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1. Introduction

In this paper we will investigate the solutions of the system

uj - fi (t/ x, u, u*. u*x . u (t,-)) (1)

i = l,...,m, with linear boundary conditions.
We will establish certain sufficient propositions under which the solu­

tion has the limit zero, o r »  , or -oo as t — *-o°.

The studies of these problems were begun by M. Krzyżański ([l], [2] ) 
and were generalized later in [[3] , [4],

The results of the present paper base on the theorems on differential- 
functional inequalities given in Remark 5 below.

Definitions and notations
Let D be an open set in the Rn+1 space of the variables (t, x) =

= (t .Xj,... ,xn ), and assume that interval (0,°°) constitutes the projec­

tion of D onto th6 t-axis, and S* is the projection of D on Rn 3 x =
i °

= (x1 ,...,xn ).s£ may be bounded or not.
For an arbitrary set E c Rn+1 and T 3s 0 let us denot by E-j. the set:

Et = E D  {(t ,x) : t >  T,x e Rn }

Let 0 be a subset of these points (t ,x) £ D, for which there exists
P

a half-neighbourhood:

n

| ( t  ,x ) : ( t  <  t  ) “ x j )2 + -  t")2 <• r 2 J
j=l

containing in the domain D. It is obvious that D c D^.

S~(t > 0 ) ,  denotes the projection of the set DpD {(t,x) : t = tj onto

Rn . S~ is an open set for any ? >  0.
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Lpt 138 such subset of tho boundary 3D, that:

l ° S » 3 D n { [ t , x )  : t > 0 } ,  2 ° S n  Dp = (a. Denote s0 = 3D n {(t ,*) : t - o}

Assumption A . S 0 and S~ for any t >  0, are bounded sets.

Let g1 — i► R+ , h1 : 2 i— *" R+ 1 “ l.....m, where 2 *  c S  ( 2 *  naY bo 
empty for certain i).

In every point (t,x)6 J 1 , there exists the direction li (t,x) orthogonal 
to t-axis, and there exists an open interval of the half-line of the 
direction l1 emerging from the point (t.x) which is also the point of 
this interval, contained in Dp .

For every t >  0, we denote by C(St ) the space of the continuous and

bounded functions Z( • ) » (Z*( •),... ,Zn( •)): St 3 x — *-Z(x) e r ", which are 
put in order in the following manner:

Z(.)a£Z(-). (Z < Z) <=*• ZJ(x) si ZJ(x), (Ẑ  (x ) <  (x ) ).

for every x e St , i = l,...,m.

In this space we introduce the norm:

IIZ|| - max sup |Zi(x)| (2)
IS ism x 6 S t

Let f be the function of argument (t,x,u,q,r ,8) where (t.x) 6 Dp , 
u - (u1 .....u") G R®. q - ( q ^ . . . ^ )  S Rn , r - ( ^ . r ^  rn n ) e R"2

and r ^  « rji,i,J “ 1 ..... n, s eC(S,), its values belong to Rm .

Denote f ■ (f1 ,... ,fm ).

Definition 1. A function u: D-*-r", is said to be 2-regular if u1
—  i i i

are continuous functions for 1 ■ in D # ux# uxx* ut are conti-

nuous in D , and in every point (t,x) e J]1» 1 “ 1.••••■. there exists 
P ^

the derivative in the direction 1 (t,x).
dl1

Definition 2 . We say that u is the 2 “r89ular solution of the system
(1) if for every (t.x) e Dp and u(t,.) e C ( S t ), u la a function V]-r e g u ­

lar , and- if it constitutes the solution of the-ey^t«» (1,).
The function u(t,-) we define as follow: u(t,*)i St~►R®, u(t,*)(x) «
- u(r,x).



The asymptotic behaviour of solutions.. 163

Definition 3. We sav that f is parabolic with respect to the 2  -re-
-----------------------------------  ~ n2

gular function u, if for every pair of arguments r, r e R , the

inequality

fi (t vx.u(t ,x)i u*(t,x).r,u(t,.) - fi (t.x.u(t,x),ux (t*x)'r 'u(t” )

(4)

for (t,x) 6 Dp, i = 1  m and r 5s r, holds.
n

r > r  means, that for every <* « <<n )s Rn , ^  L^ril< " r jk ̂ ^J^k ^
J.k=l

where r ^  = r ^  and r ^  = r ^  (comp. [5] ).

Definition 4 . We say that 2 j “ra9ul^r function u, satisfies strong 
boundary inequalities if there exists T > 0  such that for i = l,...,m 
we have (comp, [sj ) \

1° u1 (T,x) <■ 0 for every x 6 Sj.

2° M^ujft.x) » hi (t,x)ui (t,x) - gi (t,x) gj- u4 (t ,x) 0

for every (t ,x ) e , and

3° ui (t ,x) <  0 for every (t ,x) e ( 2  \ 2 i ) f

Using the theorems about the differential-functional inequalities gi­

ven in Remark 5 bolew, we are going to formulate the Lemma 1 under the
Assumption B^ and Lemma 2 under the Assumption B,,.

We consider the system (1) with the following boundary conditions:

u1 (t,x) -«pjit.x) for (t,x)6 X i \ Z j i I

M^uMt.x) «^(t.x) for (t»x)6 Xf | ^

ui (0,x) -fpft.x) for (x) e SQ J
Lemma 1. Let T ^  0, and the X]“ra9ular function V satisfies for

( t , x ) 6 (Dp )T . 1 “ 1 .... . the inequalities:

vj(t.x) > f i (t,x,V(t,x),V^(t,x),V^x (t,x).V(t,.)) (6)

where V (t, • ) e C (S{ ). We assume also that u is the ][]-regular solu­
tion of the system (1) in Dp, u satisfies the boundary condition (5), 
and f is parabolic with respect to u. If the difference u - V
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satiesfies the strong boundary inequalities according to definition 4 
then u ^  V in (0^ )T .

Lemma 2 . Let T ^ 0 ,  and the 2-fagular function v satisfies for 
(t,x) £(0p)T , i » 1 .....   the inequalities:

Vj(t.x) <  fi (t,x),v,v*(t,x),v^x (t,x ) , v ( t )) (7)

where v(t,*) 6 C(St ). If u satisfies the Assumption of Lemma 1 and
the difference v - u satisfies the strong boundary inequalities then

v *£ u in (Dp )-p

Corollary 1. If all the Assumptions of the Lemmas 1 and 2 hold for
T »  0 and besides for i = 1....,m :

1° V(t,x) e DT V i (t,x) >  0. vl (t,x)«i 0 

2° V 6 > 0 .  3 t o s t ,  V ( t . x )  e (Op)To

Vi(t,x) <  £ and vi (t,x)>  - £ 

then lim ||u(t,<)||t = 0 the norm ¡'||t is defined analogously as in (2).
t -> oo

Corollary 2 . If we create two families of functions Vg and Vg such 

that :

1° V & > 0  3 Tc such that in all the assumptions of Lemmas 1
and 2 hold, °

2° V f c > 0 .  Vfc(t,x) >  0. V g ( t . x )  c  0 in (Dp )T

3° V & > 0, for Tq from 1°, 3 Ti ̂  ̂ o such that V ^ ( t , x ) ^ E  and

V g ( t , x ) >  -  S  I n  ( ° p ) T i

then lim |u (t( ’)||t “ 0 
t-»-=o

Proof. It results from Lemmas 1, 2 that:Vfi>0 

Vg(t,x) >  u(t,x) >  Vg(t.x) in (Dp )T

Therefore - 6 < u ( t , x ) < 6  in (Dr,)T • Hence II n(t, • )|L ^  £ for t > T. ,P I ̂
what complete the proof.

Remark 1. The assertions of the Lemmas are valid independently of the 

initial condition <p0 on s0 * ** " 8 are onlV able to construct the
function v and V just such that v(T ,x ) <■ u(t ,x  ) <■ V(T,x ) on Sj.
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We will establish conditions for the function f, which will enable 
the effective construction of the function v and V.

2. Homogeneous boundary conditions

Assumption C. There exists p: [-6. »)-*• R where <$>0 is fixed but 
arbitrary, satisfying:

1° p(t) > 0

2° lim p(t ) - 0
t~>oo

3° p is continuous, non-increasing

4° p(t) 55 |fi (t,x, 0,0,0,0)| in Dp . i = l,...,m.

We can construct the function p effectively if we introduce:

Assumption D. We denote ^ ( t . x )  = fi (t ,x,0,0,0,0) for (t,x) 6 Dp and 
assume fhat (^1 ,...,^m ) is a continuous function in D and

lim || £(t, • )|| => 0.
t

We put i p( t) > sup || ^ (£,')||<£ for t 5  0 and p(t) = p(0) for - 6 < t < 0  
T ̂  t .

If there exists an index i such fhat 5̂ (t,x) ^  0 for every T ? 0  in
then function p constructed above satisfies all the conditions l°-4°. 

If for every index i there exists T^ >  0 such that ^ ( t . x )  = 0  in 
Qj. , then p(t) may be constructed arbitrarily, according to the Assump­

tion C.
As the Assumption C is weaker than D, we will use it in further con­

sideration.
With the help of the function p we can construct the following func­

tion

t

3 x ( t )  «• J ' p i S j e x p W S  -  t )dS

which, for every A>>0, has properties important for us (these properties 
were proved in £4])

1 °  0 ^ ( t  ) >  0  f o r  t Ss 0

2° 3jJt) is continuous and has the continuous derivative for t > 0  

3° lim J,(t ) = 0.
t->oo ^

Now we can construct the function V = (V1 ,...,Vm ) in the following 

way :
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V i (t,x) = J(t)*vi (x), i = l,...,m, but we shall still need another

assumptions for the adequate choice of functions w 1.

Definition 5. Let L be the function of argument (t,x,u,q,s), where

(t ,x ) e (D )T , u e Rm , q e Rn . S e C(S{ ) its values belong to Rm.
^ o

Assumption E . For Tq S O ,  there exist four functions:
1 2 i

Lk . k = 1,2 (see Def. 5) and w : S * — »-R* and w : SQ— »-R_ continuous

in s£. of class C2 in S1 , which have the derivatives

_i k . i
— T-2----  W (x), k » 1,2 if ( t , x ) e £  . i = l,...,m. We assume that:
dl (t,x)

k
1° For every continuous function <p: £o,°°)— >-R+ , the functions Lk , w,

k = 1,2, satisfy the inequalities, for i « 1 ......

k k k k
sgn w[fi (t .x.'pft )w(x),<p(t )wx (x),0,<p(t )w( • )) -

k k
-fi (t ,x,0,0,0,of] - «P(t )Lk (t ,x,w(x),w^(x),w( • ))

in the domain (Dp)y •
^ o

1 2
2° The functions w, w satisfy the following conditions, for i « l,...,m, 

k - 1, 2:

a) 1 ^  (-l)k+1 wi (x) K  for x 6 S*.

b) (-l)k+1 ' wx x (x) o c ^  i  0 for x &S* and every c(= (o^ <*n )

J.l-l 3 1

. k k. k
c) there exists A,>0, such that Lk (t ,x ,w(x ) ,wx (x ), w(*)) +

u k,
+ (-1)* X w x (x) > 0  in (D )T ,

^ o
k

d) (-l)k+1 Mi (w)(t,x) > 0  on ( S 1 ^  *
o

Assuroption F . Let us denote:

Hq - ■[$ : $ i (*.x) = 'fit ) w i (x), 1 « 1 ..mj where <f e ̂ ([o.o®), R+)

and wi (x) = wi (x), k = 1, 2 are as regular ae it was assumed in 
Assumption E, and satisfy the conditions a), b). We assume that f is 

parabolic with respect to every function (J>6Ho.
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We prove now

Theorem 1. Let us suppose that f satisfies Assumptions F.B^.Bg and the 
Assumtions C and E hold, for Tq » 0, in D^* Let u be the ^ - r e ­
gular solution of the system (1) in Dp, satisfying the boundary condi­

tion (5) with:

o n £ \ £  i . =  0 or and = 0 on SQ .

We assume moreover that f is parabolic with respect to the u.

Then lim [|u(t, )fl « 0. 
t-»-0o

Proof: We take A.>0, for which the condition c) of Assumption E is 
satisfied. Put 3(t) » 3-Jt)\nd Vi (t,x) = D(t )wi (x),vi(t ,x) ■» 0(t)wi (x),

1 = 1  m in Dp. Notice fhat V ■ (V1 , . . . ^ 1*) and v » (v1  vn )

are the 2 " re9ular function in Dp and V(t,*)» v(t,') belong to C(St ) 
for t >  0.

We will prove that the functions V and v, constructed above satisfy 
the propositions of Lemmas 1, 2. First we verify inequalities (6).
We apply succesively the Assumption C, inequality (8) for k = 1, condi­
tions a), c) and b) of the Assumption E, and finally Assumption F, 
and by this way we abtain

V*(t,x) - w1 (x)3'(t) >  p(t) - ^ ( x p i t )  S* - ^ ( x W t )  + 

fi (t ,x,0,0,0,0) 3® D(t )Q-Awi (x) + Lj(t,x,w(x),wJ(x),w1 ( • +

+ fi (t,x,V(t,x), V*(t,x).0.V(t. •) )>

>  fi (t,x,V(t,x), V^(t.x), V^x (t,x), V(t,-)) in Dp.

Analogously we shaw that v satisfy the inequality (7) in Dp.

Now we will deal with the boundary conditions. 0 n ^ j \ 2  for i °
* l,...,m, and on So we have v^(t,x) <  0 =  u(t,x) <  V^(t,x).
It results from the condition d) of the Assumption E that we get

M1 (ui - V i )(t,x) = -hi (t ,x)Vi (t ,x) + g1 Vi (t,x) =
dl

1 1 
- 0(t)(gi (t,x) -4r Wi ( x )  - h V ( x ) )  ^  0 

dl1

and similarly Mi (vi - ui ) ( t , x ) < 0  on X j1, 1
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Furthermore applying the condition 3° of the function 0 (and the 
Inequality a) of Assumption E) we conclude that all the propositions of 
the corollary 1 hold in the domain D, that completes the proof.

Under linear boundary conditions the theorems 1 in [4] is a particular 
case of the above theorem.

3. Some examples

Example 1. We consider the case when the system (1) is reduced to the 
one differential equation of the parabolic type:

n n
ut (t,x) - I a ^  (t ,x)ux x (t,x)+ ^  bk (t,x)uk (t,x) +

i.j»l 1 J k=l

+ c(t,x)u(t,x) - f ̂ (t , x ) (9)

Now the inequality (8) has the following form:

sgn w |y(t bj(t,x)wx (x) + c(t,x)w(x)J| ^
'j«l J

k k
^  )Lk (t.x,w(x),wx (x)), k = 1, 2, for every (t,x) G Dp.

We note that in the case of sgn w = 1 we can put

1 1 JL, 1 1
,x ,w (x ),<n (x )) - - y  | b^(t.x)wx (x) - c(t,x)w(x)

2
and if sgn w = -1 then

2 2 n 2 2 
L2 (t ,x,w(x),wx (x)) = b^(t,x)wx (x) + c(t,x)w(x).

J-l j

Hence the inequalities c) can be written in the form
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Tha coefficients and c are known, therefore taking an arbitrary
parameter fa >  0 we can find the solutions of the inequalities (10).

W ©  can give an example of such solutions:
2 1

Obviously we have w » -w. Assume for k » l,...,ra, bk (t,x) <
^ - B o  < 0 ,  c ( t, x) ^ c , c ^  0 and let the following condition B -Kc > 0  o o .  a . 0 0
hold true for K > 1 .  Suppose SQ is bounded, denote R = diam and for

suitable fixed iQ we set w(x) = K-expfR-x^^ ), assuming that the origin
of coordinates 6 S*. 0

1 %  + h Then we have 1 ^  w(xA ) ^  K, where K >  max(p + l.jj — pj----), jj= exp 2R,
0 0 B - Kc

0 <  g1(t,x) go and 0 <  hQ ̂  h1 (t,x ) ^  h on If we set 0<fa<‘ K —

then the first one of the inequalities (10) obtains the form: 

n 1 1

■ E
k=l

bk (t,x)wx (x) - ( c ( t , x ) + fa)w(x) 5* BQ - K( c q  + fa) >  0.

2 1
We see that w ■ -w satisfies the second of the inequalities (10), for 
the same number fa.

Vet we shall examine the conditions d) of the Assumption E.

We have

g1 (t,x) -¿j- w (x ) -h1 (t,x)w(x) i£ (gQ + h)exp(R - xt ) - K <  0 
dl o

2 1 ! 2
for the above fixed K. So is also for w ■ -w, M (w )( t, x) <0 .

If we suppose that f is continous in D and lim f.(t,x) = 0 uni-
t-*»

formly with respect to x, then we can construct the function p in the 
same way as we have done it on the page 165 (under the Assumption D) and 
then the Assumption C is held. Thus all the Assumptions of the Theorem 1 
are satisfied and we obtain lim u(t,x) « 0  as the result.

t-Voo
Analogously if b (t,x) Ss B >  0, taking w(x) = K -exp(R + x. ), we 

k ° io
can prove the same property of the solution of the equation (9).

We have supposed, that K satisfies two inequalities:
g, + h B ,

®ax(A + 1,£> — ----) <  K <■— For simplicity of our consideration let
1 o co + A

8,
us establish jj * 1 <  K <  c ^  fa hence

((Î + + A . ) 30 ( 1 1 )
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Setting cQ as a constant we obtain from (11) the restriction of Bq , 
or for the diameter R, as (1= exp 2R. If we want the inequality (11) to 
hold for arbitrary R it is sufficient to put a stronger condition on 
the coefficient c(t,x), for instance c(t,x)sg c q exp(-Vtt), X  >  0.
Then for sufficiently large t >  TQ >  0 and convenient A.5* 0, the inequa­

lity (11) holds in Dt (comp.th.2 ln[4]). The inequality c( t ,x) x cQexp(-ftt) 
o

is the particular case of the Assumption od the theorem 2 (comp,

remark 2 below).

Example 2 . We will give the example of certain equation of which the
solution does not converge to zero and we shall prove that the Assump­

tion E does not hold in this case.
t2  X

The function u(t,x) « — =— *■ . sin where a > 0  is arbitrary,
1 + t^ V a

satisfies the equation a . u + u ♦  Zt| • 8in = ur in the
xx (1 + tz )2 V «

domain 0 ■ (0 <  x(0 ,oo), and u is equal to zero for Xj = 0,
x2 * T t a n d  for t ■ 0,. but u does not converge to zero, as t->-<x> , in 
the whole interval £o, TC'/a'J. For $  6 HQ , sgn $  = 1, the condition (8) 
has now the following form f (t ,x,$( t ,x), <£x ( t ,x) ,0) - f(i,x,0,0,0) =

= 6(t,x) ̂  - <p(t) L(t ,x,w(x),w(x)). Setting $(t,x) - 0(t)w(x), in virtue
*  T i X 1 1 1

of tT) we get <£(t ,x) ■ 3(t )w(x) «£ - 0(t ) A-w(x) = >  w(x)(l + X) 0.

This however contradicts the condition a).

3, Non - homogeneous boundary conditions

We shall get a generalisation of the theorem 2 of [4 ] only for the 

linear boundary conditions1 .̂

1 ^The proof of the theorem 2 in [4] is not quite correct. A mistake was 
made in the proof of the inequalities

(*) V1 5= fi (t.x,V,V1 ,V1x ) i = l.....m;

We shall now carry on this fragment of reasoning in the correct way. 
For g > 0  and T(£) > 0  the following estimates hold:
-i, T , d exp[-X(t-T)] d. dx

■ r -  • » p O . - x x  <  r-

for A.< yC, where dj = (expXT)d, s =  ̂ [l - exp(-A.6)].

Applying the assumption (24) from page 249 in [4] we have
1 * di

A - -A* - 6 i (t - T)mK - a £ + ^ ( t  - T) wx is -KA.+ 'f - —  m£.

djE d± m £ A.
but —  ■ “ p ( 0 ) [ l  -  e x p f - S W J -



The asymptotic behaviour of solutions.. 171

The following definitions and assumptions will be used:

Assumption E.» For T >  0, there exist four functions: L. , k = 1, 2,
l k 0 k

(see Def. 5) and w, k = 1, 2, which are as regular as it was supposed in 
Assumption E. We assume that:

1°. For every £ 6 (0, £ Q ). where £ o arbitrary but fixed number, and

for every continuous function f: [o,00) — >R+ < the functions Lk , w, k = 1,2,

satisfy for i = l,...,m, the inequalities:

k k k k
sgn w [fi (t ,x,«p(t )w(x) + ̂  .«pit )w*(x),0,<p(t )w( •) +£) -

k k k
- fi (t,x,|,0,0,^)] -<p(t)Lk (t,x,w(x), w*(x),w(0) (12)

in the domain (D )T .

O ° k2 . The functions w, k = 1, 2, satisfy the conditions a), b), c), d)

of the Assumption E.

Assumption C^. For every ^e(0, £ Q ) exists p^ : £-6,°°)-»- R, for 6 > 0  
arbitrary fixed, such that:

1° p^(t) > 0

2° lim p,. (t ) = 0 
t->oo S

3° p^ is continous and non - increasing

4° p^(t ) ̂  |f * (t ,x,^,0,0,^)| in Dp, i « 1,... ,ra.

Remark 2 . In the case of one differential equation of the form (9) we

have f(t,x,|,0,0) ■ c(t,x)£- fjft.x). Assuming that the functions c 
and fj converge uniformly to zero, the Assumption holds. The
inequality (12) is satisfied by just the same functions Lj and L2 as

those in the Example 1.
The non - homogeneous boundary conditions will be considered under 

suitable:

Assumption G,̂. Let h (t ,x) ^  hQ , where 0 <  hQ <  1, on i ■ 1«• • • »ro* 
Suppose that for every 6 > 0  exists T > 0  such that: |^(t,x)| 6 for

every (t.,x) and for everV (t.x) 6

cd. notki ze str. 170
Since up to now 6 has been an arbitrary number so we can set <5 = and 

d m 6  d . m S A  P d^m 6
therefore ■ —  — » ---- . and hence A A  -K - ,

3 p(0 )(1 - e"1 ) L p(0 )(1 - e 1 )J i.
Since A ^ V t  can be arbitraily small, we notice that A 3= 0 and hence 
the inequality (#■) holds.
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Thaoram 2 . Let f satisfies Assumptions F,B1 ,BZ , and let Assumptions Cj, 

E.̂  hold in (Dp )T . Let u be the X]-regular solution of the system (1)
o 
at

the boundary conditions (5) under the Assumption G, then
in Dp such, that f is parabolic with respect to u. If u satisfies

lim || u(t. • )|| = 0.
t->-00

/
Proof. We establish for arbitrary E = ^ >  0 the number = ho 6 .

We choose a suitable T. is TQ for this S^, so that the inequalities of

Assumption G. hold on ¿¡ t  •
1

Let be established according to the Assumption E^ in (Dp)-r .
We denote i> )f j = Kq . 1

Let Pe (t\) be the function defined by Assumption C,. We construct the
  o ofunction p, which satisfies the conditions 1 - 3  of C j , such that

p ( t ) ^ P j ( t )  for t > 0  and

r k  a,. -,
P (0 ) >  max \ pp (0), ----- J (13)

I  6 (1 - ¿Jaxpi-fc.T.) J

We set p(t) = p(0) for - — ■ <  t <  O.
'n

1
Taking D(t) = 3^ (t) = J1 p(t)exp[A,1 (f-t )]dt, we can define Vg(t,x)

1_
X1

2.
= 0(t)wi (x) + £  and vj(t,x) = 3(t)w1 (x) -fi, i = l,...,m. Due to the

* 1 2
conditions which satisfy w and w (see Assumption E^), the function

Vc and v„ satisfy the inequalities (6) and (7) in the domain (D )_ .
«- £ , P ‘l
The proof of this fact is similar to the adequate part of the proof of 
the Theorem 1. Now we should verify the boundary conditions. Let us notice 
that (comp jV]: the property 6° of the function 0, and assumption (13)
above) for every x 6 S_ , i = l,...,m we have

'l

0

Vg (Ti , x ) - 0(T1 )wi (x) + 6  >J p('C)exp[X1 (t - T ^ d t r s *

1_

p(°) jq- (1 - ijexpC-^Tj) >  Kq 5 - ui (T1 .x)
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and similarly *

1 0
V g di .x ) c  - a ( q )  <  -  j  p(t)exp[^CC- Ta )]dr <  -Ko é  ui (T1 .x).

1
^1

It follows from the condition d) of the Assumption Ej that

M ^ u 1 - Vg ) ( t ,x ) = +

1 1 1
+ a(t)(gi (t,x) -4 r wi (x) - hi (t,x)wi (x)) - 6 hi (t,x) <  

dl1

<  ( t , x ) - hQE » tp*(t,x) - <■ 0 for every (t.x) 6

Analogously Mi (ui - Vg)(t,x) > 0  on (y* )T

< 1 1 i
We have also Vg (t ,x ) >■ D( t ) + 6  >  hQ & * q  and Vg (t ,x ) <  - 6 ^ on

( X A E 1 )^* Hence vE1 ( . , x ) < u i ( t , x ) < V ei (t,*) on ( 2 \ S i )Tl-

Applying the Lemmas 1 and 2 we get Vg <  u <■ Vg in (Dp)j •

Now we see that ! V &  “ ̂  >  0 , ]] Tg ^  Tj so thst 0 <■ V^(t ,x ) <  17 and

0 >  v„(t,x) >  - n  for (t,x) e ( D J t  in virtue of Corollary 2 we have
V 1 p 'z

lim||u(t, *)||t * 0 what closes the proof, 
t -*■<*>

Let us notice that u has the limit zero independently of the initial 

conditions (comp. Remark 1 ).

4. The case of the Improper limits

Assumption Cg! There exists px : [o,oo)-»-R, which has the following 
prepertlo3

1° Pl(t) > 0

2° lim Pjft ) “ oo 
t oo

3° p^ is continuous non - decreasing function

4° there exists Tj >  0 such that for i • 1 ..... »,

P l ( t ) ë  f A ( t ,x, 0 ,0 , 0,0 ) in (Dp )T ^.
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Remark 3. We denote {^(t.x) = f i ( t ,x,0,0,0,0 ) for (t.x) 6 Dp and

assume that ^  ■ (£*,... ) is a continuous function in D. Setting

l?(t, •) |,. = min inf | ̂  i (t ,x) I , we assume lim l£(t, •) I = <*= » then we
1 l«i«m St t-»» 1

can put p,(t) « inf |fc('K, •)!*-
1 T>t <•

Now we Introduce a new assumption concerning the boundary condition (5),

Assumption G„. There exists >  0 and T2 ^  0, such that for

i - 1  n we have .*) >  00 ^ 2 ^  *x ̂ ^  ^

 i P,(t)
on ( 2  )t2 - ui^T2 'x ^ ~ X —  00 St2 "

Remark 4 . If T- = 0 and the last condition in Asumption G„ holds,
4 4 ̂  ^

then X^ . <p > f  (0 ,x ,0 ,0 ,0 ,0 ), i = l,...,m, that means that the solution 
is essentially dependent on the initial condition.

Assumption £„. For Tq ^  0 there exist two functions: (see Def 5)

and w : S1 — >■ r” as regular as it was assumed in E. We assume that : o +
1° For every continuous function f> : ("0,°°)— >-R the function L, and

3 + 3
w satisfy the inequalities:

. 3 3
f (t ,x,<p(t )w(x), <p(t)wx (x), 0 , <p(t)w(*)) -

3 3  3
- fi (t,x.0,0,0,0) - <p(t)L*(t,x,w(x). wx (x). w(-))

in (D )T , for i » 1 , 
^ o

3i2 The function w (x) for i = l,...,m, satisfy the conditions: 

aa ) 0 <  W*(x) 1 for every x 6 S*

_ n 3

bĵ ) | w^ x (x) ot̂ oCk >  0 for every x 6 and every <£= (otj,... /^)

J.k-1 J k

C j ) there exists A»3> > C j  such that the following inequalities hold, 
for i = 1 ,...,m:

■i 3 3i 3 3i
L3 (t,x,w(x), w^(x ).w( • )) - A,jW ( x ) < 0  for every (t.x) e ( D Q )T
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Assumption Let us denote:

H1 “ : D — 1 * 1 ">}

where <p e C1 ([o,00 ), R+ ) and wi(x) = wi (x) as regular as it was 
assumed in Assumption E and satisfying the conditions a1 ), b ^ .
We assume that f is parabolic with respect to every function <J> e H^.

Let us denot 3 ^ ( 0  = J P1 (t')expj\('C - tjjdt for arbitrary A,>0.
We have obviously 0

lim a.(t) »oo . (15)
t->oo *

Now we prove

Theorem 3 . Let Tq be so established that the Assumptions E2 in
(0 )j and C2 for Tj » T , hold. Suppose that f satisfies the 

o
Assumptions F^ and B2. Let u be the 2 j " r89u^ar solution of the system (l)

in D , such that f is parabolic with respect to u in (d d )t  *
^ ^ o

Furthermore let us suppose that u satisfies boundary conditions (5) under
the Assumption G2 for T2 = T0>

Then we have lim |u(t, )| « o o  (comp Remark 3).
t—►oo

V
Proof. We establish K, according with the condition c., ) of E0 and

3 3 3
we put 0 = 3^ . vi (t,x) « 3(t)wi (x), i = 1.... . It is easy to prove

that v satisfies the system (7).

Since 3( t ) ^  Pĵ  (t ) j^expAj (t  - t )] * ^ *

^3

p, (t ) p.(t)e-1 Pitt)
° — 3 iq  exp -(V ) < - -

therefore for the function v - u satisfies the strong boundary

conditions (def. 4). In virtue of Lemma 2, v <  u in (D )_ . From the
H o

conditions (15) and a.) of the Assumption E_ follows lim |u(t,•)11“ 00
1 ^ t-»-oo

Establishing the symmetric assumptions we can give the conditions for

which u — *--oo for t — ►  oo .

Example 4. Let u: D — ►  R be the Xj-regular solution of the equation 
^  3 3 n 3

(9) of parabolic type. We set Lj(t ,x,w(x ),wx (x)) = - b^Ot.xJw^

- c(t,x)w(x) similarly as it was made in the example 1. Let the index iQ
be established.so . that — R ^  x^ ̂  0. where 0 <  R ^  °° is the diameter

o
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*1
of Sx. Let us take w(x) » w(x) » exp xA . Now we have wQ =■ exp(-R)^

n „
^ w ( x ) ^  1 and w et, <*, ■ w „ <*.¡35 0. Let us suppose that

C p l  XiXj J Xi0 10 Xo
3 3

0 <  b ^ b . ( t , x ) k » l , . . . , n t and c„ <  c(t ,x )i=0 then (-Aw+L, (w))(t ,x) »O K  O J
n

Setting max(X,, - cQ exp R - bQ ) we see that ) holds.

Let us assume now that on 2 *  we ^ave 0 <  h(t,x ) <  1 and 0 <  g(t,x) <

< 1  - h(t,x). Hence h(t,x)w(x) - g(t,x) jjy w ( x ) <  h(t ,x) + g(t ,x ) <  1

on S 1* We 888 that all conditions of the Assumption E2 hold. If we
set 11m -f,(t,x) » oo uniformly with respect to x € S*. and furtherly

t-»»
- f . ( t , x ) > 0  for t >  T . then we can define p. (t ) = inf | - f. (*C, • )L», 

1 0  J. f  3= t '*
for t 3= T , Pj(t) « Pl(T0 ) for O é  t <  Tq and after that we can use 

Pjft) to construct OjJt). In virtue of the theorem 3 we get:

Corollary 3 . Let us suppose that: lim - f.ft.x) = oo and the follo-
t -*-00

wing inequalities hold in ! ° b g ^ b ^ C t . x )  k = l,...,n,
^ o

n _ 1
c„ *= c(t,x) *£ 0, >  ) a., (t ,x)oC.«c. ^  0. If on tha boundary' ( 2  )T there 
0 ij-l XJ 1 J ‘o

is 0 <  h(t ,x ) <  1 and 0 <  g(t ,x ) <  1 - h(t,x), then 2 j “re9ular solu­
tion of (9), which satiafies boundary conditions (5) under following 
assumptions :

u ( t . x ) >  00 ' h (*»x M t »x ) " g(t.x) gj u ( t. x) >

^  on • u(T0 .x) :> -Pĵ — •' on

converges to +oo for t —»• oo , uniformly with respect to x.

Remark 5. Now we will formulate two theorems concerning differential- 
functional inequalities, which were basic for the two Lemmas 1 and 2 gi­

ven at the beginning.
Assjmption , k - 1,2. Let u, v be 2-regular. We denote

Nk “ {(*•*) e D p * (-l)k+V ( t . x ) >  (-l)k+1vi (t,x)} . We assume that
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(-l)k+1v* « (-l)k+1fi (t,x,v.v^.v^x .v(t,•))

for (t,x) 6N^. Next we assume that there exists M: ■[( t ,x ,s ,q ,s (t, •) )}->Rm ,

where s e C ( S t ,Rm ), such that for every i = and every pair of

arguments of f we have

sgn(xi~s“i ) rfi (t.x,s,q,r,s(t. •) )-fi ( t ,x ,s ,q ,r ,s (t , •))] <
2

^ M ^ t  ,x,x-s,q-q,s(t, • )-s(t, •)) for (t,x) 6 Dp and arbitrary r e Rn .

Next we assume that for every z:Dp— »-Rm # bounded from above in the set 
N* (bounded from below in the set n|), in every point of the set N^,

in which max Q-l )k + 1zp (t ,x)] ?■ 0, we have 
P

Mi (t,x,z(t,x),0,z(t, •)) <  max sup [(-1 )k+1zp(t ,x)] K, for a certain K e R.
P st

Theorem 4 Let u, v be 2 -ra9ular for which tha Assumption B^ holds 
and f* are parabolic with respect to u. If u-v satisfies boundary

inequalities according to Def. 4, then u ^  v in (Dp )j»

Theorem 5. Let u, v be 2 “re9ular f°r which the Assumption B2 holds 
and fi are parabolic with respect to u. If v-u satisfies boundary

inequalities according to Def. 4, then u ^ v  in (Op)-j-»
Proofs are easier then these of the Theorems 6 and B given in paper 

[V], therefore we omit them.
Notice that from the Theorem 1 it results, that if the posed boundary 

problem for system (1) has a solution, then this solution is unique.

Remark 6. The Theorems 1 and 2 of the paper 4 can be proved under 
the Assumptions Bĵ  and B2 too, as they are particular cases of the 
above presented Theorems 1 and 2.
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