spaces.
Recall that by a unit-sequence we mean a sequence of functions D
such that
10 {x!"7n(x) “ *d{
2° for each k e Nd there exists a > 0 such that

/d |0k7n (x) |dx< Ck.

Let f.geSj f,ge jfor f.g 6 K*(h ), respectively. We say that the
convolution f*g exists in 2)f; ife or «* (Mp), respectively if the limit

1im <f(x) ® g(y), IMX,y)y(x+yE>

n -*-00

exists for every unit-sequence CAn) and every *p6 S); every <pe if» or
every < eK(Mp), respectively. Then the limit defines the values of the
linear continuous functional f*g on the respective spaces.

The following results about the convolution f*g of dietributions
f and g with compatible supports, tempered distributions with poly-
nomially compatible supports (cf. [[/]) and distributions in «"(Mp) with
(Mp )-compatible supports (c.f 016] ) were proved in 07] and 016] in the
case of supports s(f), s(g)- By Propositions 3 and 5, it follows imme-
diately that these results ere true also in the case of supports s~(f),

st (9)-
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Tfieorea 1. Let f,g e 2)" and suppoee that an(f), a”(g) are con-
patible seta in Rd. Then f*g exists in 2"

Conversely, let X.Y be sets in Rd such that f»g exists in 2)°
for arbitrary f.g e 2)" euch that st(f) CX and st(@@) c Y. Then X.Y
are conpstlble.

Theoren 2. Let f,g e (fF and supposethat s/~(f), s™(g9) are polyno-
nially conpstlble sets in Rd. Then f* g exists in LI

Conversely, let X.YC Rd and f*g exists in y- for all f.ge if
such that st(f) ¢ X. st(f) C Y. Then X.Y are polynoaislly conpetible.

Theoren 3. Let f.g G K*(Mp) and suppoee that st(f), st (g) are
(Mp)-conpstible sets in Rd. Then f=* g exists in*"(Mp).

Conversely, let X,YCRd and f*g exlats in K"(Mp) for ell f.geK"(Mp)
such that at(f) C X, et(g) c Y. Then X.Y are (Mp)-coapatible.

4. In [1] (p- 158), the follonlng result on continuity of the con-
volution of distributions restricted by the condition of conpatlbility
was proved in the gase of supports in the classical isnse.

By Proposition 3 snd 5, we obtain a sinilsr result for supports in the
sense of Lojaelewicz: .

Theoren 4. Suppose that fn - *wf0 in 2", gn— > g0 in 2)" snd
at(fn) CX, st(@n)C Y for n e N, where X andY areconpatlble
sets in Rd. Then fn* gn- = fQ * gQin 2)".

Analogous results hold also for tenpered distributions and distri-
butions in K*(M ). For the proof we need a characterization of the
convergence in Kf(Mp).

Under conditions (@), (), (), () (equivalent to our conditions
(@ - (), I.M. Gel’fand and G.E. Shilov gave in (Y] a description of
distributions of the class K"(Mp) which can be forsulated as follows:

Proposition 6 (see [2], p. 113). f 6 k*(Mp) if and only if there
exist an index p G N and bounded sessurable functions on R
(where i is a aulti-index with ji] i p) such that

f . DAMPFA @
lili p

in the distributional sense.
under the same conditions, L. Kitchens and C.Swartz gave in£il] the
following characterization of the convergence in K;(Mp): —

Proposition 7 (see [I1]). fn—- 50 in K"(Mp) if and onlyif there
exist a p GN and functions Fn*£ L~ on Rd (where n £ N and i
is a multi-index with |1] ~ p) such that

. i i 3
fosy 4 0iqw  for nGN (©)]
|i|<P

F .
p ni
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in the distributional sense, and

2
Fni—- "m0 in L as n-— . @)

The above characterizations can be simplified if the additional condi-
tion (n") is assumed (see |[8]). Then the sums in (2) and (3) can be re-
duced to a single derivatives, the F’s in (2) and (3) can be assumed to
be continuous functions of the class L* with an arbitrary o, 1 iSat<
and the convergence in (4) can be assumed in any L?*%,

It was shown by 0. Uryga in £17] that condition (N") cannot be omitted
to obtain a single derivative representation instead of (2) and (3). We
shall show, however, that the following more convenient forms of Propo-
sitions 6 and 7 can be obtained even without condition (Nf).

Proposition 61. f € K((Mp) if and only if there exist a p e N and
continuous (or, equivalently, measurable) functions F~ 6 L* for every
(or, equivalently, some) ec with 1 S 00 such thai (2) holds.

Proposition 7 ". The following conditions are equivalent:
(i) >-0 in K*(Mp);

(ii) there exist a pe Nand continuous (or, equivalently, measurable)
functions Fni el*> for n e N such that (3) holds end Fni- » 0

in L¥ as n— 00 for every (or, equivalently some) o with
14 ii 00,

(ill) there exist a pE N and continuous (or, equivalently, measurable)
functions F . £ Lee for H n e N such that (3)#)(()Ids and

pointwise (almost everywhere) in R and Fnl are commonly bounded
(almost everywhere) in Rd.

Proof of Proposition 6. It suffices to show that if F e C* for some

1 cti then for each p £ N there exists an r £N such thst the
function
X
Gr(x) » MA(x) J MO (t)F(t)dt (x 6 Rd)
0

belongs to all the classes IP for 17~ ft O0°.

For a given p e N select a g e N such that M_lM 6 Ll and then
select an r 6 N such that Mr 6 L , according %o |(D:ondition ().
In view of (b), we have
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- _ -
where BP n BPj BPd (ij are constant from condition (b)) and

Act - jM" IMpiL-

with a such that 1/~ ¢ 1/&"« 1. Note that Ao{<0° f°r anarbitrary c,

1 N oC”°°, because A, = 1_<m»° and
1 nqgq poo

<A/ " * <Lm; Imp IU>"11m; Implli< 00 <

in view of continuity of MqlMP and condition (c).
Now, we have

IMI mIGHWRI KGHI * By L <0™ 0

<KllIf/ ~ <riMgl-~" XIMriIMgll * (Ggl / <0° (@)
for 1@ , and
KL~KA?“glL- KL * 00- @)
Consequently, Gr e for all |p such that 14 fi <« .
Proof of Proposition 71. The equivalence of conditions(l) - an

follows from inequalities () - (8). It remains to show that if Fn e lw
Fn—» 0 almost everywhere in R and Fn are commonly bounded Himost
everywhere, then, given p e N,

Gﬁ(x) - r (x)Jf Mp (t)Fn(t)dt 0 on Rd (©))

as n-—>a 00 for suitably chosen r 6 N.
Notice that if q e N is selected to satisfy the relation M_lrg
then G,,(x) —» 0 as n->«> wuniformly on every compact set in R

11,

by
virtue of condition (b) and the Lebesgue dominated convergence theorem.

Now, select an r 6 N such that M;_'l(X)Mq(x)—"iO as Pil_) < It is
easy to see that (9) holds for r chosen in that way.

6
p

The proof is therefore completed .

As a simple consequence of Propositions 61 and7 1, we getthe fol-
lowing characterization of the convergence fn— » finK r(Mp) for an
arbitrary fe k"(m ).



118 A. Kaalriskl

Corollary 1. The following conditions are equivalent:
() fn—» £ in KrMp)jJ

(il) there exist a p e N and continuous (equivalently, neesurable)
functions Fnl e I* for n 6 Ng and 1 p auch that (3) holds
for n eNg and Fnl->Fno In L as n - moo for every (equl-
vslently, aoee) o with 1és ~°°s

) there exiet a p C N and continuous (equivslently, Measurable)
functions Fni 6 L°° for n e Ng and lilsip auch that (3) holds
for n 6 Ng, Fnl- *=Fno polntwiae (alaost everywhere) and Fni
are coaaonly bounded (alaost everywhere) in Rd.

The next corollary resultsdirectly froa the above etateaent.

Corollary 2. If f,-» f in K*"(Mp) and gfl-*g in K"(Mp), then

otOkfn ¢ (50"gn—» <*Dkf ¢ jho"g

for erbitrary c5]j e R1 and k.a e Nd.

The characterization of the convergence in K*(Mp) foraulated above
will be useful in the proof of the following analogue of Theorea 4, true
both in the case of supports in the classical and Lojasiewicz sense.

Theorea S. Suppose that ffi- » fOin Ic"(Mp), gn- » gQ in Kf(Mp)
and e(fn) C X, o(gp)c Y.[et (fn)C X, et(gn) c y] for ne N, where X and
Y are (mP)—coapatible seta in Rd. Then fﬁ*8.n.— e f'6'90 in k '(mp).

Proof. By Propoaitione 3 end 5, it suffices to prove our assertion for
supporta in the sense of Lojaeiewlcz.

Let cl we e saooth function on Rd vanishingfor|x|> & >0 such
that
\]W(t)dt - 1.
Rd

Put

$ .xx* u>and Y -XY*a>,

where % x and %Y are cheraeterietic functions of the sets X and Y.
respectively.

It is assy to see that and are bounded functions for
<, ji 6 Nd. Moreover

$(x) m1 for x ey $(x) -0 for x (10)
and

Tf(x) -1 for x ey f(x) m0 for x " y3~ (1)
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By the assuaptions, It follows that there exist p,q eN andcon-
tinuous functions Fnk e 00, Gnl e L°° for |k] » p, |Jll< g and n e NQ
such that

frr1] ‘ |k|f\'pOk[MﬁFh’v‘vJ on - i'i%sulq A[an PG"I]

for neN.Oj

Fnfe- > Fq, Gnl— * GQ pointwise as n —*<» a3y
for |Kk|*; p, )] ~ q; and

Fnk* Gnl are 00BSBonly bounded. 14

Applying the Leibniz foraula, we have

fno- s - 21 _ X j._ (-D)i(i)Dk*i[MnF (DI~ 15
n o 'n Fete p S CDH(DDKTIIGE | (01D) (%)
and

9, - Sn<P- 16)

S S (-1),<})°1*)[ V ol (d)*3
n " | 1]«g(K]«l i

for n 6NO, where the syabols 0 * i * k, (-1)1, (k) have the d-diaen-
sional interpretation (see e.g-[ij, pp. 261-267).
Put

Fnki " MpFnk(Di~*" Gnlj ~ MqGnl(°JY>

for k,1,i,J 6 Nd with [|k]<p, |i] S p- |1l siq, bl< q and neNo.
By virtue of (10) and (I1), the functions Fp~j »nd for ne N
have supports contained in the sets X30 and YSO' which are (mP)—coh—
patlble, owing to Proposition 5.
Note that for arbitrary k,l1,l,j thereexistconstants Ccklmr >0
such that

IFnki (-0ONI3 (D1 < CKildip (- DN (V| (XD g (1> a»

3?
for all x,t e Rd, according to boundedness of the functions 01", Y
and coaabn boundedness of Fnk and Gnl* =

On the other hand, there exist an r 6 I and a constant CPR> 0
such that
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I M (X-tOM (D)X, (x-t)X, (B)dt « f M (x-t M (t)dt
*d q 3? 3? SX(v. v q
A Cpg Mr(x)1d(sX(X3?"Y3?))" as)

in view of conditions (d), (&), (), (@ ((Mp)-compatibility of the sets
and Y30 and again (f), where FP*is the Lebesgue measure in RN
Notice that, by virtue of(g) and (a), there areindices ril#r2 e N
and constants G , A 0 such that
1 P1

SIyl=£6 M @) £A MO
11 rl 2

for ye SX (X30 ,Y30 ™ x d 6 R  Hence, by (18) and condition (F), we s
that the integral over Rd of the right hand side of (17) is bounded by
A Mg(x) for some s e N and A > O.

By the Lebesque dominated convergence theorem, we get

(Fnkl* GnlJ)(x)- ~ (Foki# GolJl)(X)

for each x e R™. Moreover

Fnki* Gnlj * VvV Anki* GnlJ}

for n e N0 and the functions

M;1(Fnki * @nlj> (neN)

are commonly bounded. In view of Corollary 1 (condition (iii))

Fnki* ~nlj~~oki* GolJ in K*(Mp) (19)
as n-» oo for all k,i,1,J such that 0 < i< k, 04 j61, |kl < p,
|I1[ iS g. By the known properties of the convolution and by Corollary 2,
we conclude from (15), (16) and (19) that

fn * 9~ fO * 9 in k '(Mp)
as n-"wmoo , which was to be proved.

Since Jf is a Kf(Mp)-space, generated by the sequence Mp(x) *(1+ H*3

which satisfies all our conditions (a) - (g), and (Mp)-compatibility is
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equivalent to polynomial compatibility in this case, we obtain the fol-
lowing corollary from Theorem 5.

Theorem 6. Suppose that fn—*— f0 in f* , 9.~ > 9, in ¥ and

s(fn) C X. s(gn) c Y [et(fn) C X, st(gn) cy] for n e N, where X and Y

are polynomially compatible sets in Rd. Then fn* gn-*ufo* 9 in
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