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ON THE IMAGES OF STABILITY AND NON-EFFECTIVITY 
GROUPS UNDER THE EQUIVARIANT MAPPINGS

Summary. In the paper we consider the images and coimages of the 
stability and non-effectivity groups of the subsets of fibres of the 
abstract objects under the equivariant mappings. Some facts concerning 
these problems were proved by E. Zaporowski in the paper [5].

We state (theorem 3) that for every nonempty subset A of the fibre X 
of the object (X, G, F) the image <p( )  of the stability group G^ of
the set A is a subgroup of the stability group H , , of the set a(A).OC I A )

The non-effectivity groups are found to posses the sme property 
(theorem 4).

In the theorem 5 we prove that for every nonempty subset B of the 
fibre of the codomain of the equivariant mapping (a, <p), #>(G)nH is a

D
subgroup of the group p(G , ).

a (B)
And, moreover, if a is a surjection then the groups <p[G) n H_ and

D
<p(G ) are indentically equal,

a (B)
The respective property is proved for the non-effectivity groups 

(theorem 6).
We also present some examples showing the nessesity of the 

conditions given in the theorems 3, 4 and 5.

INTRODUCTION

In the paper [5] E. Zaporowski proved that the equivariant mappings maps 
the stability group of the element x e X into the stability group of the 
image of the element x. We give more properties of the stability and non- 
-effectivity groups of the subsets of the fibre of an abstract object.
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1. Preliminaries

An abstract object (object) is a triple (X, G, F) where X is a nonempty
set, G is a group and F: X x G ---» X is a mapping satisfying the translation
and identity conditions (cf. [2], p.12).

An equivariant mapping from the object (X, G, F) into the object (Y, H, f)
is a pair (a, <p), where a : X  » Y is a mapping and <p : G  » H is an
homomorphism which satisfies the condition:

a(F(x, g)) = f(a(x), ¥>(g)), x e X, g e G (1)

A stability group of nonempty set A c X we denote by

Ga := {g e G; F(A, g) = A).

A non-effectivity group of nonempty set A c X we denote by

Ĝ : = {g 6 G; F(x, g) = x, for x 6 A).

In the case A=<p we assume that G, = G , = G (cf. [3], p. 23, 25).
<t> V

2. Let us consider an equivariant mapping

(<x,<p) : (X, G, F) --> (Y, H, f) (2)

In [5] E. Zaporowski proved

Theorem 1. For every equivariant mapping (2) and 
(pCĜ ) is a subgroup of the stability group Ha(x) 
and <p -  isomorphism then the groups G^ and 

Let us consider a set

G^ := {g e G; F(x,g) € A, for x e Ah (3)

The set G^ is not a group in general, but it contains (as a set the 
stability group GA.

every x e X the group 
. If a  is an injection 

are isomorphic.»
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Lemma. A subgroup H of the group G is a subgroup of the stability 
group Ga of a nonempty subset A of the fibre X of the object

(X, G, F) iff F(x, g) 6 A, for x e A, g e H. (4)

Proof. Necesity of the condition (4) is obvious. Let us assume that the
grup H satisfies the condition (4). A mapping Fg : A ---> A defined by
F (x) := F(x, g), for x € A, is a bijection for g € H.
® -1Indeed, the translation condition and g e H implies F F . = F = id. andg „-1 e A
F .F = F = id..» g-l g e A

From that lemma it follows that:

g

Theorem 2. For every nonempty subset A of the fibre X of the object 
(X, G, F) the set G" : = {g e G; g e G^ and g 1 e G^} with the action 
induced by the action of G is a group identically equal to the stability 
group GA. ■

Theorem 3. If (2} is an equivariant mapping then for every nonempty A c X, 
ip[Ga) is a subgroup of If a is an injection then V>(GA) = Ha (A) n (G).»

Proof. #>(Ga) is a group of course. From the lemma it follows that it is 
enough to prove that f(y, h) e a(A) for h 6 V>(GA) and y e a(A). For every 
y 6 a(A). For every y e a(A) and h e i>(GA) there exists x e A and g 6 G 
such that a(x) = y and <pig) = h. From (1) it follows that f(y, h) = 
= f(a(x), v>( g)} = a(F(x, g)) e a(A).

To prove the second part of the theorem it is enough to show that 
Ha(A) A c v Ĉ a )• For every h € n <p(G) there exists g e G such
that <p(g) = h. For every x € A from (1) we obtain

a(F(x, g) = f(a(x, <p(g)) = f (a(x), h) e a(A)

and

a(F(x, g *) = f(a(x), <p{g 1)) = f(a(x), h 1) e a(A).

Therefore we obtain that F(x, g) e A and F(x, g_1) e A, because a is an
injection. So g, g  ̂e Ĝ . From theorem 2 it follows that g € GA. ■
For the non-effectivity groups we can analogically prove
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Theorem 4. If (2) is an equivariant mapping then for every nonempty A c X, 
is a subgroup of a is an injection then = S(x(A )r' (p(G).e

C o r o l l a r y  1. If a pair (2) is such that a is an injection, and <p is an 
isomorphism, -then for every nonempty A c X the groups and are
ismorphic and the groups GA and are isomorphic.«

3. For the stability and non-effectivity groups of the subsets of
codomains of an equivariant mapping we have

Theorem 5. If (2) an equivariant mapping then for every nonempty B c Y,
<p(G) n Hd is a subgroup of the group <p(G ). If a is a surjection then

B a (B)

the groups v>(G) n H_ and >̂(G ) are identically equal.
B a (B)

-1 -1 Proof. In the case a (B) = <f> theorem is true. Let us assume a  (B) *  (j>.

For every h e p(G) n HD there exists g e G such that <p{g) = h. For every
x € a (B) from (1) it follows that a(F(x, g)) = f(a(x), h) e B and
a(F(x,g *)) = f(a(x), h *) e B. Therefore g, g  ̂e G’ , and from theorem 2

we obtain g e G so h e ip (G . ). To prove the second partf the
<x (B) a (B)

theorem it is enough to show that if a is a surjection then >̂(G , ) c
a (B)

<p(G) n Hp. For every h e <p(G _ ) and y e B there exists g e G and
B a (B) a (B)

-1 -1x e a (B) such that (pig) = h, a(x) = y, F(x, g) e a (B) and

F(x, g *) e a  *(B). From (1] we obtain f(y,h) = f(a(x), y(g))= a(F(x, g)) e B
-1 -1 -1 and f(y,h ) = fCa(x); <p(g ) = a(F(x, g )) e B, so from theorem 2 we obtain

that h e H_.■
D

Theorem 6. It (2) is such that a is a surjection then for every nonempty
B c Y the group (G ) is a subgroup of the group H .

a (B) B

Proof. For every h € #>(G ) and y e B there exists g e G and
a (B) a (B)

x e a (B) such that <p(g) = h and a(x) = y. Because for that x and g we
have F(x, g) = x, then from (1) we obtain f(y, h) = f(a(x), <p(g)) =
a(F(x, g)) = atx) = y, so h e H_.b
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Let us remark that if a  is not a surjection, then theorems 5 and 6 are
not true. Indeed, let us consider the scalar ({0}, R,, F) and the object (R,
R„, f) where R denotes the set of real numbers, R, - the multiplicative
group of the real numbers and f(x, g) := gx, for x s R and g e R„.
Considering the mapping (a, id ,) :({0}, R,, F) --» (R, R„, f) where a(0):=0,
with the respect to the notation of the theorems 5 and 6 we obtain
<p(R„,)nH. ,= {1} *  R„ = y(R,,n,) = <p(R„ ) and. H={ 1 ł^R^iptR* ).

a ({0,1}) K a (R)
Let us now consider the mapping (p, idR ) : (R, R„, f) — > ({OhR,, F) whereR*
p(x) := 0, for x e R.

With the respect to the notation of the theorems 3, 4 and 6 we have:
= ■(!> * R* - R.pd) = R»pd) and ,P(R») n R,{0}= R.**^ =

= i(R, , )•
P {0}

It proves that in the theorems 3 and 4 a should be an injection and that 
the theorem 6 does not states of the equality of the groups y>(G _ ') and 
<p(G) n Hg.
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0EPA3bl rp y n n  yCTOftHMBOCTM M HE3$5EKTMBH0CTM riPM SKBMBAPMAHTHbIX 0T0EPA - 

AEHM5K

Peaiowe. B p ab o T e  paccM aT pw saioTcs o b p a a u  u n p o o b p a3 u  rp yrm  ycTOMMMEr'

CTM  H H e33E3>eK T H B H O C T H  n O H M H O X eC T B  a 6c T p a K T H b tX  o 6b e K T O B  n p H  3K B W B a p H a H T -  

Hbrx O T o E p a x e H M S ÏX .

H e K O T o p u e  s a K r w ,  K a c a io iU H e c s i  3TH X  n p o S i i e M ,  6b u m  n o K a 3aH b i E. 3anopoBCK;: ,
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I io K a jtc eM  ( T e o p e M a  3 ) ,  h t o  a j i h  j i i o B o r o  H e n y c T o r o  n o H M H o a c e c T B a  A c j i o s  o 5b e x -  

T a  (X,G,F) o 6p a 3 <j>{Ga) rpynnbi y c T o ń H H B O C T H  G M H o in e c T B a  A e c T b  nonrpynna 
rpyrinu y c T O H H M B o c T H  H a(A) M H o a c e c T B a  a(A).

AHajiorHHHMfi $aKT SyneT noxa3aH hjisi rpynn He32seKTpnBH0c™  (TeopeMa 4) 
B TeopeMe 5 noKaxeM, h t o  h j i s  jiioboro HenycToro nonMHoxeCTBa B cjioa k o -  

oSjiacTM 3KBHBapnaHTHoro 0T06pa!iceHH5i ( a ,0) rpynna 0(G)hHb ecTb nojjrpynna 
rpynnbi $(G a-i(B)). Bojiee Toro, ecjin a ecTb ciopbeKTMBHoe OTo6paxeHMe, 
t o  rpynnbi 0(G)Hb m <p(.G a-i(B)) coBnanaioT.
A H a Jio r n H H b iM  s a K T  m i s  r p y n n  H e322 e K T H B H o c T M  6y .n e T  n o x a 3 a H  b  T e o p e M e  6 . 

E y n y T  T a x x e  n p e n c T a B J i e H b i  n p H M e p u  n o i c a 3biB aiou |M e c y m e c T B e H H o c T b  y c j i o B M f i ,  

n p H B e n e H H b ix  b  T e o p e M a x  3 , 4 u  5 .

OBRAZY GRUP STABILNOŚCI I NIEEFEKTYWNOŚCI 
PRZY ODWZOROWANIACH EKWIWARIANTNYCH

S t r e s z c z e n i e

W pracy rozważamy obrazy i przeciwobrazy grup stabilności i nieefektywnoś
ci podzbiorów włókien obiektów abstrakcyjnych przy odwzorowaniach ekwi- 
wariantnych.

Pewne fakty dotyczące tych problemów zostały udowodnione przez E. Zapo
rowskiego w pracy [5].

Stwierdzimy (twierdzenie 3), że dla każdego niepustego podzbioru A włókna 
X obiektu (X, G, F) obraz gruPY stabilności G^ zbioru A jest pod
grupa grupy stabilności H . . zbioru a(A).

OL l A )

Analogiczny fakt udowodnimy dla grupy nieefektywności (twierdzenie 4).
W twierdzeniu 5 udowodnimy, że dla każdego niepustego podzbioru B włókna 

kodziedziny odwzorowania ekwiwariantnego (a, <p) grupa ł>(G) n H_ jest pod-D
grupą grupy <p(G , ). Co więcej, jeśli a  jest surjekcją, to grupy

a (B)

¥>(G) n H i >̂(G ) są identyczne.
B oc (B)

Analogiczny fakt dla grup nieefektywności udowodnimy w twierdzeniu 6. 
Podamy także kilka przykładów pokazujących istotność założeń w podanych w 

twierdzeniach 3, 4 i 5.


