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PURELY DIFFERENTIEL GEOMETRIC OBOECTS OF THE TYPE [3,2,1]
WITH A LINEAR NON-HOMOGENOUS TRANSFORMATION FORMULA

The purpose of the present paper is to determine all purely diffe-
rential geometric objects of first class with three components in a two-
dimensional space, i.e. according to the terminology of 0. Ac2el and
S. Golab, objects of the type £3,2,1] (cf. £2] p. 15)) of a linear non-
homogenous transformation rule:

(0)

Formula (0) can be writen shortly in form:

@

where i°- I" ,2° ,3". j- 1,2,3, 1" ,2" ¢u« 1.2, (wli,”,»3) e R3.
Having adopted the matrix notation
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[91]1 - g(A),

the fornula (0) or (1) can be written briefly In the natrlx for«:

col» F(a) .co + g(A). @)

Ay
By definition functions Y oand g in fornula (0) ae well as
functions F and g in (2) depend only on the first derivatives A

where

1.2
.V df
N" 5" agfy AT -2t
oiltheApeﬂ v&rlables W!EP resggﬁ} to the old ones. The transfornatlon
S "s where and q denote the coordinates of the same point
£ in the coordinate eysten (A) and (A") respectively is of the class C1
with the Oacobian. matrix:

0 - det[AE£J- det A ~ 0.
Thus. A 6 Lg - GL(2,R).

It follows fro« the group property of the transfornatlon fornula (2)
that for all natrices A.B 6 GL(2,R) * (i.e. A,B are non singular
2x2 real natrices) every pair of functions F and g in fornula (2)
nust satisfy the eysten of functional equations:

f@b)-Ff@) . f(hb) 3)
g(A.B) - F(A) . g(B) ¢ g(A) @

end the condition

F(e) . E, ®)
where
rl nl 1 0 o’
* « 0 10
en Lg *] ant E 0 0 1

We do not nake any aesunptions concerning the regularity of the

functions "F and g.
The functional equation (3) does not contain the function ¢ and
therefore it can be considered independently of the functional equation
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(4). The general non-singular solution F of equation (3) for all

A,B & GL(2,R) 1is given in the authors paper [Vj (cf. Theorem pp. 4-7).
The method used in [V] is analogous with that used by M. Kucharzewski

and M. Kuczma in [15] ; however, the problem is more complicated. Applying
the results of papers [V], [4]., [s], anc* aH pairs of so-
lutions F and g of the system of functional equations (3) and (4) was
given in my paper [lo](cf. Theorem 5.3 pp. 45-46, Theorem 3.1 pp. 33-35,
Theorem 4.2 pp. 37-38).

The method used in papers [V] and £5] is analogous. However, the si-
tuation in [V] where non - measurable solutions exist is more complicated
and more interesting than in [V] where all solutions are measurable.

All the obtained solutions of this system of functional equations (3)
and (4) which have in paper [10] and applied in the present paper to de-
termine all purely differential geometric objects of the first class
with three components in a two-dimensional space, i.e., all objects of
type [3,2,1] with linear non-homogeneous transformation rule.

Thus, applying the results of papers [lo] and [[6] we know at once all
objects of type [3, 2, I] with linear non-homogeneous transformation rule.

Now we have

Theorem. All purely differential geometric objects of the first class
with three components in a two-dimensional space i.e., according to
terminology of 0. Aczel and S. Goleb, all objects of type [B, 2, I] with
linear non-homogenous transformation rule are given by the following

formulae:
C.FAA) . C-1 ) * [c . Fxr@® % 9 @.i)
where for 1 « 1,2,3,4,5,6,7,8 we have:
1/ Ir
*® 0 0 AL A2 0 .
_ 2r 2r
F1(A) = 0 0 Al As o ax)
o oV o ©o o =
- — =
<~ (3) 0
2@ ) 0 22 2%

0 <.
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F (A) »

f4(a) -

F@® =

F (A) «

F2 (A) =

F@® =

n 'P(/\) #

4 Ce-
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Y»(3)  €(3)<p(3) 0
° ) ° )
s} s} 'Pjto)

X(3)  -6(3) 0
6(3)  X(3) 0, )
o o - @)

0 cel(a)
<p(0) 1 o2 (0) -5
i 0°(3) o2
<p(0) 0 )
1
1 <@ L&) + «2©
<f@) 0 1 0" (3) 1)
0 o0
e* Y 2 adeA) @i 2
w@ T2 2f  1* 2 Tr of . )
ALl AL AT A2 * A2 Al A2 A2 P F*(a), (€]
»fy? 2 Af A% »27)2

1 (i.e. # D

>(3) 0 0 ~AT A2 0
0 f 0 = ¢ 0 .c'1l.qie
0 0 1 0 0 1

A Alp( - i+ A2afp(a)

A2<p(3) ¢ /2 Tp3) A2~ 1] (7.9

In [$3G)]
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4 A2 o
co” « ¢ .

Al" A2 o

o o <P3 (JI)

in 11

AT A2 °
co "« c -
4 A2 0
o o 1
1 o o
co". e . o <p2 (o) o
o o
o o
Co « C . 1 o
o <p3 (o)

inlsi (o)Ff
InIs2 (31

co m co + c

——InIs3@ Ol

X(C0> -6(0) o
co”. ¢ 6 (o) X (o) o
o o 1
<p(0) cp(0dac(3)
co*. c . o «p(3)
o o
1 oc(3) o
coi. ¢ . O 1 o
o o "p3~3)
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A\ fal - 11 + A>2A2
c - CO + ¢ - - (7.10)>
1.4 rhz N4~ =]
ANLATL —*1  + \ 4
c-x .cCo a c 7.11)>
~N1LAL AN N 4 ~ b |
1ls$ss (31
in~(3>1
. e*1 .coa c . R B 7.12)>
>-z\ria > - =]
In 17(3)>1
c_i .co 4 c . inl*2 @] (7.13)
2
~i o o-
for ¢ . o0 10 - c1.to *»c EC b Cu
0 o0 1
(7.14)
ALxio) - 11- a26(3)
c“1 .CO 4 c . A,i6Cod> 4 ~2~C0> - 1]
In 183 (O] (7.15)
o XJ [FC0>-17 4~«p (o Yot(o )
0 . c * .co ac «2 [>0> - il
1 In| 3]
(7.16)
In IFJTOdY 4 tirf2 7 )
or 2
w o+ © 2 tjocio) - (7.17)

~AfoCoO0> - 11
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@ » C

co"-

L4

C

—
= a3 c;4|
. O T o
0 0 1
1 0 07(3)
0 1 2@
0 0 1
i <NB) @
0 1 0
0 0 1
In]$j(0) 1
1 rfjCo)
0 1
0 0
Inl"to)!
.1 F*() . c“1
. 9*(a) where

C

. C «CO+ C =
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an1 @)1+ tiR@EYy

.C .o+ Ce-

2t16G)
In|"3@)I

~In] $! 3)Ff

In|$2 (3)]

0

+\ BA(3) + 0 £2<7(3) + ~A(0)A(0)

6/A(3) + £7(0)

67 (3)

+ e2«2(3)

I ocr(3) ¢ a2 (oi

0~(3)

-C

.Co +

+ A<RA(3) #T<*j(3) + 2°Cldl (B)oc2 (3)

tjoCjisS) + 27 (3) ¢ zX~{Z)

2710 (3)

.co + {c

F*(a)

.0 F*(a)

cf.

(G

. C*1 - e}

and

- q

+

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)
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P ) +(af?)

AT A2

&

Ag <K "

AZ* AZ"
) ?(A27)

Ve Ag-

In formula (7.22) tp is an arbitrary derivation of R. By derivation of

R any function :R- R satisfying the conditions:
NA+T) - T (E) ®)
for all in R
PET ) - <I>(e &£p(0) (©)
is nent.

Numerous and interesting properties of derivations are given and pro-
ved in papers [5], p. 220, [V] and [26], p. 120.

Let # be such a derivation. It is well known that t]J(0) » tj>1) = O,

- -Ff(™) and <PEP) » p4P_1 «IxE) for in R and p «1,2,3,...

If 7 * 0, then <p(i) « - *22 ancj
1 1 rf

Furthermore <9) vanishes on the algebraic closure Q of the field Q
of rationals (in R) and has a dense set of periods. It is well knownthat
any measurable derivation of R is trivial (i.e., identically 0), but
there are non-trivial derivations of R. (cf. ~26[Jp. 124, Corollaries 1
and Corollaries I").

Every non-trivial derivation of R must be a nor-aeasurable function.
Every derivation of R, according to the terminology introduced by S.
Gol8b, is a microperiodical function. Every rational number is period of
any arbitrary derivation of R.

In formulae (7.1) - (7.22)

EGL (2.R)i
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0 » det. A is the determinant of Aj C 1is an arbitrary constant non-
singular 3x3 real matrix playing in formulae (7.1) - (7.22) the role of
parameters Xi (i * 1,2,3), %, %, 6~, fcj, 62 are arbitrary constants
and q is an arbitrary constant vector

Y> *Pie$i (I * 1*2,3) are arbitrary multiplicative functions not va-
nishing identically, i.e., they are solutions of the functional equations:

17) » <p(G) ¥»(7 ). 47 * o0 (10.1)

¥9@7) *YIQC)Fi@)> 47 * 0 (10.2)

S Ty w s1()8ia ) 1. 1r2.3. 41 v (10.3)
respectively with the restriction:

¥»#0, $ 0, o (i -1,2,3). (10.4)

Formulae (7.1) - (7.7), (7.9), (7.-16), (7.10), (7-12), (7-13) and
(7.17) have additional restrictions:

Yr) $ 1. + 1 (G - 1,2,3)for 4 + 0. (10.5)
In formula (7.8) the additional restrictions:
474y # 1 (i.e. ?2(4) + | f°r 4+ °. (10.6)

In formulae (7.3), (7.5) - (7.7) and (7.16) - (7.21) aand O
(i m 1,2) is an arbitrary function satisfying the functional equation:

((47) m<*(4> + (@) 47 + 0 arn

o @7Y M *i(4> + @) 1*12* 4 L0 (11.2)

and the condition

ot# 0, A0 i o» 1,2. (11.3)
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In formulae (7.19) and (7.20) the functions
ot and <« are lineary independent for 4 i O. (11.4)

In formula (7.21) and <2 are arbitrary solutions of (11.2) with
the restriction

(11.5)

The functions 7t and 6 are a solution of the system of functional

equations:

e \ VAR
*(47) «x(£)Xx(>7) - 6 (4)6QU7) (12)
47# 0
6@L7) -*(4X6(0) -*(7)6@) 13)
fulfilling the condition
6#0. 14

Remark 1. Restrictions (11.3), (11.4), (@1.5) and (14) are not essen-
tial. For, if any of inequalities (11.3), (11.4>, (11.5), (14) were not
fulfilled, then the corresponding cases of (7.3) - (7.7) would be reduced
to case (7.2) or (7.3) and cases of (7.15) - (7.21) to case (7.12),
(7.13), (7.16), (7.17) or (7.18). Detailed considerations are given in
paper [IcQ pp. 39-41 (cf. Remark 4.1).

Remark 2. The cases where

vie 0 0
F(A) .Cc. o YO g -
0 0 1
n (@ 0 0
f@) - c . 0 1 0 cr1“cC . 1.7(3)} - ¢c"1
0 0 <P,(3)

can easily be reduced to case (7.12), where

F(A) = ¢ . {1,92, «@j . (CX"1 or

F@ =c*. {l. YIt 468} . (c**)"1.
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Analogously, the cases, where

1 0

F(A) =C . 0 <42(0) i 1} - i
«ija) (o]

fa) = c . o 1 0-1 {*Vvi**} «C1
-0 0

are reduced to (7.13). Detailed considerations are given in paper [Icfj
pp. 35-36 (cf. Renark 3.1).

Every object CO with the transformation formula (7.22) i8 pquival™nt
to an object SI = C-i. co with the transformation formula:

Si*t=1 F*(a) .a + {8 F*(a) - e} . q + g*(A), Where (15.

F*(a) cf. (8*) and g*(A) cf. (7.22)»

where g = C-1 . g is an arbitrary constant 3x1 matrix whose entries
are real parameters.

(Evidently the object £1 with the transformation formula (15) can be
obtained substituting matrix E for matrix C in the transformation
formula (7.22)).

Applying the results of my paper [V]| geometric objects defined by for-
mula (15) and the object

[IS*3 i"m 1.2 with the transformation

formula
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<@ ) )
AT

[?@)7) <PE™) FiA<™ ) R -

+D 1.1 2 v I
[ Al 2 1 2

<PE ) ~(Ag )

equivalent to object (15) called a derivat (z. Karertska "6 p. 151)
were given in paper [6j] (1968).

The name "derivat" is taken from function d> called derivation non-tri-
vial function which appears in the transformation formula (16).
(Evidently the object d with the transformation formula (16) can be

obtained substituting matrix for matrix Q).

Definition. Object d with three components: <% ?6 .6 s with the
transformation formula (16) is called a derivat if the function

g*(A) +
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