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ON SUBSEMIGROUPS AND SUBGROUPS OF THE GROUP L*4
WITH A FAITHFUL PARAMETRIZATION

Let R denote the set of real numbers and Rq : * R\{o|. In the set G =
= Rq x R3 we consider the following operation

< <*l'ct2 ’oC3 ,c<4 >  = + ^ 2 ^ 1 ' (l)

(ilC«3 + 3 ^ 2 ^ <*2 + . <^4^1 + ^4cCi + 4 P>2cCld 3 * ¥ 3 * 1 * 2  + ¥ 2*2 *

The set G with the operation defined above is a group (cf. []l] p. 24, 
[5]). The neutral element is < 1 ,0 ,0 ,0 >  and the inverse element for

<I31 '£2 '(̂ 3 ' P>4>  is

. 1  h  ¥ 2  h  1 0 h P 3 1 5 fii ^4 \

Pi ' T T ' f i t

This group is denoted by (cf.
In this paper we shall find certain subsemigroups and subgroups of the 

group L* with a faithful parametrization. Certain such subsemigroups 
and subgroups are determined in [V].

Subsemigroups and subgroups with a faithful parametrization of a 
certain two-parameter group are considered also in [V].

1 . J. Dhombres defined a set with a faithful parametrization |~4~|

Definition l.([Vj p. 267) Let G, F be two non-empty sets and H - a 
subset of the cartesian product G x  F. We say that H has a faithful 
parametrization if there exist-a set E and a mapping g: E ont H(g(u) *= 
« <ot(u),|5(u)>, u e E )  such that either

(i) (3(E) = F and (|S(u) = jł(u) c*(u) = <*(u'))
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or

(ii) <*(E) = G and (<*(u) = <*(u') = >  |J(u) = j5(u0).

We generalize thi9 definition.

Definition 2 . Let G1 #...,Gn be non empty sets and H c G ^  ... x Gn .
We say that H has a faithful parametrization if there exist a set E 
and a mapping g: E ontti- H (g(u) ■ <ot, (u),... ,t*n (u ))> such that

V  roC± C E ) = Gi and (ot^u) = (u') == >  ̂  (u ) = otj(u'))

“ i 1  "J v

for j 6 {l,... .n}J. (2 )

We prove

Theorem 1. A set H c  Gj» ... x G n has a faithful parametrization if 
and only if there exist i e  {l,...,nj and mappings f k : Ĝ —̂ »-G^ for 
k 6 {l,..,,i-l,l+l,...,nl such that

/

H = { < f 1 («)............................  fn (ot)> ! c<eGi}-

Proof. Let H c G 1 * . . . x G f1 and H be of form (3). Let E = G^ and 
g(u)sa < f 1 (u),...,fi_1 (u),u,fi+1 (u)....,fn (u)> for u e E.

Then gs E ont3> H and (2) holds.
Conversely, let H has a faithful parametrization. There exists a 

set E and a function g: E ontS- h such that (2) is fulfilled. Therefore 

H is of form i

H »{<<*. (u),c^(u),...,otn (u)> : u g e }, (4)

and. <*^(E) ■ G^.

Choose w eGj. We obtain from (2) that s-ot̂  ) is an one-

element set for every ke{l,...,nj. Therefore

fk (w ) i - } c*k(<*Z1 ({w})){X)

is the mapping from G^ into G^.
Let u £ E and ct^u) ■ w. Then uect"1 ^ « } )  and it follows from 

(5) that

X (u ), cĈ  (u )...........)> ■* < f  1 ( n ) , f 2 (vi),..., fi_1 (w),w,fi+1(w),... ,fn (w)>

x ̂ } { a } { denotes element of an one-element set {a}.
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Therefore

H : it e o j .

For any « C G .  there exists u G E  euch that <*^{u) = w, and we obtain 

from (5) and (4)

| < f 1 (*»).....w,...,fn (w)> : w e G ^  C  H.

This completes the proof.

In virtue of Theorem 1, the problem of determining of all subsemi

groups or subgroups of the group L4 with a faithful parametrization 
reduces to the description of subsemigroups or subgroups of this group 
of the following four forms:

Gj:-{<*.«p2 (cC),<p3 (oC).<f4 (<i)> : * 6 R 0 }' where

G2 :« |<Y> 1 (ot),ot,<f3(ct),«p4 (oC)> : * 6 r } ,  where 

^ s R — ^ R for i = 3, 4.

g3 :» { <<f j ( < * ) . (<*)«<*. ¥4 (“*)> ! ** 6 R  }• where ? 1 :R Ro and ^

<pA : R — *■ R f or 1 0  2 , 4 .

G4 :o |<'p1 (oc),Y2 (<*).Y>3 Î£*^aÎ>! * 6 R }* where <f 1 : R — 1»- RQ and (9 )

« f ^ R — ►  R for i « 2, 3.

In this paper we shall consider four above cases. We shall find all 
subsamigroups and subgroups of form (6 ). In the case (7) we assume that 

is continuous and we find all subsemigroups and subgroups of this 
form under this assumption. In the cases (8) and (9) we give only some 
examples and some partial results connected with this problem.

2. Subsemigroups and subgroups of the group L4 of form (6 )

It follows directly from the definition of the operation in L4 that 
a subset Gj is a subsemigroup of the group L* if and only if func

tions 'fg* ¥3 * ¥4 satisfy the following system of functional equations:

— *• R for i = 2,3,4.

(6 )

— *■ R and (7)o

¥ 2 (|b<*) =(Jf2 (c*) + c*2<f-2 (j5), (1 0 )
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*P3 (p<*) -P«P3 (o6) + 3<*<p2 (|b)<p2 (o6) + cC3«P3 (j2>). (11)

= (î<p4 (œ) + 0C4<p4 (^) + 4«f2 (|5)f>3 (oC.) + 6ci2<p2 (<<)<^(p) +

+ 3f2 (p>)<f§(oC)X) (12)

A subsemigroup G.̂  is a subgroup of the group l_4 if and only if 
functions <p2> <p3 , tp4 satisfy the following system of equations:

' V j s 1 • - ~ r ^ '  < « >

V3<|> -

1  10«p2 ((5)?3((3) 1 5 ^ { p )  y4 (p)

V* lf ]  iè (15)

This follows from the definition of the inverse element for 

<j3l'f)2 'P>3'P4> •

Now we give the solution of system (10)-(12) in the class of mappings 
^  : Rq— »■ R for i = 2,3,4.

The general solution of the equation (10) is the set of following 
functions :

<p2 (ct) = p(<*2 - oC). (16)

/
where p is an arbitrary real constant (cf. [[5] Théorème 1).

Suppose that («p2 ,<p3 ,«p4 ) satisfies the system ( 10 )— ( 12 ). We get from 
(11) and (16)

<f3 ((jcc) = |5<p3 (oC) + ^ ( p )  + 3p2 ct(<i2-oC.)(|32-|3). (17)

If tp3 satisfies (17), then it is of form

f 3 (oC) = l(cC3-ot) + 3p2 (oC-oC?). (18)

where 1 6 R  (of. [6̂ ] Théorème 2).

x ^In this paper <pk ( at) denotes ^(ocfj k .
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Now, by (16), (18) and (12)

<p4 (jioC) = ( J f 4 (c*) + ct4 <P4 (|5) + 4csp l(jb 2 -(« ,)(o t3 -o t)  +

+ l2oep3 (p 2 -( i) (d :-o (? )  + e c ^ p te 2 - « ) ^ 3 - ^  ♦ 3p2 (|J-p2 ) ]  +

+ 3p3 (fJ2 -|5)(cC2 -cC)2 .

Let us denote

F (o t,(5 ) ; = 4<«pl(j52 - j i ) ( o t 3 -o t) + 12ocp3 (p 2 -|b)(oC-o(?) + 6poC2 (oC2 -cc:

• [ l ^ 3-|i) + 3p2 (|5-(i2 )] + 3p3 ((52-|5)(<*2-o02.

Then (19) implies

f 4 (< *p ) = < *? 4 ( | i )  + jJ 4 tp4 (< *) + F ( ( i , o ( ) .

It follows from the above equality that

<f>4 (f2>o0 = j i t p 4 (oC) + <*4<p4 ( (3 )  + F ( r f , p ) .

and in virtue of (20) and (2 1 ), we have

'P4 U ) ( | 5 4 - |5 )  = ' f y p H « 4 - « )  + F (< *.£ > ) -  F ( ( 5 , « )

Setting in (22) jb = -1 we obtain

< p . ( - 1 )  , F ( o C , - l . )  -  F ( - 1 ,  oc)
? 4 (ot) = ^ ---  (<*- OC) +  g---- .

<P4 ( - 1 )
Put p1 = ' 2  • Then, in view of the form of F , we h(ave

<f4 (oC) = p^oC ^cC ) + (oC2 - l ) [ 2 p lo t ( 2 o t - 3 )  -  1 5 p V ] ,

It is easy to verify that every three functions ip,,, <p3 . *p4 t 
(16), (18) and (23) respectively, satisfy the system (10)-(12).

We have proved

Theorem 2 . The general solution of the system(10)-(12) is the 

triplets of functions <«p2 ,<p3 ,tp4>  'Pi:Ro~~l*~R ' where

J>2 (d )  = p ((*2 -oC),

183

(19)

(20 )

( 2 1 )

(22)

(23)

form

set of
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<p3 (ot) = l(ac3-at) + 3p2 (o6-d?),

■ P ^ * 4--*) + (flC2-l)[2pl<*(2<*-3) - 15p3rf2],

and p, plt 1 are arbitrary real constants.

Therefore we have that a subset G,̂  of the set G of form (6 ) is a 
subsemigroup of the group (G,«) if and only if <p2 , <p3 , <p4 are of the 
form (16), (18) and (23) respectively.

Every triplet <̂ 'P2 »'P3''P4> which is 0 solution of the system (10)-(12) 
satisfies (13)-(15) too. Therefore we have

Theorem 3. Any subsemigroup of form (6 ) of the group l-4 is its 
subgroup.

*
3. Subsemigroups and subgroups of the group L̂ j of form (7)

Using (1) and (7) one can easily prove that a subset G2 of form (7) 
is a subsemigroup of l-4 if and only if the triplet <<p1 ,y3 ,<p4 >  is the 
solution of the following system of functional equations: /

^ ( c C ^ ((3) + (3<p̂ (cC)) » < P i ( f > ) .  (24)

T 3 («*^(p) + |3 *Pi (<*)) = tf1 (p)'P3 (ot) + (oC) + <p3 (f))<f̂ (oe), (25)

^ ( c t Y l ^ )  + P ‘f’i(<*)) “ + + 4(lfl(*)f 3 (0C) +

+ 6«<^(|3)^(<*) + 3p>d?. (26)

It follows from the form of the inverse element to ’ P a ^

that a subsemigroup G2 of form (7) is a subgroup of L* if and only 
if functions <p3> <p4 satisfy the following system of functional
equations:

v  ( 6_ )  . 
Tl ^((i)

(27)

B (28) 

r 4 (- 3 ^ - )  ■ ' (2 9 )
^ ( j b )  f f ( p )  f j ( p )  < f f ( ( 3 )
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Now we prove

Theorem 4 . The general solution of the system (24)-(26) in the class 

of triplets °f mappings such that Y*! :R— R0 'fi ia conti
nuous, tf3 , <p4 sR— »-R is the set of following sequences ,<P3 .Y*4>  •’

?!(<*) - 1. (30)

Y>3 U )  = c<* + |  at2 , (31)

? 4 (<*) - g(<*) + 3ot(ot2-l) + 5c(cC2-cC), (32)

where g is an additive function and c -a real constant.

Proof. Let «Op^ ,*p2 satisfies the given system. It was proved in
[7] that if «p̂  is continuous and satisfies (24), then f^fct) = 1.
By (25), (26) and the above result we obtain

'pjte+p.) « 'f’jfot) + f>3 (p) * 3<*(J, (33)

+ 4^>p5(<=6) + 6ot<fij(p) + . (34a)

Let h(<*): = Y’3 (<*) - |  <*2

If Y 3 satisfies (33) then h is additive.
Therefore if Y 3 is a solution of (33) then there exists an additive 

function h:R— >-R 3uch that

<p3(oC) . h(ot) + |  ct2.

In view of the form of ^ 3 and (34a) we have

Y>4 (oC+|i) ■ + <f>4 ^  + 4^h(of) + 6oCh(p ) + 9(oC+Jb)csp>. (34b)

Since the left hand side of the above equality is symmetric, we obtain

/\cth(|l) » fj h(oC).

<*.|b

Therefore for |J = 1 and c := h(l) we have that h(oc) ■ coc. We obtain 

from (34b)

* Y ^ 0̂  + Y V i ^  + i°CoCp+ 9ocp(<*+|l). (35)

Now we define

g(oc)i = " 3 (o t3 -c fr) - 5c (cC2 -  c t ) . (36)
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We prove that g is an additive function;

g(oe+|J) = (2>) - 3 (<* + (>>)((oc+ jj)2 - 1) - 5c((oe+ß)2 - cc -jä) =

= ? 4 (0t) + + 10cotp+ 9c«(5(ce+p) - 3(ot3-cc) - 3((ä3-|5) -

- 9<*ß(a&+15) - 5c(c*2-cC) - 5c((l2-(2>) - lOcrtjJ = g(oc) + g(jä).

Then by the additivity of g and (36), <p4 is of form (32). Hence, if

satisfies the system (24)-(26) then <p3> <p4 are of form
(30), (31), (32) respectively, where c is a real constant and g is 
a certain additive function and g :R— *-R.

It is easy to verify that every triplet of form

<1, c cC + |ot2 , g (at) + 3(<*3-oi) + 5c(<*2- <*)>,

where c is a real constant and g - additive function, is a solution

The proof of Theorem 4 is completed.
It follows from the above theorem that a subset G2 of the set G of

form (7), under the assumption of the continuity of is a subsemi

group of L4 if and only if 'f1 , <p3 , <f»4 are of form (30), (31), (32) 
respectively, where g is an arbitrary additive function, g :R— >R 
and c is a real constant.

The proof of the following theorem is obvious

Theorem 5. Every subsemigroup of of form (7) with the assumption
of the continuity of is a subgroup of this group.

V

4. Subsemiqroups of the group L * of form (8 )

It is easy to prove that a subset G, of form (8 ) is a subsemigroup
1of l_4 if and only if functions , <p2 » a r e  solutions of the follo

wing system of functional equations:

¥ 2 (<Äf1 (f>) + 3<p2 (jb)<f2 ( o O f t U )  +|5<Pi(ct)) = ^( (D^ioC) +*ß(ß)<ff (<*).
(38)

«P4 (*«ft(p) + 3«p2 ( j ^ ( « ^ ( c C )  +p«Pj(oC)) - ¥4 (<*)<Pi(p>) + *

of (24)-(26).

«Px ( o C ) + 3Y^(jb)<p2 (c*)'p1 (<<) = ' P i ^ ' P l ^ * (37)

+ (39)

where *Pi !R —*"R0 ancl *fi iR— *"R f°r 1 B 2>4*
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A aubsemigroup G3 of form (8 ) of the group L* is its subgroup if 
and only if <p1( <p2> <p4 satisfy the following system

1 , 3^ )  ft
(40)

V z W  . „ ft ,
^(|2>) " 2 " <£((*) ' - (41)

_ 15v|fo) W ?  _ _ J L

<pfcp) “ ~ ^ p T " v f q i j " ?4 "rfift)"
y). (42)

We prove

Theorem 6. Let <p2 3  0 and <f>̂  has the Darboux property. Then the 
general solution of the system (37)-(39) is a set of functions of form

V i W  s  1. (43)

<p4 - an arbitrary additive function. (4 4)

Proof. Let us consider the triplet <1, 0, h>, where h is additive. 
Then <Cl, 0, h^> satisfies the system (37)-(39). Conversely; let be

continuous, *p2 ~  °* and satisfy (37)-(39). We obtain from
(37) and the assumption for <p2 that is a solution of the following
equation:

? 1 (*’P1 (|l) + P f f (  <*)) = <Pi(°c)*ft. (^)-

In view of the theorem from Q Q ,  we obtain that 3  i.

Setting in (39) ^(ot) =  1 and ^(et) = 0 we have

•P4(« + p) = f4(<*) +

which completes the proof.
We can verify t h a t  all subsemigroups of the group L4 given in 

Theorem 6 are subgroups of this group.
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5. Subsemlgroups of tha group L 1̂ of form (9)

I i
A subsat of form (9) is a subsemigroup of tha group if and

only if the t riplet <<p1 ,<p3>  is a solution of the following system of
functional equations:

1*1 + 4<p2 (p)<p;J(<<)y1 (<*) + 6<P3^^lf (ot)<p2 (it) +

+ 3^(cC)«^(|D) = (45)

+ 4<p2 (^)<p3(ci)<p1 (<*) + 6f3((b)<f|(o0 <p2 (oi) +

+ 3^(<*)^>2 (p)) = <p1 (|J)<f̂ (c*) + «p2 (j5)ff (c*), (46)

^ ( « “ fiip) +(5fi(<*) + 4<p2 ((i)<ft(cC)<p:1 (et) + 6'f3 (^)^(t*)«p2 (oC) +

+ 3<fi;(<*)<p2 (|i)) » «Pi (£)%(**) + 3<p2 (p>)¥>1 (c«)<p2 (c*) + <p3 (p)<pj(<*). (47)

where <f>i :R— ,‘Ro' ePi: R — >-R *or 1 = 2 «3*

This follows from the definition of the operation in L^.

Now, the form of the inverse element for <«*^,<*2 ,<*3 ,oc^> yields that a

subsemigroup of L* of form (9) is its subgroup if and only if
is a solution of the system

10<p2 (<*)<p (ct) 1 5 < ^ U )  <* , 1 , ,
?, ( K  --------- rf   ) = V . . (48)

«pf(<*) <Pi(cC) ^

10y2 («)y3U )  15<ff(cC) -A  , _ r 2 (cc)

ffTrf) 'Pj (eC) «pf(rf) *pf («*)*

10<p2 (c«)y5(ot) 15y|(c<) ^  3f^(^) y 3(c*)
çp ( 1 ' 1 1 1 — -7 “ c / = c “ 4 • ( 50 )

<PÇ(«3C) fi(0t) <PJ(<*) «Pji«*)

Analogously to Theorem 6 we can prove

Theorem 7 . If y2 3 0 and is continuous then the general solu
tion of the system (45)-(47) as well as of the system (45)-(50) is the 
set of triplets <1,0,h >  where h : R — >-R is any additive function.

Therefore, the set -[<1,0,h(ot),<*> :<*eR| with h - additive is a sub

group of L*.
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The problem of finding ail subsemigroups and all subgroups of L* in

the cases (8) and (9) is open.
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