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ON THE IMAGES OF STABILITY AND NON-EFFECTIVITY
GROUPS UNDER THE EQUIVARIANT MAPPINGS

Summary. In the paper we consider the iImages and coimages of the
stability and non-effectivity groups of the subsets of fibres of the
abstract objects under the equivariant mappings. Some facts concerning
these problems were proved by E. Zaporowski in the paper [5]-

We state (theorem 3) that for every nonempty subset A of the fibre X
of the object (X, G, F) the image () of the stability group G of

the set A is a subgroup of the stability group HGD’A) of the set a(A).

The non-effectivity groups are found to posses the sme property

(theorem 4).
In the theorem 5 we prove that for every nonempty subset B of the
fibre of the codomain of the equivariant mapping @, <), #>(G)nHD is a

subgroup of the group p(G , )-
a ®

And, moreover, if a 1is a surjection then the groups <p[G) n H‘D and

G ) are indentically equal,

a ®

The respective property is proved for the non-effectivity groups
(theorem 6).

We also present some examples showing the nessesity of the
conditions given in the theorems 3, 4 and 5.

INTRODUCT ION

In the paper [5] E. Zaporowski proved that the equivariant mappings maps
the stability group of the element x e X into the stability group of the
image of the element x. We give more properties of the stability and non-
-effectivity groups of the subsets of the fibre of an abstract object.
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1. Preliminaries

An abstract object (object) is a triple X, G, F) where X is a nonempty
set, G is a group and F: X x G ———» X is a mapping satisfying the translation
and identity conditions (cf. [2], p-12).

An equivariant mapping from the object (X, G, F) into the object (¥, H, f)
is a pair (@, <p), where a : X »Y is a mapping and <9 : G »H is an
homomorphism which satisfies the condition:

a(F(x, 9)) = @), ¥(@), xeX, geG ()

A stability group of nonempty set A c X we denote by

Ga = {g eG; F(A, 9 =A.
A non-effectivity group of nonempty set A ¢ X we denote by
G:={g66G F(x, @ =%  Tfor x 6 A.
In the case A=p we assume that Gq,> = GV, =G (f. [3], p-23,25).
2. Let us consider an equivariant mapping
&P &K 6 D —>(¢, H D &)
In [6] E. Zaporowski proved

Theorem 1. For every equivariant mapping (2) and every x e X the group
@30 is a subgroup of the stability group Ha(X). If a 1is an injection
and < - isomorphism then the groups G~ and are isomorphic.»

Let us consider a set

GN = {geG FX0) €A for xe Ah (©)

The set G° is not a group iIn general, but it contains (as a set the

stability group GA.
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Lemma. A subgroup H of the group G is a subgroup of the stability
group Ga of a nonempty subset A of the fibre X of the object

& G, B iIff FX, g) 6 A, for xe A geH ®

Proof. Necesity of the condition (4) is obvious. Let us assume that the
grup H satisfies the condition (4. A mapping Fg : A ———> A defined by
F® =FX, g), TFTor x €A, 1is a bijection for g € H.

I%deed, the translation condition and g_1 e H implies FgF 1 = Fe = idA and
= = i ,g'
Fg_ng Fe IdA.»

From that lemma it follows that:

Theorem 2. For every nonempty subset A of the fibre X of the object
X G F) theset G" :={geG geG* and g 1le G} with the action
induced by the action of G is a group identically equal to the stability
group GA.m

Theorem 3. If (2} is an equivariant mapping then for every nonempty A c X,

ip[Ga) is a subgroup of IT a is an injection then V() = Ha@A) n (G)-»

Proof. #(G) 1is a group of course. From the lemma it follows that it is
enough to prove that f(y, h) e a(A) for h 6 \>(A) and y e a(A). For every
y 6 a(A). For every y e a(A) and h e i(A) there exists x e A and g 6 G
such that a(xX) =y and <pig) = h. From (@) it follows that f(y, h) =
= f@@C), w@7} = a(F(x, 9)) e a(A).

To prove the second part of the theorem it is enough to show that

Ha(A) A c vCa)= For every h € n PG there exists g e G such
that <p@) = h. For every x € A from (1) we obtain
aFx, o = f@ax, @) =f @), h) e a®

and

a(F(x, g » = f@®), <{g 1)) = f@®), h 1) e a(Ar).

Therefore we obtain that F(&, g) e A and F(X, g_1) e A, because a is an
injection. So g, g ~ e . From theorem 2 it follows that g € GA.m

For the non-effectivity groups we can analogically prove
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Theorem 4. If (2) is an equivariant mapping then for every nonempty A c X,

is a subgroup of a Is an injection then = SKAI™ (p©G)-e

Corollary 1. If a pair (@ is such that a is an injection, and <9 is an
isomorphism, -then for every nonempty A c X the groups and are

ismorphic and the groups GA and are isomorphic.«

3. For thestability and non-effectivity groups of the subsets of

codomains of an equivariant mapping we have

Theorem 5. If (2 an equivariant mapping then for every nonempty Bc Y,
<p@G) n Hd is a subgroup of the group (G )- If a is a surjectionthen
B a ®

the groups v>G) n H_ and ~G ) are identically equal.
B a ®
Proof. In the case a * (B = ¢ theorem is true. Let us assume at ® * @
For every h e p(G) n HD there exists g e G such that <p{g) = h. For every
x € a @B from @ it follows that a(F(x, @) = Tf@MX),h) e B and
a(F(x,g ®) = f(a(x), h *) e B. Therefore g, g ~e G~ , and from theorem 2

we obtain g e G so heip (G . )- To prove the second partf the
x ® a ®
theorem it is enough to show that if a 1is a surjection then 7> , ) C
a ®
<p(G) n Hp. For every h e PG _ dand y e B there exists g e G and
B a ® a ®
X e a'1 (B such that @i = h, a®x = vy, F(x, g) ea '1(B) and

F&x, g ®» e a *B)- From (1] we obtain f(y,h) = f(@a(®), y@))= a(F(x, g)) e B
and f(y,h_l) = fCa(x); <p(g_1) = a(F(x, g_1 ) e B, so from theorem 2 we obtain
that h e HB.-

Theorem 6. It () is such that a isa surjection then for everynonempty

B c Y the group G ) is a subgroup of the group H
a ® B
Proof. For every h € #(G dand y e B there exists g e G and
a ® a ®
X e a ® such that<p(@ = h and a(X) = y- Because for that xand g

have  F(x, @) = x,thenfrom (1) we obtain f(y, h) = f@()., <PO) =
aFx, g =atx) =y,so heH_.pb
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Let us remark that if a 1is not a surjection, then theorems 5 and 6 are
not true. Indeed, let us consider the scalar ({0}, R,, F) and the object (R,
R,, ) where R denotes the set of real numbers, R, - the multiplicative
group of the real numbers and f(x, g) :=gx, for x s R and g e R,
Considering the mapping @ 1id ,) ({0}, R,, ) —» R, R,, ) where a(0):=0,
with the respect to the notationof the theorems 5 and 6 we obtain

PR.I)H. = {1} * R,=yR,,n,) = PR, ) ad. H={ 1R iptR* )-
a {0.1p K a ®
Let us now consider the mapping (@,idR %*: R R,, D — > ({OhR,, F) where

p(x) =0, for x eR.
With the respect to the notation of the theorems 3, 4 and 6 we have:

= m(> * R* - R.pd) = R»pd) and P@») n R,{0}= R.**~ =

=i®, ., >
P {0}

It proves that iIn the theorems 3 and 4 a should be an injection and that

the theorem 6 does not states of the equality of the groups y>G _ 9 and
PO n Hy.
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O0EPA3bl rpynn yCTOftHMBOCTM M HE3$5EKTMBHOCTM riPM SKBMBAPMAHTHbIX OTOEPA-
AEHMS5K

Peaiowe. B paboTe paccMaTpwsaioTcs obpaau u npoobpa3u rpyrm ycTOMMMEY

CTM H He33E3»eKTHBHOCTH nOHMHOXeCTB a 6¢cTpaKTHbtX o06beKTOB npH 3KBWBapHaHT-

Hbrx OToEpaxeHMSIX.
HeKOTopue saKrw, KacaioiUHecsi 3THX npoSiieM, 6bum noKa3aHbi E.3anopoBCK;:,
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lioKajtceM (TeopeMa 3), hto ajih jiioBoro HenycToro noHMHoacecTBa A cjios o5bex-
Ta (X,G,F) o06pa3 g>Ga) rpynnbi ycTornHHBOCTH G MHoinecTBa A ecTb honrpynna
rpyrinu yctoHHMBocTH H a(A) MHoacecTBa a(A).
AHajiorHHHMfi $aKT SyneT noxa3aH hjisi rpynn He32seKTpnBHOc™ (TeopeMa 4)
B TeopeMe 5 noKaxeM, hto hijis jiioboro HenycToro nonMHoxeCTBa B cjioa ko-
oSjiacTM 3KBHBapnaHTHoro 0TO6paliceHHS (a,0) rpynna 0(G)hHb ecTb nojjrpynna
rpynnbi $(G a-i(B)). Bojiee Toro, ecjin a ecTb ciopbeKTMBHoe OToGpaxeHMe,
to rpynnbi O(G)Hb m <p(.G a-i(B)) coBnanaioT.
AHaliornHHDbIM saKT mis rpynn He322eKTHBHocTM 6y.neT noxa3aH b TeopeMe 6.
EynyT Taxxe npencTaBlieHbi npHMepu noica3biBaioulMe cymecTBeHHocTb ycjioBM fi,
npHBeneHHbix b TeopeMax 3, 4 u 5.

OBRAZY GRUP STABILNOSCI 1 NIEEFEKTYWNOSCI
PRZY ODWZOROWANIACH EKWIWARIANTNYCH

Streszczenie

W pracy rozwazamy obrazy i przeciwobrazy grup stabilnosci i nieefektywnos$-
ci podzbioréw whékien obiektéw abstrakcyjnych przy odwzorowaniach ekwi-
wariantnych.

Pewne fakty dotyczace tych probleméw zostaty udowodnione przez E. Zapo-
rowskiego w pracy [5]-

Stwierdzimy (twierdzenie 3), ze dla kazdego niepustego podzbioru A wkdkna
X obiektu (X, G, F) obraz gruPY stabilnosci G~ zbioru A jest pod-
grupa grupy stabilnosci Hou'A)' zbioru a(A).

Analogiczny fakt udowodnimy dla grupy nieefektywnosci (twierdzenie 4).

W twierdzeniu 5 udowodnimy, ze dla kazdego niepustego podzbioru B wkdkna
kodziedziny odwzorowania ekwiwariantnego @, < grupa +0G n HB jest pod-

grupa grupy <pG , )- Co wiecej, jesli a jest surjekcja, to grupy

a ®
¥(G) n H i G ) sa identyczne.
B ac ®

Analogiczny fakt dla grup nieefektywnosci udowodnimy w twierdzeniu 6.
Podamy takze kilka przyk#adow pokazujacych istotnos¢ zatozen w podanych w

twierdzeniach 3, 4 1 5.



